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Cross-validatory Choice and Assessment of Statistical Predictions 

University College London 

[Read before the ROYALSTATISTICAL at a meeting organized by the RESEARCHSOCIETY SECTION 
on Wednesday, December 5th, 1973, Professor J. GANIin the Chair] 

SUMMARY 
A generalized form of the cross-validation criterion is applied to the choice 
and assessment of prediction using the data-analytic concept of a prescrip- 
tion. The examples used to illustrate the application are drawn from the 
problem areas of univariate estimation, linear regression and analysis of 
variance. 

Keywords : 	CROSSVALIDATION;PRESCRIPTION;DOUBLECROSS ;CHOICE OF VARIABLES ; 
MODELMIX ;PREDICTION ;UNIVARIATE ESTIMATION ;MULTIPLE REGRESSION ; 
ANALYSIS OF VARIANCE 

1. INTRODUCTION 
THISpaper will be concerned with applications of a cross-validation criterion to the 
choice and assessment of statistical prediction. The concept of such assessment+ is 
an old one. In its most primitive but nevertheless useful form, it consists in the 
controlled or uncontrolled division of the data sample into two subsamples, the choice 
of a statistical predictor, including any necessary estimation, on one subsample and 
then the assessment of its performance by measuring its predictions against the other 
subsample. An -example of controlled division is provided by the cautious 
statistician who sets aside a randomly selected part of his sample without looking at 
it and then plays without inhibition on what is left, confident in the knowledge that 
the set-aside data will deliver an unbiased judgment on the efficacy of his analysis. 
Examples of uncontrollable division are to be found in the criminological studies of 
Simon (1971) where a "construction sample" and a "validation sample" may be 
separated by an interval of several years. Larson (1931) employed random division 
of the sample in an educational multiple-regression study to investigate the "shrinkage 
of the coefficient of multiple correlation" between the fabrication and trying out of 
predictors. [Amusingly, Larson's statistically reckless inferences from the size of the 
observed shrinkages led Wherry (1931) to formulate the by now well-known 
"adjusted multiple correlation coefficient" R2.] Horst (1941), in his fascinating study 
of the prediction of success in marriage, found a "drop in predictability" between an 
"original" sample and a "check" sample that depended strongly on the method of 
construction of the predictor. Mosier, Cureton, Katzell and Wherry (1951) contri- 
buted separate papers to a "Symposium: The need and means of cross-validation" 
which added further emphases and suggested some solutions. Nicholson (1960) 
addressed the shrinkage phenomenon theoretically and proposed an alternative 
measure of prediction efficiency. Herzberg (1969) made a detailed theoretical and 
numerical study of predictor construction methods, using cross-validatory assessment. 

t The term assessment is preferred to validation which has a ring of excessive confidence 
about it. 
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In their authorship study, Mosteller and Wallace (1963, 1964) used assessment 
measures on a sequence of subsamples in order to select words of high discrimination 
ability. Anderson et al. (1972) presented some dramatic examples of the fall-off in 
performance of predictors between "index" sample and "follow-up" sample, examples 
that included the use of sophisticated procedures such as forward and stepwise 
selection. 

The refinement of this type of assessment that gives us our cross-validation 
criterion appears to have been developed by Lachenbruch following a suggestion in 
Mosteller and Wallace (1963). Key references are Hills (1966), Kerridge in discussion 
of the same, Lachenbruch and Mickey (1968) and Cochran (1968). The context of all 
this work is that of discrimination, as is the application described by Mosteller and 
Tukey (1968) to whom, however, we are indebted for the first clear general statement 
of the refinement. Their description of what they term "simple cross-validation" is 
worth reproducing : 

"Suppose that we set aside one individual case, optimize for what is left, then 
test on the set-aside case. Repeating this for every case squeezes the data 
almost dry. If we have to go through the full optimization calculation every 
time, the extra computation may be hard to face. Occasionally we can easily 
calculate either exactly or to an adequate approximation what the effect of 
dropping a specific and very small part of the data will be on the optimized 
result. This adjusted optimized result can then be compared with the values 
for the omitted individual. That is, we make one optimization for all the data, 
followed by one repetition per case of a much simpler calculation, a calculation 
of the effect of dropping each individual, followed by one test of that individual. 
When practical, this approach is attractive." 

The assessment or cross-validation criterion that is implied by this quotation is 
therefore one that corresponds to division of the sample (size n) into a "construction" 
subsample (size n- I) and a "validation" subsample (size 1) in all (n) possible ways. 
The key to our present approach is just a small step from the stance of the quotation 
but a crucial one nevertheless. We bring in the question of choice of predictor and 
employ the implied cross-validation criterion in a way that integrates the procedures 
of choice and assessment. (The precise technique of this integration will be explained 
in Section 2.) 

An illustration of the choice component of this integrated method was outlined 
in the discussion of Efron and Morris (1973) and is discussed in a slightly variant form 
in Example 3.2 below. Independently, Geisser (1974) has arrived at the same method 
for choice of estimator in the very same context. Geisser once described the approach 
as of "predictive jack-knife type". The confusion between cross-validation and jack- 
knifing is easily understood since both employ the device of omission of items one 
or more at a time. Gray and Schucany (1972, pp. 125-136) appear to initiate the 
confusion in their description of Mosteller and Tukey's sophisticated, simultaneous 
juggling act with the two concepts. The component of jack-knifing that sharply 
distinguishes it from cross-validation is its manufacture of pseudovalues for the 
reduction of bias. This is not to suggest that the jack-knife (bias reducer) may not be 
found eventually to have some application to cross-validation. 

Section 2 develops the general framework and definitions that are then illustrated 
in a sequence of examples in Section 3. Example 3.1 deals with the well-worn problem 
of univariate estimation from a single sample without concomitant information; we 
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here cover the unsophisticated use of the sample mean as well as the more realistic 
exploitation of the order statistic. Examples 3.2 and 3.3 show that cross-validatory 
choice can easily generate estimators similar in behaviour to the most fashionable 
Bayesian and decision theoretic ones. With data from 27 Earth satellites as a 
restraining influence, Example 3.4 considers a cross-validatory approach to the choice 
of variables in "linear regression", using the "double-cross" technique. An alternative 
method of application is the "model-mix" technique of Example 3.5. The important 
special case of symmetry, which applies to standard balanced experimental designs, 
is examine in Example 3.6. 

While it is the purpose of this paper to be mainly illustrative and expository, some 
theoretical overtones and undertones are struck in Section 4. 

2. GENERALFRAMEWORK 
Our data set is, we suppose, a sample Sof measurements (x, y) on each of n items, 

where x and y may be quite general. Thus we may write 

S =  {(xi,yi)li= 1 ,...,n}. 

Consider a new item for which only the x-value has been measured and it is required 
to predict the y-value by 9, a function of x and S. We will suppose that our starting 
point is a prescription (class of predictors) 

where the dependence of j(x; a,S) on x and S is prescribed; moreover, the 
dependence on Sis specified for samples of size n, n -1 and n -2, whiled is indepen- 
dent of n. The element of choice in (2.1) lies in allowing Sto determine a. Choice of a 
as a function of S will be described as "estimation of a" although it should not be 
supposed that the concept of a "true" value of a: has any meaning. 

Example 2.1. If x and y are real numbers, we may have the prescription 

wi thd  = [O,11. 
It is not the purpose of this paper to prejudge the form of such prescriptions; the 

case for adopting a prescriptive approach must rest on the appeal and usefulness of 
examples such as those that follow the present general statement. 

However, it is reasonable to enquire how one arrives at a prescription in any 
particular problem. A tentative answer is that, like a doctor with his patient, the 
statistician with his client must write his prescription only after careful consideration 
of the reasonable choices, suggested a priori by the nature of the problem or even by 
current statistical treatment of the problem type. Just as the doctor should be prepared 
for side-effects, so the statistician should monitor and check the execution of the 
prescription for any unexpected complications. A prescription should be accorded a 
status quite distinct from that of a model in the customary approach, although there 
is an informal connection that may be exploitable in the choice of prescription (see 
Example 3.4 below). A prescription is neither true nor false; it is better to say that, 
in a broad sense, it either succeeds or fails. 
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We informally develop the method of cross-ualidatory choice of a and the method 
of cross-validatory assessment of this choice as follows: 

I. A naive choice ~f a is the value aO(S) E& that minimizes 

def 1
L(a) =-ni-12UY,, P(x,; a, S)I 

where L[y, $1 is some selected loss function of j as a predictor of the actual value y. 
Example 2.2. In Example 2.1 with L[y, j ]  = (y- j)', we find aO(S)= I, 

corresponding to the customary least-squares fitting procedure. 
11. Naive assessment of this naive choice would employ L(cuO(S)), that is, the 

average over the n items in S of L[y, j(x; cuO(S), S)]. 
Example 2.3. For Example 2.1 and quadratic L, we find that L(cuO(S)) equals 

RSSIn where RSS denotes the customary residual sum of squares. 
Even if aO(S) is not naive in a pejorative sense, such description of this assessment 

is, in general, justified by the existence of the shrinkage phenomenon already 
mentioned. 

111. Cross-ualidatory assessment of the naive choice would employ 

def 1 " 
C0 =- XL[yi, P(xi; aO(s\i), S\i)I ni=l 

where S\, denotes the sample S with the ith item omitted and CXO(S\~) is the naive 
choice of a: based on S \ ,  that is, the value of a: minimizing 

- def 1L\,(.) =-XL[Y~,P(xj; a, S,,)1. 
(n- 1) \i 

where X\, denotes summation omitting the ith item. C0 is strictly relevant to the 
prediction problem for samples of size n -1 rather than n but this conservatism may be 
a small price to pay for the increase in realism over L(aO(S)) that might be expected as 
a result of the shrinkage phenomenon. 

Example 2.4. For Example 2.1 and L quadratic, a straightforward calculation 
shows that 

where 9, is the least-square fitted value of y,. Comparison of C0 with 

shows that cross-validation gives greater weight to the residuals for large I xi -21. 
IV. Cross-validatory choice of a is the value a+(S) E& that minimizes 
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Example 2.5. For Example 2.1 and L quadratic, at@) is rather complicated but 
for the special case of n even and an equal number, &n, of x,'s at each of two values 
we obtain 

where r is the sample correlation coefficient of x and y and (z)+ = max(z, 0). This 
example will be generalized in Section 3 but we may here note its effect when deployed 
in (2.2). When r2 is close to 1, (2.2) will be close to the least-squares prediction but, 
when r2 approaches zero, there will be a drastic "flattening" of the least-squares 
regression coefficient to the neighbourhood of zero. 

