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LOCAL LINEAR REGRESSION SMOOTHERS AND THEIR
MINIMAX EFFICIENCIES*

By JianqQING FaN

University of North Carolina

In this paper we introduce a smooth version of local linear regression
estimators and address their advantages. The MSE and MISE of the
estimators are computed explicitly. It turns out that the local linear
regression smoothers have nice sampling properties and high minimax
efficiency—they are not only efficient in rates but also nearly efficient in
constant factors. In the nonparametric regression context, the asymptotic
minimax lower bound is developed via the heuristic of the ‘‘hardest one-
dimensional subproblem’ of Donoho and Liu. Connections of the minimax
risk with the modulus of continuity are made. The lower bound is also
applicable for estimating conditional mean (regression) and conditional
quantiles for both fixed and random design regression problems.

1. Introduction. Nonparametric regression provides a useful diagnostic
tool for data analysis. A useful mathematical model is to think of estimating a
regression function

mf(x()) = Ef(YIX = xo)’

based on a random sample of data (X,,Y)),...,(X,,Y,) from an unknown
joint density f(-, - ). For convenience, we will suppress the dependence of the
regression function m () on f. Popular kernel methods for estimating m(-)
include the Nadaraya-Watson [Nadaraya (1964) and Watson (1964)] and the
Gasser—Miiller [Gasser and Miiller (1979)] estimators. This paper focuses on
studying the asymptotic properties of the local linear regression smoothers.
One motivation of introducing this class of estimators is that they repair the
drawbacks of the Nadaraya—Watson and Gasser—Miiller estimators. See Fan
(1992) and Chu and Marron (1991) for additional discussion.

Another important motivation of studying the local linear smoother is to
find (nearly) precise minimax risk in the regression setup. With an optimal
choice of kernel and bandwidth, the estimator provides a good upper bound on
the minimax risk. The lower bound is derived by using the heuristic of the
“hardest one dimensional subproblem”. In particular, a geometric
quantity—modulus of continuity [Donoho (1990) and Donoho and Liu (1991)]
is involved in both the lower and upper bound. We show that the minimax
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lower bound is nearly sharp for the following two cases:

1. Bounded two-derivative constraints [see (3.4)].
2. Bounded Lipschitz constraints (see the example in Section 5.1).

These minimax results, on the other hand, give theoretical supports to the
intuitively appealing method—Ilocal linear smoothers. We would expect, but
have not yet shown, that such a lower bound is nearly sharp for other
constraints.

We decompose the difficulty of nonparametric regression into two parts:
constraints on the regression function itself and constraints on marginal
densities and conditional variances. It turns out that the upper bound of the
conditional variances and the lower bound of the marginal densities are
strongly related to minimax risks. An important application of the lower bound
is to determine the efficiency of a regression estimator (see Section 5.1). Even
though our attention is focused on random design problems whose marginal
densities are also unknown, the lower bound is also applicable for both fixed
and random design problems whose marginal distributions are known.

Our approach on the lower bound is related to other work in the literature
and in particular the work in white-noise models and density estimation
models. See Section 5.2 for further references. What seems innovative in our
approach is the use of normal submodels to avoid the technicalities of conver-
gence of experiments [Le Cam (1985)].

The paper is organized as follows. Section 2 introduces local linear
smoothers, whose mean squared error (MSE) and mean integrated squared
error (MISE) are computed in Section 3. We use the risks of these regression
estimators as upper bounds of the minimax risks. The minimax problems are
studied in Section 4, paying particular attention to the lower bound. Potential
applications of the lower bound are discussed in Section 5. Proofs are deferred
until Section 6.

2. Local linear smoothers. Let us extend the idea of local linear regres-
sion. A similar idea can be found in Stone (1977), Cleveland (1979), Lejeune
(1985) and Miiller (1987). Assume that we know that the second derivative of

m(x) exists. Our proposal is to construct a smooth version of a local polyno-
mial: finding ¢ and b to minimize

n 2 O_Xj
(2.1) ;(Yj—a—b(xo—xj)) K(x—hn_)

where K(-) is a kernel function and &, is a bandwidth. Let & and b be the
solution to the weighted least squares problem (2.1). Simple calculation yields

n n
a= ijYj/ij,
1 1

with w; defined by (2.3). For a technical reason (to avoid zero in the denomina-
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tor), we use M(x,) to estimate the regression function m(x,):

(2.2) M(x) = iwjn/(iwj + n“z),
1 1

where
(2.3) wj=K(x0h_an)(sn,2 - (xO—XJ)sn,l),
with
(2.4) T fK(xO_X")(xO—XJ.)l, 1=0,1,2.
1 n
A nice feature of estimator (2.2) is that the weight w; satisfies
(2.5) i(xO - X )w; = 0.