V. Cross-validatory assessment of this cross-validatory choice employs 

where olt(Sii) is the cross-validatory choice of a based on S\,, that is, the value of ol 

minimizing 

where S\ijdenotes the sample S with the ith and jth items omitted. Thus we see that 
cross-validatory assessment of a cross-validatory choice involves a "two-deep" 
analysis (cf. Mosteller and Tukey, 1968, p. 147). 

Example 2.6. For Example 2.1 and L quadratic, the expression for Ct is hopelessly 
complex and the assessment must be computer-based. 

For convenience of reference, Fig. 1 gives the shape of the cross-validatory 
paradigm. 

Prescription specification: 

I I 
Cross-validatory choice: Data: Cross-validatory assessment * -+- of cross-validatory choice: at(S) minimizes C(a) S 

Calculation of ct 

Application 

FIG.1. The cross-validatory paradigm. 
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The following remark reveals that the dependence of 5 on its third argument, S, 
is at the root of cross-validatory choice. 

Remark. If$(x; a, S )  is independent of S then at(S)= d(S). 
However, even when the condition of the remark holds, it may still prove useful to 

calculate Ct. In general, the principal motivation for dismissing naive choice, aO(S), 
in favour of cross-validatory choice, at@), is the belief, which can at present only be 
supported by numerical examples, that in most problems Ct will be appreciably less 
than CO. In other words, cross-validatory choice will be a better statistical method. 

There are two ramifications of the general theory that may be conveniently 
described at this stage. Both will find later application. 

VI. Two-stage cross-ualidatory choice of a ;  "double-cross". It may, in some cases, 
be convenient to treat a as having two components; a = (a, b) where a E A and 
b E B(a) (for example, see Example 3.4 below). With a fixed, bt(S\,, a) denotes the 
value of b that minimizes 

Then att(S) denotes the value of a that minimizes 

def 1 
Ct(a) =- C L[Y,, P(x, ;(a, bt(S\,, a)), S\J]. ni=1 

Finally choose b = btt(S) in B(att(S)) to minimize 

Write att(S) = (att(S), btt(S)) for what may be called the two-stage cross-validatory 
choice of a or "double-cross". The cross-validatory assessment of att(S) is the same 
as for at@), namely, by calculation of 

def 1 " ctt= - C L[Y,, P(x,; att(s\i), S\J1, (2.6)ni=l 

where att(S\i) is obtained from S,, just as att(S) is from S. The value of double-cross 
will be exemplified in a case (Example 3.4) where j(x; a, S)  is independent of S. In 
such a case, simple cross-validatory choice would yield the naive estimator; double- 
cross is designed to avoid this outcome. 

VII. There is no very good reason why the loss function used in the definition 
of at@) or att(S) should be the same as that used in its assessment. (The latter loss 
function should reasonably be considered fixed.) Indeed we have some evidence (see 
Example 3.1, Table 1) that this flexibility might be exploited. It is not unreasonable 
to suggest that the choice of L might itself be made by a variant of VI, that is, by 
attaching a to L rather than to 9. However, we have not explored this possibility. 

3. EXAMPLES 
The following examples have been chosen to illustrate the range of application 

of the above general method. The prescriptions, that is, forms of (2.1), have been 
chosen, in one or two cases at least, with a deliberate carelessness, to see whether the 
cross-validatory method has an unpleasant and unacceptable face. 



19741 STONE- Cross-validatory Choice of Statistical Predictions 117 

Example 3.1. The location of a single univariate sample. In this problem, x is 
absent and y is real. So we are required to choose a in j(a, S )  where S= (y,, . . .,y,). 
In this case, we may regard j(at(S), S )  as a cross-validatory estimator of the location 
of the y values. Four prescriptions are examined: 

(a) With j(a, S)= a, &' = R1 and L quadratic, we have at(S) = 4; and 
Ct = [n/(n- l)]s2 where s2 = X(yi -Jl2/(n -1). In this case d(S)  = J also. 

(b) With $(a, S )  = a4; (a prescription that gives y = 0 a special status), &d= R1 
and L quadratic, we find at@) = (t2- l)/(t2+ 1/(n- I)), where t = n*4;/s. With the 
modification&' = [0, co), we get at(S) = (t2- l)+/(t2+ l/(n -1)) and 

Note that (3.1) is a "shrinker", that is, the estimate of location is moved from 4; 
towards 0 by a factor that becomes more important as t2 becomes smaller, while the 
magnitude of the shift tends to 0 as t2+co. 

(c) With j(a, S )  = a,+ a23, &' = R2 and L quadratic, we find af(S) = n4; and 
a&(S)= -(n- 1) giving j(at(S), S)  = J! 

(d) Illustrations (a), (b) and (c) suggest by their innocuousness that cross-validation 
can do no (serious) wrong. However their statistical interest must be minor because, 
in each case, ?(a, S )  is made to depend on S only through J. How does cross-valida- 
tion perform when we permit greater realism by allowing j(a, S )  to depend on the 
order statistic y,,, < ... <y(,, of S ?  For simplicity of illustration we will consider 
only the following prescription, in which m is the minimum integer greater than or 
equal to 4 4 :  

?(a, S )  = a x (average of the 2m outermost y($, values) 

+(1-a) x (average of the rest) (3.2) 

with&' = (O(0.1) 1.0). We may note that this prescription has an inbuilt symmetry. 
The results of a Monte Carlo study with n = 7 are summarized in Fig. 2 and in 

Table 1. Random samples were generated from three contrasting distributions, each 
symmetrical about 0: 

(i) "Uniform", closely approximating a uniform distribution on the interval 
(- 0.5,0.5); 

(ii) "Normal", closely approximating a standard normal distribution; 
(iii) "Cauchy", closely approximating a standard Cauchy distribution. 

The study employed 3,000 samples for (i) and (iii), 2,000 for (ii). Since no simplification 
attaches to quadratic L, the empirical distribution functions of I $(at(S), S )  I were 
calculated for L = 1 y-j1 and are shown in Fig. 2. For this L, we call j(at(S), S )  
CROSS. For comparison, three other estimators were calculated: 

MIDRANGE = &(y(,, +y(,)), optimal for the uniform case; 
MEAN = J, optimal for the normal case; 

"MEDIAN" = +0.88 1 6 ~ ( ~ , ,  
0.0592dy(,,+y (,,) optimal for the Cauchy case (see 

Barnett, 1966). As our terminology suggests, "MEDIAN" is practically indistinguish- 
able in behaviour from the median Y ( ~ ) .  

Perusal of Fig. 2 shows that while j(at(S), S )  does not shine for the uniform case, 
it is up with the frontrunner in the other two cases, one of which is realistically 
heavy-tailed. Table 1 gives efficiencies based on average values of 1 estimatelp for 
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UNIFORM (-0.5, 0.5) 


/ 

A 
I -

F3,000 


1 ESTIMATE 1
2.0 

FIG.2. Empirical distribution functions for the cross-validatory and comparison 
estimators; population mean 0 and n = 7. 

0 
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p = +,1,2 against the best of MIDRANGE, MEAN, "MEDIAN. The two columns 
flanking CROSS give the efficiencies for cross-validatory choices using prescription 
(3.2) with L = 1 y -j l h n d  L = (y -j)2 in place of the modulus. Table 1 confirms the 
message of the distribution functions. However, the "experiment" with the alternative 
L's shows that it is not at all the rule that the best choice of power for L is the same as 
that used for the efficiency measure. 

Eficiencies for the Monte Carlo study 

Cross-validatory choice 
Distribution p MIDRANGE MEAN "MEDIAN" I y - 9  If CROSS ( y - j ) %  

0.82 0.66 0.80 0.79 0.81 
Uniform 

2 J 
0.71 
0.58 

0.47 
0.26 

0.66 
0.46 

0.64 
0.43 

0.67 
0.50 

& 0.94 0.97 0.95 0.90 
Normal 1 0.88 0.97 0.94 0.88 

2 0.62 0.77 0.98 0.95 0.90 

Cauchy 
Q 
1 

0.03 0.92 
0.80 

0.95 
0.86 

0.88 
0.69 

2 0.4 0.5 

Further studies would be useful to assess the performance of CROSS relative to 
other robust estimators such as Hampel's M estimator and others investigated in 
Andrews et al. (1972). 

The remainder.of our examples are concerned with the more general problem of 
prediction of location in the presence of concomitant information. 

Example 3.2. The k-group problem. Here we suppose that S consists of r real-
valued observations in each of k groups : 

Here x provides the group identification and n = kr. With the prescription 

j(i; a, S )  = a x (overall average) +(1 -a) x (average of ith group), (3.3) 

d = R1and quadratic L, we obtain by straightforward calculation 

where F = MS,/MS, is the customary F-ratio. Then 

j(i; at(S), S)  = J+(1 -at(S)) (Ti -J), (3.5) 

where J = XJ,/k. With the restriction d'= [O,11, the multiplier of Ji-J in (3.5) 
becomes (1 -at(S))+. The predictor (3.5) in either its modified or unmodified form 
may be compared with other estimators that share the property of shrinkage towards 
the overall mean, such as Lindley's adaptation (1962) of the James-Stein estimator. 
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Among such comparisons, Geisser (1974) has discovered by numerical study that the 
modified form is remarkably close to the Lindley "modal" estimator, although it is 
much easier to calculate. One interesting difference between the cross-validatory 
estimator and the Lindley-James-Stein estimator is that the former becomes operative 
for k d 2 while the latter does not shrink unless k 24. 

The predictor (3.5) finds immediate application to the Baseball Batting Average 
data analysed by Efron and Morris (1973). For this application, k = 14, the number 
of baseball players, r = 45, the number of battings of each player, while yij = 0 or 1 
according as the ith player did not or did make a "hit" on his jth batting. We find 
F= 1.143 and at(S) =0.877. The sum of the squares of the errors of the predictions 
of the batting averages for the remainder of the season is 0.0121 for our predictor, 
compared with 0.0146 for the Lindley-James-Stein predictor and with 0.0120 for the 
predictor 7 sceptically proposed by Plackett in the discussion of the Efron and Morris 
paper. 

A cross-validatory analysis of Example 3.2 was outlined in the discussion of 
Efron and Morris (1973) using a prescription differing slightly from (3.3). The two 
associated estimators have similar properties. Prescription (3.3) is to be preferred 
here because it leads to a useful generalization: "model-mix". 

Example 3.3. Uniform flattening in multiple regression. Suppose y E R1 and 
x = (x(l), . . .,x(p)) E RP and we take the prescription 

with a?=R1 and quadratic L, where X(k) = Zjxj(k)/n and bk is the regression 
coefficient of y on x(k) in the least-squares fitted multiple regression of y on x. We 
suppose that the usual rank condition is satisfied, requiring n d p  +1. Relatively 
straightforward algebra yields 

where r, is the ith residual in the least-squares multiple regression and A = X(X'X)-1X' 
where 

1 x1(l) x1b) 
: ). 

1 xn(1) ... 
In the special case of equality of the A,, (see, for example, Example 3.6 below), since 
trace A =p + 1, we have A,, = (p+ l)/n and then 

where R2 is the sample multiple correlation coefficient of y and x. With (3.9), the 
predictor becomes 

where f (R2)= 1-at(S). That is, the sample regression coefficients b,, ..., b, are 
uniformly flattened by a multiplier 
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The expression (3.10) should be compared with a class of flatteners suggested by 
Stein (1960) and, in particular, with the subclass given by Baranchik (1973) for the 
casep23 and n>p+2:  

where 0 <c <2(p -2)/(n -p +2). Very roughly, for p moderate and n even larger, 
(3.10) corresponds to choosing c at the midpoint of Baranchik's range of values. The 
term ''flattener" is strictly justified if we take& = [O, I]. 

Example 3.4. Choice of variables for least-squares prediction. As a development 
intended to be considered alongside the method exemplified so far, we introduce the 
combination of two-stage cross-validatory choice ("double-cross') and linear 
prescription. By the latter, we mean linearity of j with respect to some knowli 
functions of the concomitant variable x. We express this linearity in a way that will 
prepare the ground for double-cross : 

where the ck(.) are specified functions and the elements of a = (a,, ...,a,) are either 
0 or 1, corresponding to a "choice of the variables". For a such that only akl, ...,akQ, 
with k,< ...<k,, are non-zero, write b = (bkl,...,bkJ ERq. Thus, in the notation 
of Section 2, VI, B(a) = Rq while A is some set of "choices of the variables". The 
possibility of allowing p = co should be recognized; but the challenge raised by this 
possibility will not be taken up in this paper. Instead we will put the customary, if 
unscientific, restriction on q to ensure non-singularity. We take L to be quadratic. 

Fixing a, two cases are to be distinguished. Write ck = (c,(xJ, . . .,ck(xn))' and 
X(a) = (ckl. . . ck).. 

Case 1 : n 2. q+2 and all (n -2) x q submatrices of X(a) are of full rank q. 
Case 2: The conditions of Case 1 do not obtain. 
In Case 2, for at least one (i,j), b+(SIij, a) is not uniquely defined. (In fact, for 

such (i, j )  the average of L over the sample S\,jcan be made zero for infinitely many 
values of b.) So, in Case 2, Ctt could not be calculated. In Case 1, b(S,,, a) is the 
least-squares estimate of b, [X\,(a)TX\,(a)]-lX\i(a)Ty\, where X\,(a) denotes the 
matrix X(a) with its ith row omitted and y\, is similiarly defined. 

So we consider only those values of a for which Case 1 obtains. For such a, we 
find that 

where .?,(a) is, for fixed a, the least-squares fitted value for y, in a conventional least- 
squares fit of the prescription (3.12) to the sample S and where 

the projection matrix for the least-squares procedure. 
The quantity (3.13) has been considered by Hocking (1972) in a way that may be 

considered to parallel the work of the present section. 
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It may be supposed that, in any application, A is a natural manageable set of a 
values all falling into Case 1. Then att(S) will be the a minimizing (3.13) and btt(S) 
will be the "least-squares estimate" of b, 

To calculate the cross-validatory assessment measure Ctt for oltt(S) we need att(SII) 
for each i. With S\$replacing S, it is readily shown that the equivalent of (3.13) is 

which is therefore readily calculated from the ingredients of the calculation of (3.13). 
Then att(S\i) is the value of a minimizing (3.15) and we finally obtain 

For the case when A is finite and hierarchical with respect to the "variables", 
c,(.), c2(.), . . ., that is, with the equivalence a -(k,, . . .,kg),when 

for some K, the computer program DOUBLECROSS has been devised to accomplish the 
necessary calculations. 

Application to the geopotential determined by 27 Earth satellites 
We apply DOUBLECROSS in re-analysis of satellite data collected and analysed by 

King-Hele and Cook (1973). Quoting from King-Hele et al. (1969): 
". . . the Earth's gravitational potential U at an exterior point distant r from 
the Earth's centre, and having geocentric latitude 4, is written in a series of 
spherical harmonics as 

where G is the gravitational constant, M the mass of the Earth, and R the 
Earth's equatorial radius. Pn(sin4) is the Legendre polynomial of degree n 
and argument sin4, and Jnare constant coefficients. Equation (U) does not 
take into account the small variation of U with longitude and represents an 
average over all longitudes." 
The orbit of an Earth satellite is nearly elliptical with an eccentricity of the form 

afpsinw, where w is the angle, measured round the orbit, between the northward 
equator crossing and the point of nearest approach to the Earth. The term /3 is a 
known linear function of the unknown odd-order Legendre coefficients J3, J5, . . . . An 
estimate of /3 can be made from repeated tracking observations of the satellite from 
one or more ground stations. Thus each satellite produces a single derived observation 
which is linearly related to J3, J5, .. .. King-Hele and Cook fitted the equation 

to the data which are reproduced in Table 2. 



TABLE 2, VALUES OF Fj, F5, F;,...,F33, Y ANOdFOR TffE 27 SATELLITES 

Explorer 1 


L.C.S.1 

OSO 3 

Vanguard ?. 

Explorer 2' 

Telstar 1 

Echo 1 r 

Anna 1B 

Ariel 2 

T i r o s  5 

Explorer 2' 

Explorer 3 

T r a n s i t  !*A 

Secor 5 

FH-1 

Alouette 2 

Explorer 21 

Essa 1 

Nidas 4 

1963-49B 

Explorer 4 

Dial 

Peole 

Cosmos 248 

Cosmos 44 

ceos 2 

Prosper0 
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Their fitting was based on a weighted least-squares procedure using the standard 
deviations o which were believed to provide a realistic assessment of the accuracy 
of the 27 individual observations. After some delicate comparisons involving 
alternative choices of the "variables", King-Hele and Cook recommended the estimate 
of (J3, J5, ...) 

J2k+l 0, 
J \ (-2,531 

-24655 

-326 

J9 2 -94 

J7 

Jll i59 

-131513 

-26 

, J1, 
J15 

\ -258 

the latter values being the weighted least-squares estimates for a fit of the first eight 
"variables". The estimate (3.19) is intended to be combined with an estimate of 
(J,, J,, J,, . . .) from other satellite data to give an estimate of U. 

Translating into present terminology, we have n = 27, p = co, yi = Y,/oi, 
x, = "other data for ith satellite", ck(xi) =F,,+,(ith satellite)/ai and bk = 106J2k+1. 
We will use (3.17) with K = 16 rather than K = 25, the maximum possible value 
consistent with Case 1, since J,, was the highest order coefficient considered by 
King-Hele and Cook. Using q as an index for (1,2, . . .,q) E A, Fig. 3 shows the 
behaviour of Ct(q) and, for comparison purposes, that of 

We see that att(S) = (1,2, ...,8) so that the cross-validatory estimate of the 
coefficients is also (3.19). DOUBLECROSS gives us Ctt = 1.63 which may be compared 
with Ct(8) = 1.17. The difference between the two values provides a necessary 
correction for the "selection of variables effect" within our selected hierarchy A. An 
idea of the robustness of the choice att(S) is also provided by other output of 
DOUBLECROSS which informs us that att(S,,) is (1,2, ...,8) for all i except 22 (satellite 
Dial) and 23 (satellite Peole) when it is (1,2, ...,9). 

It is impossible to apply the general method to King-Hele and Cook's choice 
since this was unformalized. However, were it possible to transform King-Hele and 
Cook into a memoryless machine that would slavishly follow their mental processes, 
we could obtain a cross-validatory assessment measure Ct by feeding the machine 
with 27 data sets, each with one satellite omitted, and this value of Ct could be 
compared with our Ctt of 1.63. 

Example 3.5. The model-mix prescription. Examples 3.2 and 3.3 contain a useful 
signpost towards generality. To be specific, prescription (3.7) may be viewed as a 
weighted mixture of two prescriptions 
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arguably relevant for the "model" 

MI: No relationship of y to x, 

and 

u I I I I t I I I I I I I 

1 2 3 4 5 6 7 8 9 10 1 1  12 13 14 15 16' 

NUMBER OF VARIABLES q 
FIG.3. DOUBLECROSS analysis of satellite data. 

arguably relevant for the "model" 

M2: Strong dependence of y on each of x(l), . . . ,x(p). 

A weakness of (3.7) may be considered to lie in the polarity or non-exhaustiveness 
of Ml and M2. 

Generally, suppose there is sufficient structure to suggest a set of indicative, 
roughly exhaustive models, MI, ...,M,,, and that, for each M,, there is a natural, 
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reasonable predictor j(q)(x, S)  say. Then the model-mix prescription is 
m 

j(x; a, S)  = C a, j'Q)(x, S)  
q=1 

with suitable d. With d = Rm and L quadratic, we get 

where 

assumed to be of full rank. 
In the case where, for each q, M, is a linear model and j(q)(x, S)  the corresponding 

least squares predictor, the calculation of Z is facilitated by the identity 

where A(q) is the projection matrix associated with the least-squares procedure for the 
model M, (cf. (3.14)). 

9 

Application to the satellite data 
We will take the hierarchical models 

Mq: Only the first q Legendre polynomials have 
non-zero coefficients. 

Computer program MODELMIX mixes least-squares predictors and, for a selected value 
of m, calculates &t(S), the corresponding estimates of the Legendre coefficients and the 
assessment measure Ct. 