1

This property ensures that the bias of the estimator does not depend on the
derivatives of the marginal density. To see this, we note that by (2.5),

B (o) = m(x,)
Ezi‘[m(xj) —m(xy) — m'(x0)(X; — xo)]wj —n"?m(x,)
(Z{‘wj + n_z) '

If we do Taylor expansions for m(X;) at point x,, the second term is of order
O(h2), as effective design points have order (X; — x,)? = O(h%). Thus no
derivative of fy(-) is involved in the preceding calculation (rigorous proof can
be found in the proof of Theorem 1).

We refer to estimator (2.2) as a local linear regression smoother for the
reasons that it is derived by using a local linear approximation and that it is
linear in the response. It will become clear in Section 3 that the local linear
smoother has important sampling properties: It adapts to both random and
fixed designs and to a variety of design densities fx(-). Moreover, the best local
linear smoother is the best linear smoother in an asymptotic minimax sense
(Theorem 5). The local linear smoother also has good finite sampling and
design-adaptation properties. See the simulations and discussions in Fan
(1992) for details.

Let us briefly mention how the previous idea can be extended to the case
where m(x) has a bounded kth derivative. The idea is exactly the same except
replacing the linear polynomial in (2.1) by a (kB — 1)-order polynomial. In
particular, when m(x) has one derivative, one finds the minimizer of

26) i(y}_a)zK(xo—Xj),
- h

n

and the resulting estimator is the Nadaraya-Watson estimator. In other
words, we use this estimator when the unknown regression function has only
a bounded derivative.
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3. Asymptotic properties. We now discuss the asymptotic properties of
estimator (2.2). Assumptions are as follows.

CoNDITION 1.

(i) The regression function m(-) has a bounded second derivative.
(i) The marginal density fx(-) of X satisfies |f(x) — f(y)| < clx — y|°, for

0 <a<1,and fy(xy) > 0.
(iii) The conditional variance o%(x) = Var(Z|X = x) is bounded and contin-

uous.
(iv) The kernel K(-) is a bounded and continuous density function satisfy-
ing
[ K)dy=1, [ K@) dy=0, [ yK(y)dy+0,
fmyer(y)<oo forr=1,2,....

Note that the conditions on K(-) are imposed for the convenience of
technical arguments and can be relaxed.

THEOREM 1. Under Condition 1, if h,, = dn™"?, 0 < B < 1, then estimator
(2.2) has the MSE

B((x0) = m(x0)* = 5 m(0) [ wK(w) du)zh‘;

L 2 ® 2
(3.1) o o (x0) [ K (w) du

)

4
+ ol A% +

nh

Let w(-) be a bounded weight function with a compact support [a, b]. Then
the MISE can be obtained as follows.

THEOREM 2. Under Condition 1, if fx(+) is bounded away from 0 on the
interval [a, bl, then the MISE is given by

41/-

1 © 0'2(x)

nh, /' _ofx(x)

(3.2) =-l[fmu?K(u)du]iﬁf(nf(xnzw(x)dxhi

o 1
mmwﬁfﬂw@+4m+m).
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Simple algebra yields the optimal bandwidth for MISE (3.2)

(S f e ) dep K2y de |
PN K () du P () w(my dx )

We now state a uniform convergence result of Theorem 1.

THEOREM 3. If the kernel satisfies Condition 1 and h, =dn™?,0 < B < 1,
then

sup E; (i (%) — m(x,))”

reé,
(3.3) < lcﬂ’([" uzK(u)du)Zh“
<zclf ‘¢
+ sz(u)du+o(h‘;+—1— :
nh, b/ _« n,

where, with C, C*, B, b, ¢ and a being positive constants,
Gy = {F(-, ) Im(x) — m(xo) — m/(x0)(x = %)l
(3.4) < C(x — x0)%/2, Im(xp)l < C*}
N{F(-,): 0%(x) < B, fx(x0) 2 b, Ifx(x) — fx(y)| < clx = yI}.

ReEMARK 1. The Lipschitz condition in (3.4) is imposed only for a technical
reason in the development of the upper bound. The constants « and ¢ will not
be involved in the following discussion. The uniform convergence will be used
in Section 4 where minimax risk is evaluated [see Theorem 4 and (4.3)]. In
MSE terms, by (4.3), local linear smoother (2.2) with A, minimizing (3.3) has
minimax efficiency

( R(n,€,) )”2

max ;.. E(m(x,) — m(xo))2

- -1/5, -2/5
> o.529([ u?K(u) du) ([ K2(u) du) ,
where R(n,€,) = inf; sup;c, Ef(f’n — m(x,))? is the minimax risk. For
example, estimator (2.2) with the Epaneénikov and normal kernel has at least
efficiency 89.6% and 87.8%, respectively.