For the choice m = 9, the values are 

We remark that (i) the components of at(S) sum to 1.002 which is close to unity, 
(ii) at(S) puts most weight on M, and Mg and (iii) the value of Ct is about half the 
value of Ctt for DOUBLECROSS. However, the behaviour of MODELMIX for other values 
of m remains to be analysed. 



19741 STONE- Cross-validatory Choice of Statistical Predictions 127 

It would be of interest to investigate the effect of the natural restriction of& to 
the simplex 

using quadratic programming techniques. 
It is worth noting that the application of DOUBLECROSS in Example 3.4 is more 

economically considered as an application of MODELMIX with m = 16 and 

d = {(I, 0, ...,O), (0, 1, ...,O), ...,(0, 0, ..., 1)). 

With this change, Ct(q) +C(a) and Ctt+ Ct. 
Example 3.6. Cases with symmetries; standard experimental designs. In Example 

3.3 we postulated, in somewhat arbitrary fashion, a special case of equality of the A,,. 
Inspection of the formula for Ct(a) in Example 3.4 shows that the same special case 
there yields 

where MSE(a) denotes the customary mean-square error for a least-squares fit of the 
linear prescription indexed by a. When the variation of Ct(a) with a is examined, we 
see that, since n is constant, we are equivalently required to divide the residual sum 
of squares by the square of the degrees of freedom. This requirement is so strikingly 
different from standard methods that some further illustration of its possible value is 
necessary. 

The simplest illustrations are provided by the analysis of standard balanced 
experimental designs. To think about these, it is preferable to avoid the notation 
of (3.12). Rather we consider prescriptions of the form 

y(xd;4 = y(x, ; (a, b)) = b, + 

where a controls the order of the expression on the right, i = (i,, i,, ...) is the index in 
natural correspondence with the block structure and treatment allocation of the design 
and the components of b satisfy 

but are otherwise unrestricted. The final component of i may not appear on the right 
of (3.23) if it corresponds to replication. Such prescriptions correspond to symmetrical 
linear models up to a certain interaction order for standard balanced experimental 
designs. 

If Y denotes the vector space of (j(xl; a) .  ..j(x,; a)lT generated for some fixed a 
then A,, has the simple representation-free interpretation as the cosine of the angle 
between Y and the vector (0 .. . 0 1 0 ... O)T along the ith axis. The symmetry of 
(3.23) with respect to permutations within {i,), {i,}, . . . shows that the Aii must be equal. 
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Application to the analysis of a 2, factorial experiment without replication 
We will consider the "Pilot Plant" data given on pp. 183-186 of Johnson and 

Leone (1964). The standard analysis of variance is summarized in Table 3. We will 

TABLE3 


Summary of analysis of variance for Pilot Plant data 


Sums of 
squares 

A:  40.500** 
B :  0.500 
C :  15.125 
D :  40.500** 

AB 2.000 
AC:  3.125 
A D :  0.500 
AE: 3.125 
BC: 10.125 
B D :  0.500 
BE: 3.125 

ABC: 6.125 
ABD: 2.000 
ABE: 1.125 
ACD:  0.125 
ACE: 0.500 
ADE: 28.125* 
BCD: 10.125 

BCDE 

ABCD 

] 16.250 

E:  55.125** C D :  3.125 BCE: 4.500 ABCDE 
CE: 12.500 BDE: 1.125 **: P<O.Ol 
DE: 15.125 CDE: 0.500 *: P<0.05 

2: 54.250 2: 16.250 

take four obvious choices of a in the specialization of (3.23) and calculate the 
corresponding values of Ct(a).  We have i = (i,, ...,i,) for the levels of A, . . .,E respec-
tively. The four values of a may be listed as follows: 

dl ) :j (x , ;  a) = b, [no dependence on any factor], 

a@): f (x , ;  a )  = first 2 rows of (3.23) [additivity], 

a @ ) :  j (x , ;  a )  = first 3 rows of (3.23) [up to first-order interactions], 

a(4) :  f(x,;  4 = first 4 rows of (3.23) [up to second-order interactions]. 


The Ct(a) values, with those of MSE for comparison, are 

C t  (a) 9.2 5.9 8.8 14.41 

MSE(a) 8.9 4.8 4.4 2.7 

We see here the same phenomenon as in Example 3.4;  Ct(a)  falls but then begins 
to increase revealing the penalty for "overprescribing". 

Another illustration is provided by the "Two-variable Example" of Gorman and 
Toman (1966) in which, it may be verified, the condition of equality of the A,, also 
obtains. Gorman and Toman used Mallows C p  which has an objective analogous to 
that of Ct(a). We can supplement one of their tables as follows: 

Variables in 1 
equation c, c t ( a )  
- --- 

None 84.6 5.49 
XI 
xz 
XI,xz 

4.1 
2.5 
3.0 

1.02 
0.91 
0.95 

In this example, at least, C p  has a more dramatic minimum at X, than Ct(a) has. 
However, the similarity is of interest. 
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4. REVIEWAND DISCUSSION 
How does previous work on cross-validation relate to what we have done? Hills 

(1966) considered the problem of proper assessment of the error rates of a discriminant 
whose form is already fully specified. In our terminology, his application of cross- 
validation has a prescription of type j(x; S), with no a to be chosen, and the assess- 
ment is the calculation of Ct. Hills includes a multinomial example, which we have 
not covered, but which is suggestive of application to the simple forms of medical 
diagnosis of Teather (1973). The same specialization is to be found in Kerridge's 
discussion of Hills (1966) and, in greater detail, in Lachenbruch and Mickey (1968). 
Mosteller and Tukey (1968) made a fascinating analysis of 22 Federalist papers. 
However, in essence, their cross-validation corresponds to a j(x; S )  prescription 
based on jack-knifing. 

This brief review informs us that previous work lacks the argument a in its 
prescriptions, which, as we have seen in our general framework and examples, can 
play an interesting role. 

Turning towards generalities, Fig. 4 portrays a conventional paradigm for a large 
portion of statistical activity. 

Linkage * in Fig. 4 represents the role of current data in model building; it may 
involve tests of assumptions about the model or the selection of the model from a 
restricted class. It may be present at a very informal level. 

Linkage ** represents any attempt to assess the quality of the procedure by its 
degree offit to the current data. 

Linkage *** represents any follow-up on the application that may become available, 
its validation on future or additional data drawn from the area of applicability. 

Rectangle @ is alternative to ** and **a,  differing from these in its direct 
dependence on the model. 

A detailed and realistic analysis of almost any example will reveal that not all is 
well with the conventional paradigm. The principal difficulty lies in the complex 
interaction between activities in its different components. For example, in the 
problem of univariate estimation with data that arrives without a pedigree, it would 
be just too naive to test for normality and use the sample mean if the test is not 
significant (Mosteller and Tukey, 1968); but what should we do? Again, in the choice 
of variables in linear regression problems (where the true regression may be far from 
linear) are we to use F-tests to select the variables and, if so, in what order and at what 
significance level? The C, criterion of Mallows and the MSEP measure of Allen 
(1971) and the J, criterion in Hocking (1972) all have a basis in the conventional 
paradigm. 

By contrast, the cross-validatory paradigm (Fig. 1) has a simpler structure and 
each of its parts has a relatively clearly defined role. There will almost certainly be 
major problems in the execution of the cross-validatory paradigm but the status of 
each problem that arises should not be as ambiguous as some that are associated with 
the conventional paradigm. 

The Bayesian approach usually demands, and possibly deserves, to be given 
special consideration; its adherents are unlikely to accept the complexity of Fig. 4. 
Ignoring purely technical difficulties, the Bayesian paradigm has a stark simplicity: 

[Determination of prior (which includes model specification!)] 

-+ [Data analysis (Bayes theorem !)] +[Application]. (4.1) 
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The alternative Bayesian paradigm 

[Data]-+ [Direct assignment of posterior]-+ [Coherence check that the 
assignment "coheres" with assignments that would have been made 
for data sets different from the one actually obtained]+ 
[Application] 

is potentially equally simple but would constitute an invitation to dishonesty. The 
purist Bayesian viewpoint is one that admits no element of choice in (4.1); you do not 
choose a prior, you have a prior. And, if there is no choice, there can be no criticism. 

background information, 
previous data 

specification 

0 L 
F t 

Choice o f  

AL statistical 


procedure 


Current 1 .L L 


data r 


*I* Application o f .  .. Assessment o f  value 
A
.- procedure A,- of application

8
t 

11 IIRelevant future or  
additional data 

FIG.4. Conventional paradigm. 

The contretemps, revealed by Beale's puzzlement at the Bayesian endorsement of least-
squares prediction in Lindley (1968)' must be regarded as a consequence of this view-
point; if the prior (of uniform, independent type) says that all parameters are likely 
to be large then one must take the consequences. However, Mosteller and Wallace 
(1963, pp. 306-307) write: 
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"In the presence of large numbers of variables, preparing for selectivity is 
necessary-in classical studies through calibrating or validating sets of data 
whose origin is known but that are uncontaminated by the selection and 
weighting processes; in Bayesian studies through realistic priors that can be 
based on pools of variables." 

So priors must be classified as realistic or unrealistic. Presumably a realistic prior 
is one that would not give its user any cross-validatory shocks of the kind described 
in Section 1. Recently progress has been made in developing priors representing 
"exchangeability" (Lindley and Smith, 1972); such priors are clearly supposed by 
their creators to be at least more realistic than earlier efforts. That realism may not 
be a very robust concept when applied to priors is illustrated by the very simple case 
of Example 3.1. With normality and a particular proper conjugate prior (De Groot, 
1970, p. 170), the posterior mean is a j  where a, 0 <a < 1, is fixed by the prior. The 
realistic possibility of large j casts immediate doubt on the realism of this prior. 
While one must wish the recent Bayesian work every success, it is possible that the 
cross-validatory paradigm can offer a route that smoothly by-passes the Bayesian 
industrial area. 

Finally, some quotations : 

(i) "Many mathematical and philosophical discussions begin with a general 
theory from which are derived general principles; from these, in turn, 
specific procedures are produced and finally exemplified. In discussing 
data analysis, we find the following somewhat opposite order more 
practical. (a) First, what to do. (What treatment to apply to the data of a 
given sort of problem, arithmetically or graphically)." Mosteller and 
Tukey (1968, p. 81). 