4. Asymptotic minimax theory. It is well known that estimator (2.2) is
optimal in terms of rates of convergence [see Stone (1980)]. More precisely, it is
not possible to improve the rate n~*/® uniformly in ¢, defined by (3.4). In
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other words, the minimax risk

R(n,,) = inf sup E(T, - m(xo))2 < n~43,

n fET,

where “ < ”’ means that both sides have the same order. That is, only the rate
of the asymptotic minimax risk is known. Naturally, one would ask how far
away from optimal is the constant factor of the local linear smoother. In this
section we are going to show that estimator (2.2) is nearly optimal in constant
factors as well. Moreover, we will show that it is the best linear smoother in a
large class of linear methods. These results are new in nonparametric regres-
sion context. Indeed, without using the local linear smoother, it is not easy to
give a precise evaluation of the minimax risk R(n, €,).

4.1. An upper bound of minimax risk. An obvious upper bound of R(n, €,)
is (8.3). Minimizing the right-hand side of (3.3) yields an optimal choice of
bandwidth and kernel function:

4.1 o - (223 7 K —3[1— *]
( . ) n bc2n H O(x) - 4 X j+-

Substituting them into (3.3) yields a minimax upper bound:

3 4/5
(4.2) R(n,%,) < 215_1/502/5(5) (1 +o(1)).

The right-hand side of (4.2) is the risk of the estimator m*(x,) defined by (2.2)
with bandwidth and kernel given by (4.1).

THEOREM 4. An upper bound of the asymptotic minimax risk is given by
(4.2). Moreover, the estimator m*(x,) has asymptotic minimax efficiency at
least 89.6%:

R(n,%,)

SUp/ e o, Ep (11 (x0) — m(x))

5 > 0.8962 + o(1).

The last statement in Theorem 4 will be verified in following sections, where
a more general theory for the lower bound is developed. Combining the two
statements in Theorem 4 yields the minimax risk:

R(n, %)

> 0.8962 + o(1).
215-1/5C%/5( B /bn)*®

(4.3) 1+o0(1) >

Theorem 4 proves that the estimator m*(x,) is nearly an asymptotic
minimax estimator. The following theorem shows that it is also an asymptotic
linear minimax estimator. To fix the idea, call an estimator 7 ;(x,) linear if it
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is a weighted average of Y.’s

n
(4.4) mp(x) =Y W(X,,...,X,)Y;.
j=1
Evidently, the local linear regression smoother 7*(x,) is a linear smoother.
Let the minimax risk of linear smoothers be

Ry(n,€,) = inf sup E(fR(x,) — m(xo))

g linear fed,

Then we have the following result.

THEOREM 5. The linear minimax risk is given by

3 B\*®
(4.5) Ry(n,€,) = 215_1/502/5(5) (1 +0(1)),

and the estimator m*(x,) is the asymptotic best linear smoother in the sense
that

R, (n, {2)/ sup E(m*(xy) — m(xo)) - 1.

4.2. Modulus of continuity. Connections of modulus continuity with both
upper and lower bounds for nonparametric density models and Gaussian white
models have been extensively studied in the literature. See Donoho (1990),
Donoho and Liu (1991), Donoho and Nussbaum (1990), among others. How-
ever, in a nonparametric regression context the connections appear to be new.

Assume more generally that we wish to estimate m ((x,) = E,(Y|X = x,)
with a nonparametric constraint f < %. For convenience of discussion, as-
sume that = %, N %, g [compare (3.4)], where &, contains constraints
on m and %, 5 imposes constraints on marginal densities and conditional
variance:

(46) F p= {f(" ): fx(%0) 2 b, 0%(x) < B, Ifx(x) — fx(y) <clx _y|a}-

Note that the Lipschitz condition |fx(x) — fx(¥)| < clx — y|* is used only for
technical arguments in the upper bound and hence the constants ¢ and « are
not related to the upper and lower bound. Indeed, in the lower bound develop-
ment below this condition will not be used.

Define the modulus of continuity at a point x, over %, by

(47 wg(e) = sub{lml(xo) —mo(xp)l: m; € F, lImy — mgll < 5}’

where || - || is the usual L,-norm on L,(—, ®). In nonparametric applications,
one typically has

wg(g) =AeP(1 +0o(1)) ase—~>0,p€(0,1),
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and the extremal pair is attained at my(-) and m (-) satisfying

Xog— X
(4.8) my(x) —my(x) = a"H( 0 3q )(1 +0(1)) uniformlyin x ase — 0,
€

where ¢ = 1 — p and H(") is a bounded and continuous function.

DEFINITION. A functional m ((x,) is regular on &%, with exponent p, if the
extremal pair of modulus of continuity (4.7) exists and has form (4.8).

As an illustration, consider the constraint &€,. A similar computation can
also be found in Donoho and Liu (1991). In this case, €, = 9, N &, 5 where

(4.9) 2, = {m(-): Im(x) — m(x,) — m'(x,)(x — x0)l < C(x — x,)*/2}.
Let us determine the modulus function for the class Z,:
w%(g) = sup{lml(xo) —mo(xp)l:llmy —myll<e, my€ Dy, m; € 92}-

First, by Lemma 7 of Donoho and Liu (1991), the extremal pair can be chosen
of the form: my = m and m; = —m. Thus

wg (&) = 2sup{im(xo)l: Im()ll <e/2, m € ).
It follows that w,, is the inverse function of
e(w) = 2inf{lm(-)|: Im(x,)l = w/2, m € D,}.

A solution to the last problem is obviously the function m*(-) which is equal
to w/2 at x, and descends to 0 as rapidly as possible:

m*(x) = [ — C(x — x,)°], /2.
The L,-norm of m*(+) is given by

w 4
/ (m*(x))% dx = EC_I/ZwWZ.

4
- ‘/ -1/2,5/2
e(w) =2 15C w°* .

This implies

Hence
(4.10) wo€) = (15/16)*/°C1/%4/5,
The extremal pair is attained at m, = m* and m, = —m™ with

m*(x) = 27[(15/16)*°CV%*5 — C(x — x,)7],

£2/5

—1/1/5 2/5 5(* ~ %o 2
= 2-1C1/5:4/5((15/16) %/ — ¥/ ( ) .
+

Hence condition (4.8) holds with p = 4/5 and
H(x) = C/5[(15/16)*° - C*/%?| ..
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The relationship between the modulus of continuity and the upper bound

(4.2) can be expressed as
| pB

Pga B
(4.12) pf w;‘;z(z\/ — )(1 +o(1)),

where p = 4 /5, the exponent of the modulus of continuity, and ¢ = 1 — p.

(4.11) R(n,€,) < %wg

4.3. Heuristics of the hardest one-dimensional subproblem. Let us turn
our attention away from the specific constraint €, toward a general constraint
F=, N F . Assume that m(x,) (suppress the dependence on f) is
regular on %, with exponent p. Consider the nonparametric minimax risk

R(n,#) = inf  supEy(T, — m(x,))".
T, measurable fe &
Assume that %, is convex so that
(4.13) my(x) =(1—-0)my(x) + 0m(x) € &,, 6¢€]0,1],

where m, and m, are an extremal pair of the modulus of continuity

w5 (2y/pB/(nbq) ) [compare (4.11)]. Thus there exists a family of joint densi-
ties F, = {f,: 6 € [0, 1]} such that

E((Y|IX =x) =my(x).
An obvious lower bound on R(n, &) is
R(n,%)>=R(n,%,)

A 2
= Imy(xo) — my(x)l*  inf sup E(T, - 0)

(4.14) T,, measurable 0<6<1
B .
= w% |2 P2 \int sup E(T, — 0)2(1 +0(1)).
" an 7A‘n |9|51/2

The last equality holds since m, and m, are the extremal pair of the modulus.
Thus we have reduced the full nonparametric problem to a one-dimensional
subproblem (estimating 6 from the parametric family %,) and made the
connection of the lower bound with the modulus of continuity.

Relevant information on the second factor of (4.14) is estimating a bounded
normal mean from a normal model. See Bickel (1981), Ibragimov and
Khas’minskii (1984), Donoho, Liu and MacGibbon (1990), among others.
Consider observing the real-valued random variable Y ~ N(0, o2); the objec-
tive is to estimate 6 knowing that 6 is bounded: |6| < 7. The minimax risk for
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this problem is denoted by
(4.15) pn(r,0) = inf  supE(T(Y) - 6),

7' measurable 16l<+

which has a simple relation:

pN(T’ 0') = Usz(T/U’ 1)'
Similarly, minimax affine risk is
7202

2 4+ o2

pa(7,0) = inf sup (a + bY — 0)* =

'O lel<7

However, there is no closed form for py, but a simple inequality is available:
(4.16) 0.8 <m, =pn(1/2,¢) /pa(1/2,¢) < 1