(ii) "The method studied by Lachenbruch, of allocating each observation in 
turn by a discriminant computed from the rest of the observations, has 
two important merits. It can be used in other problems whose solution is 
intractable and its rationale is readily understood by people who have 
little technical knowledge of statistics." Cochran, discussing Hills (1966). 

(iii) "Obtaining a valid measure of uncertainty is not just a matter of looking 
up a formula." Mosteller and Tukey, (1968, p. 124). 

(iv) "The word 'valid' would be better dropped from the statistical vocabulary. 
The only real validation of a statistical analysis, or of any scientific 
enquiry, is confirmation by independent observations." Anscombe (1967, 
P. 6)-

(v) "The conclusion is that, in the conventional paradigm, the model selects 
the estimator and in turn the data selects the estimate. But, in the present 
case, it is not very realistic to conceive of a model except in a very loose 
sense. And so one arrives at a tentative notion of what is needed: the 
data must select the estimator and with it the estimate.'' Nimmo-Smith 
(1972). 
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Professor G. A. BARNARD(University of Essex): I am sure we are grateful to Professor 
Stone for drawing our attention to a general procedure which is finding increasing- 
application in data analysis and for formulating a general characterization of this procedure 
so that we can attempt to place it in proper relation to the more standard methods. The 
simple idea of splitting a sample into two and then developing the hypothesis on the basis 
of one part and testing it on the remainder may perhaps be said to be one of the most 
seriously neglected ideas in statistics, if we measure the degree of neglect by the ratio 
of the number of cases where a method could give help to the number of cases where it is 
actually used. 

In spite of its advocacy by distinguished people, such as Deming and Mahalanobis, it 
remains the case that the vast majority of survey results, for example, are published either 
without any assessment of sampling errors or with wholly inappropriate estimates based 
on simple binary calculations. Such practices may have been tolerable when surveys were 
used in an indicative sense only, to give rough estimates, but nowadays with more and 
more apparently sophisticated computer programs for social science, failure to take 
account of possible sampling fluctuations is leading to a glut of unsound analyses which 
already seems to be bringing statistical method in that area into unjustified disrepute. I 
have in mind procedures such as AID, the automatic interaction detector, which guarantees 
to get significance out of any data whatsoever. Methods of this kind require validation, or 
rather assessment, by some method such as the split sample technique before anyone takes 
any notice of its results. 

I would like to say a few words about the distinction which Professor Stone draws 
between cross-validation and jack-knifing. In  my opinion the term "jack-knifing" should 
be used for both procedures. As you know, its etymology refers to the jack-of-all-trades 
and the master of none, and is intended to denote a tool which has a very wide application 
but which can in most cases be improved upon by more special-purpose equipment. 

Another characteristic feature of the procedures is that they appear to be applied in 
situations where one may have serious doubts of their appropriateness. For example, 
Lachenbruch and Mickey (1968) applied this cross-validation procedure to the classifica- 
tion of individuals into two classes. My experience of this problem is limited, but I expect 
many of you would agree with me that such zero-one classifications are almost never 
what is required in a practical situation. Where it seems to be required, further thought often 
shows that a better answer will be provided not by a zero or a one, a rigid classification 
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of the individual, but by a continuous variable P which may be interpreted as a 
probability of belonging to class one. For example if one is trying to estimate the relative 
frequency of class one, then the average value of P will give you a better estimate than a 
straightforward count, and in fact better estimates still are usually to hand. In  this 
context, Kerridge's work deserves to be better known. In all these cases, therefore, I think 
a further analysis of what the problem really is, using some kind of model or, as Kerridge 
pointed out, a very wide set of possible models, will give you a better answer than a simple 
straightforward direct attack on the problem as originally stated. 

This, I think, is a defect in cross-validation procedures in that they tend to assume the 
form in which the answer to the problem should be given. Alternatively, they take it for 
granted and get an answer in that form when it may very well be that an answer ought to 
be given in a different form. While it is possible to extend cross-validation procedures to 
allow for various forms of answer I think it would extend the method too far beyond its 
natural domain to do this. What, you may ask, is its natural domain? It seems to me that 
an answer is to be found in comparing the two block diagrams of the paradigms of cross- 
validation on the one hand and the conventional statistics on the other. The important 
difference in the present paper is in that the block diagram for the conventional paradigm 
has an outlet at  the bottom which leads to further data, whereas the block diagram for 
cross-validation does not. 

I t  is true that we sometimes have to make do for a very long time with just the data 
that we have to hand and have very little hope of getting any more. We should always 
bear in mind that the real basis of statistics, and of science in general, is always the possi- 
bility at least, and usually indeed the actuality, of further repeated observations. The 
repeatable experiment is I think the foundation of physical science, and I hope in time it 
will become the foundation of social science: and, of course, it lies at the foundation of 
classical statistics. 

Consequently, my feeling about the role that cross-validation procedures should play 
resembles my view of the role that non-parametric methods should play; they should be 
resorted to only when we are driven and they must surely be dependent on standard 
modelling methods for suggestions as to forms of plausible prescriptions. Who, for 
example, would take seriously the shrinkers that Professor Stone has put before us if it 
were not for the fact that we all have seen very good reasons for supposing that in many 
such situations shrinkers are called for. I think the argument presented by cross-validation 
appears to be very weak in Example 3.1 (p. 117) when one extends a simple model like 
?(a, S) = a? to what appears to be an improvement, j(a, S) = al+ a, g, and then one 
finds that one loses the shrinker. This sort of behaviour is a bit startling, and it is difficult 
to understand in any sort of general'context unless one refers to the model approach. 

I must disagree with Professor Stone's suggestion that something like cross-validatory 
methods might be used when we are asked to estimate the location of a sample which 
comes to us without a pedigree. The correct thing to do with the data without a pedigree 
is to send the mongrels back. If we have decided not to do this and we have some sort 
of pedigree, then a classical mixed model approach based on such of the pedigree as we 
can dig out, allowing for a reasonably wide range of possible forms for the sampling 
distribution methods, and a sketch of the associated likelihood contours (taking account 
of the actual sample we have to hand), will give us far more information and a better 
answer than any suggested cross-validation procedure. Incidentally, in some situations 
when we think we might have an answer in terms of a single number, an  approach on these 
lines may suggest an answer in the form of two alternative locations for the sample. 

In closing my remarks I hope that Professor Stone will put into the printed text the 
further details of the satellite problem which he has given us tonight. Although we are 
probably more interested in the state of the world than the shape of it, nonetheless I think 
it is most important that statisticians should be thought of as being interested in the 
scientific content of the problems they handle. I t  seems from the diagram we were shown 
tonight that the South Polar Ice Cap is doing what one would expect it to do. (I assume 
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that the diagram relates to an earth which is a pseudo-earth of uniform density and not 
the actual physical earth.) Now I would support the approach of King-Hele and Cook 
rather than cross-validation and it seems to me that the coincidence of analysis is not 
entirely but to rather a large extent coincidental. Concerning the example on p. 127, 
surely cross-validation gives us the wrong answer, or at least a rather unlikely answer. We 
do not know I suppose what the true answer was but the fact that the standard method 
picks out as significant the three-factor interaction ADE when these are just the three 
factors which give the largest main effects seem to me to be significant and important and 
I would certainly tend to pay attention to it, whatever Professor Stone would do, whereas 
cross-validation would not show it to me at all. 

To sum up and perhaps pick up Professor Stone's reference to the Prime Minister, 
that while I think Professor Stone has shown that cross-validation may not have an  
unacceptable face it still seems to me that it has a shaky fundament. 

I t  gives me pleasure to propose the vote of thanks. 

A. C. ATKINSON (Imperial College): In  this evening's interesting paper Professor Stone 
has been concerned with methods of data analysis for prediction. Although this seems 
reasonable in many of his examples, I am not sure that it is appropriate for the analysis 
of the pilot plant data. In  such factorial cases the interpretation of the individual 
coefficients is often of primary concern. 

A strange feature of these data is that not only are the effects A, D and E significant, 
but so is the three-factor interaction ADE. The half-normal plot on p. 189 of Johnson 
and Leone (1964) shows this pattern clearly. To find a simpler representation of the data 
I tried a Box and Cox power transformation with an additive model. The approximate 
C(a)test for this family (Atkinson, 1973) suggests a power less than one and the maximum- 
likelihood estimate is near one-third. This transformation achieves a slight reduction in 
the three-factor interaction but does not lead to a satisfactory additive model, a result 
which suggests the presence of some alternative structure in the data. The elucidation of 
this structure seems to me an important aspect of any further data analysis. 

I am sorry that Professor Stone did not give any examples of the application of his 
procedures to  discrete data. I would like to see an analysis of, for example, binary data 
or of counts with some structure in the means. Has Professor Stone any comments on or 
experience of such analyses? 

Some robust estimates of location of a random sample are derived in Section 3 of the 
paper. I t  would be interesting to know whether cross-validation can be extended to deal 
with other problems of robust estimation. Since the procedures involve calculating the 
effect of deleting one observation at a time, it should be possible to extract some information 
on the presence of outliers. 

I have much pleasure in seconding the vote of thanks. 

The vote of thanks was passed by acclamation. 

Dr  LAI K. CHAN (University College London and University of Western Ontario) :The 
application of cross validation in Example 3.1 provides a fresh method for constructing 
robust estimators. The following is a comparison of the Cross estimator (3.2) determined 
by L = 1 y - j  I with the seven Hampel's M-estimators given in Andrews et al (1972, 
Section 2C3). These M estimators are considered to be very promising robust estimators 
of the location parameter. For an estimator having a symmetric distribution, define its 
pseudo-variance ~ n ( 2 . 5  per cent point of the di~tribution)~/(1.96)~. (Pseudo-variance is a 
more robust measure of dispersion than variance.) When the parent distribution is normal 
or Cauchy, Cross is always better than the M-estimators with n = 5. Comparing to the 
M-estimators with n = 10, Cross is better than and about the same as 4 and 3 respectively, 
of these estimators when the distribution is normal and is better and worse than 1 and 6, 
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respectively, of these estimators when the distribution is Cauchy. The inferiority of the 
last case may be caused by the fact that the prescription (3.2) does not trimoff extreme 
Cauchy observations. 