[Donoho, Liu and MacGibbon (1990)].
We would expect that the second factor of (4.14) is (see Section 4.4 for

details)

inf sup E(T,(X,,Y,,..., X, Y,) —0) (11/q)

inf su (X, Y,...,X,,Y,) - =pyl=,1/— |
T, lol<1/2 . M2V 4p

If we show that

A 1
(4.17) liminfinf sup E(T,(X,Y;,...,X,,Y,) —0) = pN(—, ]/ 4 ),
n=e T, jo1<1/2 27y 4p

then (4.14) leads to
1 [q 9 | pB
R(n:y)ZPN(E’ Z;)w?’m2 %)(1_‘_0(1))

Pg4 B
- gppf w;m(z\/;)u +o(1)),

where (4.16) was used in the last expression and §, =7 Ja/4p

Comparing the last display with (4.12), we have given a nearly sharp
evaluation of the asymptotic minimax risk for the class of constraint €. In
that case, p = 4/5 and a better evaluation is available: £, ,5 > 1/1.243 [see
Table 1 of Donoho and Liu (1991)]. This proves the second conclusion of
Theorem 4 and it remains to verify (4.17).

4.4. Modulus continuity and minimax lower bound. To validate (4.17), we
consider a normal submodel:

1 2
(4.18) fol,5) = T=rexp( = (y = mo(x))"/B)g (=),

where g(x) is a marginal density, and m, was defined by (4.13). We make an
assumption on the richness of %.
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Richness of joint densities. There exists a bounded density g with g(x,) = b
such that the normal submodel (4.18) is in the class of constraint = %, N
Fs, B

Based on the normal submodel (4.18), a sufficient statistic for § would be
5, = L (Y, — mo(X;))(my( X)) — mo(X;)),

n

HM§

(4.19)
= le(mO(Xj) - ml(Xj))z'

Thus considering statistics based on 5,, and 42 would be good enough for

estimating the unknown parameter 6. Note that conditioning on X;,..., X,
8,/6%2~N(0,B/67).
Hence definition (4.15) gives

(4.20) inf sup E((f, - 6)1X,,..., X, ) = pu
T, |6l<1/2

[+ )

n

Recall that m, and m; are the extremal pair of wg(e,) with e,
2ypB/(nbq) . Regularity condition (4.8) leads to

%
my(x) —my(x) =€k H( % )(1+o(1)) and

Il

(4.21)
/w (my —my)*dx = 2.
The last two displays imply [* H %(x) dx = 1. Note that by (4.21),

ot =nf (mo(x) — my())g(x) de

ng(x0)e2 [ H*(x) dx(1+0(1)

4pB
— 4+ 0(1
p (1)

and

Var(67) s nf” (mo(x) = my(x))"g(x) dx

< etrsup HA(x) [ (o) = my(x)) & (x) d

—- 0 asn — o,
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These two facts demonstrate that

R 4pB
(422) 0, ~p —q— .

Heuristically (rigorous proof is given in Section 6), (4.20) and (4.22) entail

N 2 1 VB 1 [q
inf sup E(T,—-0) =Epy|=,——|=p (—, ——)
T, 1o1<1/2 ( ) N( 2" o, ) M 2 4p
This together with (4.20) validate (4.17).

THEOREM 6. Let &, be convex and F= %, N\, p berich. If m (x,) is
regular on &%, with exponent p, then a minimax lower bound is given by

prPq’ B
(423) R(n, -7) > §p—4—w29-m 2 % (1 + 0(1)),
where &, g and £, = j7a; were defined by (4.6) and (4.16), respectively.

The left-hand side of (4.23), omitting the factor ¢,, is also a linear minimax
lower bound.

ReEMARK 2. The result of Theorem 4 holds also for a random-design
regression problem whose marginal density is known to be g(-) with g(x,) = b.
The reason is that in the lower bound development, the marginal density was
fixed all the time. The lower bound is also applicable for fixed designs with
design points x; = G(i/n) and G’ = g, since previous arguments were condi-
tioned on covariates X,..., X,,.

REMARK 3. Suppose that we wish to estimate a conditional quantile @,(x,)
defined by [see Truong (1989)]

PlY < Q. (x)|X =xo} =,
based on a random sample of size n. Then for normal submodel (4.18),
Qr(xO) = mﬂ(xO) + zr‘/§7

where z, = ® %r) and ®(-) is the standard normal cdf. Thus estimating
Q,(x,) in the normal submodel is as difficult as estimating m ,(x,). This yields
a lower bound:

q
rPq?

inf } : 2/ B
in ;gpyEf(Tn—Qr(xo)) 26— wgrm( ;g)(1+0(1))-

T,

However, it remains unknown how sharp this lower bound is for estimating
conditional quantiles.

5. Discussion. The minimax lower bound is derived via the heuristic of
hardest one-dimensional subproblem. We have shown that such a bound is
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indeed nearly sharp for a two-bounded-derivative constraint. Analysis of
minimax upper bounds for other constraints goes beyond the intent of this
paper, but provides interesting topics for future research.

5.1. Nearly sharp lower bound. We have shown that a minimax lower
bound is [£, > 0.8 = 0.894%, by (4.16)]

(5.1) R(n, F) >08942p1qq ?9,( ‘/%)(1+o(1)).

If one can find an estimator such that its maximum risk is no larger than

Py B
(5.2) pf w?grm(z\/E )(1 +o(1)),

then such an estimator has at least a minimax efficiency 89.4% in a sense
similar to Theorem 4, and consequently the lower bound is nearly sharp. With
such a sharp minimax lower bound, we can compute the efficiency as follows:

1/2

Minimax lower bound (5.1)

(5.3) Efficiency of an estimator > ( Maximum MSE of the estimator

Two-bounded-derivative constraints &, are not the only examples that the
upper bound (5.2) holds. We conjecture that a general theory can be made if
one makes connections with white-noise models as Donoho and Liu (1991) did
in density estimation. Let us give another example in which the minimax
upper bound (5.2) holds.

ExampPLE (Bounded Lipschitz constraints). Let (X,,Y)),...,(X,,Y,) be
iid. from a joint density f € €, = 9, N &, p with

9, ={m("):Im(x) —m(y) <Clx —yl,YVx,y € R}.
A similar machinery from (4.9) to (4.10) yields the modulus of continuity:
wo(€) = 3/3C1/32/3
1 b

and m(x,) is regular on 2,. This together with Theorem 6 leads to

2/3
R(n €)= &8 5| (1+0(D),

where ¢, 3 = 1/1.178 = 0.92% by Donoho and Liu (1991). On the other hand,
exhibiting the maximum risk of the estimator
+—1
. n

(5.4) i(l _ / z

1
with h® = (8B/bC?n)'/3 [corresponding to estimator (2.6) with K(x) =

%o~ X;
h(2> h<2>
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(1 — |z, ] yields an upper bound:

BC 2/3
(5.5) R(n, %)) 33‘1/3(-177) (1+0(1)),
that is, (5.2) holds. In summary, we have the following result.

THEOREM 7. Under the constraint €, the minimax risk is bounded by
R ( n, -gl)

0.922 + o(1) <
(1) 3-1/3(BC/bn)*?

<1+o0(1).

Moreover, estimator (5.4) has asymptotic minimax efficiency at least 92%.

5.2. Relation to other work. Vast literature has been devoted in analyzing
the behavior of the Nadaraya—-Watson and the Gasser—Miiller regression
estimators. Drawbacks of these estimators are eliminated via introducing a
new class of estimators.

Previous work on minimax regression problems has mainly focused on
determining optimal rates of convergence [Stone (1980)]. Local polynomial
regression estimators were used in Stone (1980) to determine the rates of
convergence. To analyze constant factors, we extend the idea of local polyno-
mial regression estimators.

A closely related idea for minimax bounds is the work of Donoho (1990) and
Donoho and Liu (1991), where white-noise and density estimation models are
emphasized. What seems innovative in our approach is the decomposition of
nonparametric constraints into two parts: &, and &, 5, and the use of
normal submodels to avoid technicalities of convergence of experiments.

Other efforts in finding minimax risks in the regression setup include Sacks
and Ylvisaker (1978) and Li (1982) who find minimax linear estimates for fixed
designs under some specific constraints, and Nussbaum (1985) and Low (1993)
where the attention is mostly focused on some specific global problems. In
particular, Sacks and Ylvisaker (1978) offer a method of solving the linear
minimaxity issues. This paper attempts to give a general theory for under-
standing minimax nonparametric regression and provides an insight to this
problem. In the density estimation setup, contributions include Sacks and
Ylvisaker (1981), Efroimovich and Pinsker (1982), Sacks and Strawderman
(1982), Birgé (1987) and Donoho and Liu (1991). There is also a long history in
finding minimax risks for Gaussian white-noise models and other related
problems. See Pinsker (1980), Ibragimov and Khas’minskii (1984), Brown and
Liu (1989), Donoho and Johnstone (1989), Donoho, Liu and MacGibbon
(1990), Donoho and Nussbaum (1990), among others.

6. Proof. Theorems 1-3 can be proved along the same lines. The proof of
Theorem 3 is more involved and requires more details. For this reason we
decide only to prove Theorem 3.
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Proor oF THEOREM 3. First of all, estimator (2.2) has the MSE
2
(Y, - m(xo))wj)

Tw;, +n?