Cross is also similar to the so-called adaptive estimators, i.e. estimators which adapt 
themselves to the observations of the particular sample available. Comparison of the 
pseudo-variances of Cross with the eleven adaptive estimators with n = 5 in Andrews et al. 
(Sections 2B3 and 2E1) shows that Cross is always better than these estimators when the 
distribution is Cauchy and is better than and about the same as 8 and 3, respectively, of 
these estimators when the distribution is normal. It is better than, about the same as and 
worse than 5, 5 and 1, respectively, of these estimators with n = 10 when the distribution 
is normal; it is better and worse than 9 and 2, respectively, of these estimators with 
n = 10 when the distribution is Cauchy. 

To compete with other robust estimators according to the criteria of pseudo-variances 
or efficiencies, selections of prescription and loss function may have significant effect on 
the position of Cross. Here are some proposals. 

If it is given that the unknown true parent distribution is a member of a family s,say 
for the purpose of illustration f = {Normal, Cauchy}, we can let 

where d~ and dc are some highly efficient estimators of the Normal and Cauchy location 
parameters, respectively. (If we are less certain about the tails of the distributions in f ,  
estimators like best linear unbiased estimators based on selected sample quantiles can be 
used.) Let the defining loss function be 1 y - j  l a .  Then apply Double Cross to choose 
att(S) = {att(S), btt(S)}. Incidentally, it would be interesting to see if 9 has the following 
important property of the Birnbaum-Laska-Mike optimally efficient Pitman type esti- 
mators (Birnbaum and Mike, 1970): b converges to Pas n tends to infinity when normal 
is the true distribution, say. 

When 9= {Fk} is large and the shapes of the distributions in 9are not all very close, 
the choice of btt becomes computationally intractable. One possible solution is to let 

where ak = 0or 1 correspond to the "choice of the variables" in Example 3.4. Z g  ak = 2 or 
3 if each time two or three distributions are to be considered. Alternatively, instead of 
linear combinations of d's, we can let b be the characterizing parameter of some widely 
used robust estimators such as the trimming proportion of trimmed or Winsorized means 
(so Cross can be considered as a refinement of these estimators). 

Like most robust estimators, analytical justification of the above proposals may be 
difficult when n is finite. But systematical Monte Carlo studies and heuhtic deduction can 
provide useful guidelines. 

Another possible interesting application of "cross-validation" is robust estimation of 
scale parameters. For this, transformation of y may be needed to make "prediction" 
meaningful. 

Mr A. P. DAWW (University College London): Professor Stone has emphasized cross- 
validatory choice at the expense of cross-validatory assessment, although his analysis 
clearly brings out the latter as fundamental. The question of choice of predictor is likely 
to remain a controversial one, but a valid method of assessing the worth of any chosen 
prediction formula will be welcomed by all statisticians. So the vital question is: How 
reliable is cross-validatory assessment ? 

Let us take as given a loss-function L(y, 9). Let p = {ps(.)}be some method of predic- 
tion, to be assessed, which for each set of observed data S yields a predictor ps(.). 
Thereafter, if a value for x is observed, the prediction j of y is taken to be ps(x). The loss 
incurred will, of course, be L(y, ps(x)). 



19741 Discussion of Professor Stone's Paper 137 

Professor Stone has carefully avoided probability models throughout his paper, but 
for reasoned judgment of his methods we must make explicit some concepts implicit in his 
work. I shall assume that the past data S, and the future data (x ,  y), form a random 
sample from some unknown distribution, and use a tilde to denote random variation 
according to that distribution. Then a quantity of interest would be the predictive risk 
R(ps) = E[L(J,ps(2))lof the predictor p, based on data S.  

Considering Example 2.1, with squared-error loss, let p correspond to the "naive 
choice" ol = 1. Thus p,(x) = 7+(SxylSxx) ( x  -Z ) ,  with Sxy = 2 (xi-Z )  y,, etc. If we 
then suppose that (2,  J )  have a bivariate normal distribution, with Z N N ( p Z ,0:) and 
J 12- N(ol+px, u2), we find 

"-) ( ") .)'( ")'R ( ~ ~ ) = U ~ + ( ( C Y - J - ~ X+ p - - sxx p + p - - sxx 

Of course R(ps) depends on the parameters (indeed, on the form) of the unknown 
distribution. What we require, if possible, is an estimate of R(ps), as assumption-free 
as possible. 

The "most primitive" form of assessment yields such an estimate. If we take new data 
S' = {(xi, yi) : i = 1 ,  ...,n'} from the same distribution as (2 ,  J ) ,  we can form 
L'(S, S') = (lln')z:llL(y:l,p,(x',)_).Then L'(S, S') will be unbiased and consistent for 
R(ps), in the sense that E{L'(S, S') I S )  = R(ps) and var {L'(S,S"') I S )  +0 as n' +a. 

What, though, if we cannot take a new sample, and do not wish to set aside any of our 
data to yield such an assessment sample? We must construct some method A = A(p, S )  
of assessment for p. What we should really like is for A(p, S )  to be always close to 
R(ps)--forexample, that E{{A(p,S") -R ( P ~ ) } ~ }should be small; but this seems rather too 
much to expect. We might have to be satisfied with a good estimator of, not the relevant 
predictive risk R(ps),but the average predictive risk rn(p) = E{R(p:)}. (Another formula is 
r,(p) = E{L(J,pg(2)))).Remember S is supposed to arise as a random sample of size n. 
Returning to our extension of Example 2.1, we find 

Professor Stone's cross-validatory assessment method would appear to be a distribution- 
free method of estimating rn(p). 

Consider firstly the "naive" assessment I(p,S )  = ( l ln)z;=lL(y,,ps(x,)). This may be 
written E(p, S )  = E[L(J, p,(X)) I ( 2 , J )E S ] , so that E ( L ( ~ ,3)) = E[L(J,pg(2))I (2 ,  J )  E 31. 
There is no reason why this should resemble E[L(J,pg(R))]= rn(p). For instance, 
Example 2.1 yields I (p ,S )  = RSSIn, so that 

For cross-validatory assessment we use C(p ,  S )  = (l/n_)z;=lL(y,,ps-,(xi)),which may 
be written as E[L(J,pg,(2))I S ;  {S",,, (2 ,J ) }  = S ] ,  where So, ( 2 , J )  are supposed to arise 
independently as random samples of size (n- 1 )  and 1 respectively. Then 

It follows that this assessment yields an unbiased estimator of rn-,(p),which will hopefully 
(if the prediction method depends "smoothly" on sample size) give a good idea of rn(p). 

Considering that cross-validation does appear to lead to unbiased estimation, I wonder 
if the links with jack-knifing may not be stronger than Professor Stone concedes. 

The result E{C(p,S")) = rn-,(p) may be verified by straightforward but tedious 
calculations for our formulation of Example 2.1. However, if it was agreed that an  
unbiased estimate of rn(p)was required, and if the normality assumption could be taken 
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seriously, a better assessment would use [(n + l)/{n(n -3)}] RSS. In any event it may appear 
more satisfactory to use [{(n + 1) (n -2) (n - 1) (n -4)}/{n2(n-3)2}] C(p, S), which in the 
normal case estimates r,(p), rather than r,-,(p). Certainly, if we know that the data- 
producing distribution lies in a certain class, we may often be able to use this information 
to improve on the distribution-free assessment given by cross-validation. 

Although we do get (approximately) unbiased estimates _of rn(p), I have a worrying 
feeling that these may not be consistent-that is, var{C(p, S )  -r,(p)} remains bounded 
below as n -+ co. This property would itself be unimportant if we also had 

(while var R(p2) was bounded below), since R(ps) is the quantity of real interest-but I 
find this even harder to believe. If my suspicions have any basis, then one should be wary 
of over-glib use of cross-validatory assessments, since they_ may be wide of the mark. Even 
if we do have consistency, correlations among the C(p, S )  for different p may cast doubt 
on the choice of that p, out of a given class, which leads to a minimum for C(p, S).  

The framework I have presented is not the only possible one, and indeed does not 
appear relevant for problems where the x-values arise by design rather than chance. For 
instance, I cannot see any simple justification for use of cross-validation in the Pilot Plant 
problem. 

Professor F. DOWNTON(University of Birmingham): A current nine-day wonder in 
the press concerns the exploits of a Mr Uri Geller who appears to be able to bend metal 
objects without touching them; Professor Stone seems to be attempting to bend statistics 
without touching them. My attitude to both of these phenomena is one of open-minded 
scepticism; I do not believe in either of these prestigious activities, on the other hand they 
both deserve serious scientific examination. 

I clearly do not possess the powers of Mr Geller; still less do I understand how to 
harness the forces he claims to use. I feel the same way about Professor Stone's techniques. 
My difficulties can most easily be illustrated using Example 3.1 on the location of a single 
univariate sample. There is something very peculiar about a procedure which gives the 
same estimator for the "prescriptions" (a): j(a, S )  = a and (c): j(a, S )  = al+ a, 7, but a 
different one for (b): j(a, S )  = ay. Indeed it is the total inconsistency of results from 
apparently similar "prescriptions", which is difficult to take. For examplethe 
"prescription" 

where g(y) is any function will lead to the estimator j j  using a quadratic loss function. On 
the other hand, the "prescription" 

leads to quite different results depending on the function g(y). Are there some criteria for 
choosing a "prescription" which I have missed ? Does a "prescription" have to be a plausible 
estimator in some sense? If so how does one know what it is in a more complex situation? 

Again why do we stop at one iteration? Suppose a "prescription" $(a, S )  leads to the 
cross-validatory estimator based on a+@). Would a linear function of that estimator be a 
good "prescription" and could we get from that an  extra-cross-validatory estimator which 
would be "better" than that based on a+(S)? The possibilities are endless. 

On my present understanding I would summarize the properties of Professor Stone's 
"prescriptions" as follows : 

(i) "Prescriptions", which are logically equivalent from a common-sense point of view, 
may lead to different estimators when an identical cross-validation procedure is adopted. 
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Presumably this implies that common sense has little application in the world of 
"prescriptions" and we shall need to learn a whole new logic of equivalences, where, for 
example (for a quadratic loss-function and single observation validation), 

5yi = ,$g(yJ if j(a, S )  = al + a2J, unless a, = 0,
is1 2 = 1  

and so on. 
(ii) The "prescriptions" themselves appear to depend on a great deal of alien folklore 

(traditional sampling theory appears to be alien to Professor Stone's approach). Why 
otherwise should we even consider a function of 7 or a linear function of the order statistics 
as a reasonable "prescription"? 