E(#h(x0) — m(%0))* = E

(6.1) + n“‘mz(xo)E(f:wj + n‘2)_
1

Zi’(Y} - m(xo))wj

( Tw; + n"z)2

—2n"2m(xy)E

Denote Z, = O,(a,), if sup; < ¢, E|Z,|” = O(a},). A similar meaning extends
to o,(a,). Obvious operations include

0,(a,)0,.(b,) = O, 5(a,b,) (Cauchy—Schwarz inequality)
and
(6.2) Z, = EZ, + O,((EZ, - EZ,I")).

We also use 0 and O to denote the order of magnitude uniformly in f € &,.
For example, expression (6.3) means that

sup |Es,, ; — nhi i (%0)s)l = O(hs3,).
fet,

Then it is easy to show, by using the method of the kernel density estimate,
that with s, , defined by (2.4),

(6.3) Es, ;= nh} fx(xo)s,(1 + O(RY)), 1=0,1,2,
and that [see (6.2)] for an integer r > 0,

1 1 1
RRIFTSn 1= WEsn,l + 0, Tn——,:

1
=fX(x0)sl+Or(h‘:t+ )! l=0:1727
ynh,

where s, = [ u'K(u)du and, in particular, s, =1 and s, = 0. A direct
consequence of (6.4) is that

(6.4)

1+0,(h7,— \/ﬁlh—n))

Next, let W, = (Zfw; + n~?)/(n?h%) and W = s, f3(x,). We are going to
show that

(65) Y w, =5, 08,2~ (sp1)° = n2hts, f2(x,)
1

1 1
+ 04(1).

(6.6) W
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To see this, we first note that

W\t (W, - W)* (W, - W)*
E W -1} = ET1(|Wn—W|sW/2) + E- w4 1(IW,,—WI>W/2)

< (W/2) *E(W, - W)* + nSE(W, - W) Ly _wi>wz
=A,+B,,

where the fact that W, > n~* was used in the second term. Next (6.5) assures
that A, = o(1) and that

B, <n'$(W/2) "E(W,-W)**=0 nlﬁ(h‘,', +

1 r+4
W) ) =o(1),

by choosing a sufficiently large r. Thus (6.6) holds. A direct consequence of
(6.6) is that the second term of (6.1) has order

1
W2

n‘4m2(x0)E(iwj + n_z)_ = m2(x,)(nh,) °E = 0((nhn)_8).
1

This and (6.1) lead to

T R CER)

and the conclusion follows if we show that the main term

ZY[Y} - m(xo)]wj )2

n -2
ij+ n

E(r(%0) — m(%,))’ = E

n
w;+n

(6.7) E

has bias and variance decomposition (3.3).
Conditioning on covariates X;, j=1,...,n and then using mean and
variance decomposition, we have

B Zi‘[Y} - m(xo)]wj )2 _ E( Z{‘[m(Xj) - m(xo)]wj )2

Liw;, +n? Yiw;, +n?

6.8
(68) g Lio?(X;)w}

( tw; + n‘r")2 .
Let R(X;) = m(X;) — m(x,) — m'(xoX(X; — x,). Then (2.5) leads to
;[m(XJ-) - m(xo)]wj = ;R(Xj)wj

xO_X

(69) = Zn:R(XJ)K( h j)sn,2
1 n

xO_X

_ﬁ:;R(Xj)(xo—Xj)K( . j)s,,,l.
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By a standard argument [see (6.2)], for [ = 0, 1, we have

1 2 Lo %0 — X;
nh::.‘+z§R(Xj)(X_xo) K( A J)

n

= ki E(m(X) — m(x5) — m/(x0)(X — o))

1 xg — X
X(X—-=x5) K + 0g(1)
and
Xn —
sup |t E(m(X) = m(xo) = m' (o) (X = 0))(X - xo)lK( -
= et h’n Z: h’n

= —fsu{]:}/ |y|l+2K(J’) fx(xo = h,y)dy

- 0(1).

Substituting the last two displays into (6.9) and using (6.4), we have

n

L (m(X;) — m(x,))w; = n?hf, fx(20)s28, + 04(n*h%),
1

where

=h,’E(m(X) — m(x,) — m'(xo)(X — xO))K(xOh_ X).

n

It is concluded from (6.6) that

Ei‘(m(Xj) - m(xo))wj
tw; +n7? (fx(xo)

2

K+ o(hY).

(6.11) E

By (6.10), we have
sup IS,./fx (%)l
€%,

C ®
< g5t sup [y KON fx(xo = kay) = fu(xo)l /fx(xo) dy

o
5‘32 + 0(1).
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Hence (6.11) entails that

2
"(m(X.) - . Cs,\?
ri(m(X;) m(:"))w’) s(———282) kY + o(ht).