In the present state of the art these are the properties of the "prescriptions" of a witch- 
doctor not of a doctor: however, in fairness to Professor Stone it should be said that a 
witch-doctor's "prescriptions" sometimes work if the patient has sufficient faith. 

Professor J. DICKEY(University College London): My congratulations to Professor 
Stone for a paper which promises to be a landmark. I am grateful to him for this 
opportunity to suggest two separate flow charts, for the two processes of Bayesian Data 
Analysis and Coherent Personal Inference. 

The analyst's informed 
human mind 


Choose super-parametrized 


The experiment 

and the data 


I Approximate the reportees' I 
pre-data distributions I /

r I I 

Bayes's theorem * 
Choose parametrized 

The data 
sampling model(s) I 

I Bayes's theorem 

Plot dependence o f  post-data 
distributions on pre-data 
distributions 

--T-
interest to  the reportees 

FIG.1. Bayesian analysis and scientific reporting. 
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The reportees' informed Examine data- 
human minds 4 ---- analyst's report 

FIG.2. Personal inference of reportees. 

Mr A. G. BAKER (Unilever Research) :As an applied statistician, who seems to become 
more and more involved in multivariate data, I would like to support Professor Stone in his 
statement in Section 2: namely that the cross-validatory approach offers the best basis for 
having a meaningful two-way discussion with a client. 

However, the cross-validatory method does have one "unpleasant and unacceptable 
face". As I see it, the computational costs in a multiple regression problem could become 
very great. Possibly, it may be best to use conventional methods to cover more problems 
and only bring in cross-validatory techniques when there is justification for analysing the 
data exhaustively. 

The increased demands on computing would necessitate, in my view, an increasing 
involvement in the efficiency of computer programs. 

My remaining point is not directly linked to cross-validatory techniques, but arises 
from Professor Stone's example of a 26 experiment. Convention has it that we group main 
effects, first-order interactions, higher order interactions as natural groupings. Another 
way would be to consider the number of variables involved. The most meaningful 
equation to describe the results in Table 3 could be 

response =f ( A , D, E), 

which gives terms in A, D, E, AD, AE, D E  and ADE, i.e. because of the size of ADE: AD, 
AE and D E  would be brought in. 

Data description, leading to the formation of hypotheses seems to be the problem in 
multivariate data and I hope we will get a textbook on cross-validatory techniques coming 
from University College one day. 

I am grateful to Professor Stone for bringing to my notice this work. 

Professor 0. BARNDORFF-NIELSEN of Theoretical Statistics,(Department Aarhus 
University): Professor Stone proposes that the quantities CO, C t  and Ct'f be employed in 
the assessment of the respective predictors. But how is the assessment to be carried out? 
More specifically: Are there methods for grading the scales of value of these quantities, and 
what are the interpretations of the gradings? 

Consider the classical question of predicting y from y,, ...,y,, on the assumption that 
y,, ...,y, and y are independent, identically distributed variates following a parametrized 
family of distributions. I t  seems desirable that a general scheme like the one put forward 
by Professor Stone should include the device of estimating the parameter by the 
maximum-likelihood method and then choosing as that (or those) value(s) of y which 
has (have) the maximum probability under the distribution with parameter equal to the 
maximum-likelihood estimate. This is apparently only the case if the loss function at  the 
choice stage of the scheme is allowed to depend on a, a possibility already indicated under 
point VII of the paper. 

Professor D. R. Cox (Imperial College): Professor Stone's paper seems to me 
exceptionally interesting. I t  represents an  approach to statistical analysis that avoids the 
introduction of parameters, or their equivalent, namely, hypothetical future observations 
from the same random system. As such it can be contrasted with the recent Scandinavian 
work in which, roughly speaking, the start is the choice of some statistics (more or less a 
prescription) and the development centres on the exponential family generated by the 
statistics. 
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Two central questions about the present work are (i) to what extent does it give results 
essentially different from those of more conventional approaches and (ii) how often in 
applications can the notion of a parameter, or some equivalent, really be avoided? 

For example, is the discussion of robust estimation of location essentially different 
from that of an adaptive estimate in which the sampling variance is estimated for each a 
and the estimate corresponding to minimum a: taken? 

Professor Stone's discussion of regression concentrates on the fit of the overall equation 
and, as such, seems appropriate to the satellite data, but for the factorial experiment interest 
would normally be more in the nature and interpretation of individual contrasts; can 
Professor Stone's analysis be easily adapted to this? In the pilot plant example, as Dr 
Atkinson and Professor Barnard pointed out, the significant contrasts are A, D, E, ADE; 
also DE is large. This strongly suggests a non-factorial representative of the 8 a-d-e 
means and, in fact, six of these are about equal and for the other two ad is high and e low. 
This may provide the most meaningful fit. 

Professor SEYMOUR (University of Minnesota): When I first learned that GEISSER 
Professor Stone and I had at about the same time hit upon the same notion, I was struck 
by that extraordinary coincidence. After a bit of reflection, it is clear that the idea was 
inevitable but what is really remarkable, certainly in view of tonight's historical analysis, is 
that it was so dilatory in coming. 

What impelled me to this method was a concern that at the least statistical inference 
had overemphasized the estimation of non-observables, namely parameters, to the neglect 
of the prediction of observables or potential observables. I suspect that part of the reason 
for this is the seductive niceties of the mathematics of parametric structures. 

Stress on the estimation of parameters, made fashionable by mathematical statisticians, 
has been not only a comfortable posture but a secure buttress for the preservation of the 
high esteem enjoyed by applied statisticians as exposure by observation of any inadequacy 
in estimation is rendered virtually impossible. On the other hand, predictions can be 
assessed by further observations or by a sly investigator withholding a part of his data 
and privately assessing a statistician's predictions. The view that inference should often 
be couched in terms of prediction of observables, termed predictivism, observablism or, 
negatively, aparametricism (see Geisser, 1971) is, I am sure, neither new nor held by few. 
In an even more extreme vein, which possibly only a few share, parameters themselves 
appear to be for many statistical applications artificial constructs foisted upon an unwary 
experimenter by self-serving statisticians making "precise" statements about non-existent 
entities. In fact, I hope that, at the least, Professor Stone's paper makes clear to all that 
data analytic procedures that flow from his "Cross-validatory" methods (or as I have 
termed it, stressing the first word, the "Predictive Sample Reuse Method"; Geisser, 
1974a, b) are necessary to accommodate those not infrequent instances where both the 
classical and Bayesian approaches are either too highly structured, too rich or too para- 
meter bound to serve as appropriate vehicles, inferential modes aside. 

My version of this low structure predictivistic approach is rather briefly sketched in an 
applications paper (Geisser, 1974), and set out in greater detail in a recent submission to 
the Journal of the American Statistical Association. It differs from Professor Stone's paper 
slightly in terminology, although I was pleased to see the addition of the last three words to 
the title of his paper which were once omitted, giving it now the emphasis in word which 
was already there in deed. However, I prefer to call the procedure the Predictive Sample 
Reuse Method because it is essentially a synthesis of the old cross-validatory and curve- 
fitting approaches with a predictivistic accent. In place of loss function so bound up in 
decision theory and embodied in Homo economicus and "prescription" reminiscent of 
Homo medicus, I favour, on the one hand, the more ambiguous discrepancy function and, 
on the other, the more direct predictive function, respectively, for Homo statisticus. 
This, of course, may be trivial carping, but I am reminded that a "Sweet William" is also 
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on occasion referred to as a "Stinking Billy" somewhat north of where the present meeting 
is being held. 

A substantive difference in the set-up, as I have considered it, is an allowance for 
multiple observational omissions. One then may be guided by the particular type of 
prediction to be made in utilizing a set or a subset of partitions of omitted and retained 
observations which are relevant to a schema of omissions. In illustrating this, consider 
Example 3.2 (the k-group problem). Using Professor Stone's prescription and loss function 
but permitting multiple omissions, formulae for a: will vary. For example, if we omit k 

observations at a time, the total number of possibilities is (3of using kr-k retained 

observations to predict the remaining k, and we would then generate a new estimator for a:. 
If we consider a more natural schema, k simultaneous omissions with exactly one from 
each group, suggested by simultaneous prediction of a future observation one from each 
group, the number of possibilities is reduced to rk and the solution for a: is r/{(r- 1) F+ 1) 
if F> 1, and 1 otherwise. This estimator provides greater shrinkage towards the grand 
mean than the unrestricted one-at-a-time schema of omissions excepting the case when 
both yield the value 1. The property of greater shrinkage, or its equivalents flattening and 
centring, with increasing omissions appears to persist in other problems I have recently 
examined. Another possibility with one-at-a-time omissions is to restrict the omissions to 
a single group, presuming that prediction for that group only is needed. This again 
provides a different and interesting answer. 

It is clear, of course, that although there is only a finite variety of schemata, including 
both the quantity of omissions at-a-time and differing patterns of restriction, the number 
is legion. If we add to this the various possibilities of predictive functions and discrepancy 
measures we are obviously faced with an embarras de richesses. But this should not deter 
us from making a selection among plausible alternatives guided by the purposes of 
prediction, cross-validatory assessments and hints from the results yielded by more 
highly structured modes of inference. 

The program of the predictivistic approach to inference requires high structure methods 
which the Bayesian mode readily yields in terms of predictive distributions of future 
observations. But data sets, parametric models, prior distributional assumptions being what 
they entail, the program is incomplete unless adequate low structure predictivistic methods 
are also available. The cross-validatory or Predictive Sample Reuse Method appears to 
be a very strong contender for a satisfactory resolution of the low structure situation. 

Professor DAVIDHINKLEY(University of Minnesota): I wish that I could have been 
present to hear the delivery and discussion of this refreshing paper. I have some questions 
about the cross-validatory approach, but first let me say how useful I think the approach is. 

In Example 3.2, the restriction O<a< 1 is casually mentioned, presumably since it 
corresponds to the usual Bayes estimate. For multivariate y's, a is a matrix and the 
analogous restriction is not easy to handle, cf. Efron and Morris (1972). Should we worry 
about such parametric restrictions? In the location problem of Example 3.1 it is conven- 
tional to take O <  a:< 1, but this is often inefficient (in classical parametric terminology) for 
short-tailed distributions. So here we presumably should drop the conventional 
restriction. 