To complete the proof, we need only to compute the second term of (6.8).
Note that

sup E(

fG{z i‘wj +n

n
?02(Xj)wj2
= ZUZ(X-)Kz(———)
6.12) 1 hn
X(SIZL,Z - 2(x0 - Xj)sn,an,l + (xO - Xj)zsrzl,l)
n xq— X, 2
< BZI‘,KZ(O—h_J)IS?L,z = 2(x9 — X;)s, 95,1 + (%0 — X)) 3,2“1!.

A standard argument [see (6.2)] yields

1 = 29— X
L]
nh'tt 5

: )(xo - Xj)l

n

(6.13)
= fx(xo) [~ w'K*(u)du +o0,1), 1=0,1,2.

Since s; = 0 the dominant term of (6.12) is its first term:
n x9 — X;
Z K2 ( —‘07—!‘ ) S,ZL,Z .
1 n

Consequently, combination of (6.4), (6.12) and (6.13) gives
Y o(X,)w} < n®h] Bf(xg)s3[ K(u)du(1+ oy(1)),
1 — 00

and we conclude from (6.6) that

Lio?(X;)w? (n3h7an§(x0)s§[K2(u) du
— < su

n*h,s3 fx (%)

sup E 7 <
ret, (Zfw;+n72)"  red,

)(1 +0o(1))

. _:K2(u) du(1 + o(1)).

This completes the proof. O

<

Proor oF THEOREM 5. Since (4.2) also supplies an upper bound for
R,(n, &,), it suffices to show that

3 B \¥5
(6.14) Ry(n,€,) > 215_1/502/5(52) (1 + o(1)).
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For a linear smoother (4.4), by Lemma 1 of Fan (1992),
E[(mL(xo) - m(xo))lel, ceey Xn]

2

Y Wm(X,) - m(z0)| + L WioH(X,)
j=1

Jj=1

mz(xo)
T+ mi(X,) /0% (X,)

Thus, by Jessen’s inequality,

(6.15) E(h(x4) — m(x,))" = nf(%) 3 :
1+ nEm?*(X,)/o*(X,)

Specifically, take a submodel fy(-, ) € €, such that m(y) = (62/2)[1 —
Cly — x4)%/b21,, 02(-) = B and fx(x,) = b, where b, = (15/C B/bn)"/® max-
imizes (6.16). Then it is easy to verify that

b;t w©
Emi(X)/08(X0) = g | [1= C(o = 20)*/82]" fx(3) dy

5
= W:C_%(l + 0(1)).
Substituting this into (6.15), we have

bi/4
(4bnb%/15VC B)(1 + o(1))

3 -1/5 ‘/EB e
=Zl5 / (——bn—) (1 +0(1)).

Ry(n, ) 2 T
(6.16)

This verifies (6.14) and completes the proof. O

ProoF oF THEOREM 6. We need only to prove (4.17). First of all, let (6) be
a least favorable prior for problem (4.15) with r=0.5 and o= yq/4p,
namely,

(6.17) py(0.5,Vq/4p) = n%onE(T(Y) - 9)
Denote the Bayes risk with the prior 7 for normal model X ~ N(6, 02) by

2, Y~N(0, q/4p).
B,(0) = infE,Ex(T,(X) - 6)".
1,

Then (6.17) can be expressed as

(6.18) B.(Va/4p) = pn(0.5,Vq/4p).




MINIMAX REGRESSION ESTIMATION 215
Next, let us turn our attention back to problem (4.17) with » i.i.d. observa-
tions {(X;, Y;)} from (4.18). By sufficiency,
inf sup E(T(X,,Yy,..., X,,Y,) - 0)°

T, 161<05

. A A A 2
inf sup E Tn*(én,an) - 0)
T 161<0.5

(6.19) - ,
> iTI}ngE(T,,*(an,&n) - 0)

A
(2%

where 6, and §, were defined by (4.19). Given &,,4,/6, ~ N(6, B/¢2). Thus,
by (6.19),

> E&ni%fEaEgn[(Tn(ﬁn, é,) - 0)2

inf sup E(T, - 0)° > E, B.(VB /3,).

T, 101<0.5 "
Note that B,_(-) is bounded by 1/4 (as |6| < 0.5) and continuous. The domi-
nated convergence theorem, (4.22) and (6.18) yield

E;B.(VB /é,) — B,(Va/4p) = pn(0.5,Vq/4p).
This together with (6.19) entail

liminf inf sup E(T, - 6)° > py(0.5,Vq/4p),

no°  Po1g1<0.5

as was to be shown. O
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