The central problem in the cross-validation approach is determining an appropriate 
class of prescriptions. In all of Professor Stone's examples he enlarges the classical 
prescription to take account of particular types of data structure. But is this too tied to 
parametric statistics? In the regression problem of Example 3.1 we are using a very 
special predictor-we should, presumably, always allow for non-linearity, possibly by 
using an arbitrary bandwidth for a suitable linear smoothing device. 

The cross-validatory assessment of prescription relates to samples of size n-1 rather 
than the desired n. Is it often helpful to extrapolate from samples of size n- 2 and n-1 
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to correct for "overestimation" of loss? Another device that might be considered is the 
analogue of the Jaeckel epsilon jack-knife, in which observations in Sieach have weight w 
and (xi, yi) has weight w(l - E )  (rather than zero), the prescription based on this being 
used to predict the other EW observations with x = xi. Perhaps this E relates to Professor 
Stone's mysterious remarks in VII of Section 2 about loss functions. 

Professor R. R. HOCKING(Mississippi State University): The problem of validation or 
assessment of a predictor is indeed an important one and it is quite natural to consider 
partitioning the available data so as to use one portion for estimation (choice of predictor) 
and the other for assessment of the predictor. The interesting idea proposed in this paper 
by Professor Stone is that of integrating the procedures of choice and assessment. 

I will confine my comments to the problem of selection of predictor variables in linear 
regression (Example 3.4). In this case the two-stage or double-cross validation leads to 
precisely the prediction sum of squares (PRESS) proposed by Allen (1971). That is, in 
terms of the indicator variables a*, 

It 


PRESS (a) = Z: (y,-ji(i, a))2 = nCt(a). 
i=l 

Here j(i, a) is the least-squares estimate of [EyiJ using a given set of ai and excluding the 
ith observation. The minimization of PRESS (a) with respect to a yields a choice of predictor 
variables from which the usual least-squares predictor is computed. 

The choice of predictors selected by double-cross or PRESS may or may not agree with 
those suggested by other techniques, but in any case it is not uncommon that the resulting 
predictor fairs poorly on independent observations. 

A predictor which appears to do better is the Ridge Regression predictor proposed by 
Hoerl and Kennard (1970). In this case the predictor is given by x'P*, where 

p* = (X'X3- D)-l X'Y. 

Here D is a diagonal matrix with non-negative components ai on the diagonal. Hoerl and 
Kennard recommend that D = k diag (X'X) with the constant k being determined by 
inspection of the "Ridge Trace", that is, a plot of p?(k). 

In the present context it is natural to apply the double-cross procedure to the ridge 
estimator. Thus, with xi denoting the ith row of X, the predictor of yi is yT(i, a) = x;P*(i, a) 
where for given a(, 

We now determine a so as to minimize 
n 

PRESS (a) = nCt(a) = E{yi-yT(i, a)I2. 
2-1 


Having determined a we then compute p* as above. 
This procedure for determining a has been recommended by Allen (1974) who proposes 

an algorithm for calculating the ai. With respect to selection of variables, large values of 
a, suggest deletion of corresponding variables. 

In summary, I would say that while cross-validation only simulates validation, it is 
better than ignoring it altogether. The concept of integrating choice and assessment is 
appealing especially if we do not constrain ourselves to classical least squares but, rather, 
allow extensions such as that illustrated here. 

Mr A. S. YOUNG(University College London): The prescription 9(x; a)given in (3.12) 
is a special form of a linear predictor P(x) given by 
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where 9 = (el, ..., ~ 9 , ) ~  When A is hierarchical, (3.12) is the result of assuming that E R p .  

there is one, and only one, r with r = 1, ...,p, for which 0 EY, where the Y:s are p 
mutually exclusive p-dimensional subsets of R P  given by 

Y, = {$, = ..., #,, 0, ...,O)TI#l, ..., #, are different from zero). 

This assunlption assigns a special status to 8, = 0 as apart from other values of 8,. 
The consequence is that the estimation of 9 can proceed in two stages: the true r (or a in 
the paper) is determined and then #,, ..., #, (or b) are estimated. Least-squares estimation, 
and hence prediction, is considerably improved by this two-stage process. 

A reasonable belief about the 8,'s in the hierarchical model is that they will tend to 
decrease in absolute value as k increases. We express this opinion in distributional form 
by assuming that for given T~ and h2 

and they are all independent. We assign a vague prior to &-the constant term- 
independent of the other B's and give suitable priors to and h2. Ck(x) is assumed to be 
the normalized Legendre polynomial of order (k- 1) with x in the interval [- 1,1]. We 
suppose that we have a normal regression model with constant variance a2 to which we 
give a suitable prior. 

The prior distribution of 8,, ..., 8, can be deduced from giving the scaled coefficients 
h(j-l)(j- l)! 8, an exchangeable (in this case, independent) distribution with a N(0, T ~ )  
marginal density. Since as j increases, h(j-l)(j- l)! becomes an increasing function of j, 
the tendency of I 8,l to decrease is thus given a probabilistic expression. The form 
h'j-l'(j- l)! is chosen to ensure that if P(x) is expressed in powers of x, the coefficients 
of these powers will exhibit this tendency to decrease in absolute value also. We exclude 
the constant term O1 from this decreasing relationship for obvious reasons. 

We get a joint posterior distribution of 9 and h2 from which we obtain point estimates 
of 9 and h2 by solving the modal equations iteratively. These equations have very simple 
forms. 

The optimal way to predict using these estimates has been determined by Lindley (1968). 
Beale's comment, in the discussion to that paper that "all the regression coefficients are 
non-zero" when normal priors are used is not too important. For, depending on the prior 
given to h2, our normal prior could lead to estimates very close to zero for most of the 
high-order coefficients. These estimates would be so tiny that the practical effect on the 
value of P(x) would be nil for values of x within our range of interest. This eliminates the 
problem of fitting a (n -1)st degree polynomial to n points since the estimated high-order 
coefficients of this polynomial would be effectively zero. 

Whether the assignment of special status to 8, = 0 would give improved Bayesian 
estimates in general is debatable; what we have shown is that it is not essential in a 
hierarchical model. Finally, Halpern (1973) has given a Bayesian predictor for this model 
similar to Professor Stone's model-mix prescription where the a's are either prior or 
posterior weights attached to the m models. 

The author replied in writing as follows: 

Professor Barnard proposes to smudge the distinction I have drawn between cross- 
validation and jack-knifing. Admittedly some distinctions are worthless, such as that 
between integrated likelihood and Bayesian methods, but Professor Barnard's novel 
single-aspect principle of nomenclature would have us all Adams and Eves, even Adeves 
if we gave up sex for humanity. Perhaps we could compromise with jackboot or even 
jockstrap if some smudging has to be done. 

The "future data" box was omitted from Fig. 1 to emphasize that its presence there is 
less essential than it is in Fig. 4 and not to denigrate its obvious retrospective value. 

The prescription (c) of Example 3.1 does not shrink because, unlike (b), it gives speciaI 
status to no point on the axis. 



19741 145Discussion of Professor Stone's Paper 

For an example of application to discrete (binary) data, I refer Dr Atkinson to the 
baseball data analysis of Example 3.2. I have since applied the model-mix method to 
multinomial frequencies with a possible structure of "equality of probabilities"; the out- 
come is a smoothing formula that comes close to that of Good (1965, p. 33). Dr Atkinson's 
suggestion that the method might have something to contribute to the treatment of outliers 
is an excellent one. 

I am glad that Professor Barnard, Dr Atkinson, Professor Cox and Messrs Dawid and 
Baker have raised the question of the proper approach to the Pilot Plant data since this 
gives me the opportunity to emphasize that the cross-validatory method should not set 
itself up as a theory of inference but should be content to act as substitute for some of the 
predictive applications of inference. All that our analysis of Table 3 has told us is that, 
if we wish to restrict ourselves to one of the four predictors listed, the indications are that 
we should ignore the lonestar of the ADE interaction. I suggest that this information is 
useful whether or not we do so restrict ourselves. Can Dr Atkinson and Professor Cox 
offer any assessment, based on the data, of the predictive value of their approaches? A 
prescription that is suggested by the plausible criticisms of the prescription I first thought 
of is: 

$(x ;  a, S)  = least-squares predictor for a linear model for factors 
with interactions possibly up to but not above the 
three-factor interaction level 

d = {the subsets of A, B, C, D, E) I I

I L quadratic I 

Using this we obtain at(S) = {A, D, E) and C(at(S)) = 5.1, which is not much less than 
the minimum value, 5.9, of Ct(a) for the first prescription. (I have followed the hint at the 
end of Example 3.5 and have dispensed with "double-cross" by incorporating least-square 
predictors directly into the prescription.) Nevertheless, a smaller minimum is to be 
expected a priori since the second prescription, having 32 elements in its d, is probably 
more adaptive and possibly more realistic. For both prescriptions, it would be interesting 
to have the value of the cross-validatory assessment measure. (The analysis of Example 3.6 
was incomplete in this respect because a computer program for the calculation of this 
measure has not yet been written.) It would be "very interesting" if, as seems quite 
possible, we obtained assessments favourable to our first uninspiring prescription and 
unfavourable to the second, apparently more acceptable, one. The second prescription 
corresponds to Professor Cox's analysis, unless, that is, he wishes to do something about 
his observation of near equality of 6 of the a-d-e means; for the cross-validation criterion 
is the same whether we think of the eight means as having a factorial structure or not. The 
present approach may help in the interpretation of the meaning of Cox's phrase "the most 
meaningful fit". 

I am grateful to Professor Chan for taking up the comparison question at the end of 
Example 3.1 and using his expert knowledge of the area to show that Cross should, at 
least, be encouraged to run for its country in the Robustness Open. 

Cross-validation will undoubtedly benefit from some theoretical underpinning. Few 
can be better equipped to attempt this than Mr Dawid. His first results are interesting and 
may go some way to answer Professor Barndorff-Nielsen's pertinent questions. 

Professor Downton thinks that his examples place cross-validation with the black arts. 
My interpretation of them is precisely the opposite. That cross-validatory choice, applied 
to the prescription a, +a,  zg(yi)/n, d = R2and L quadratic, yields $ = J is very re- 
assuring, when perverse possibilities such as g(y) = yloO are borne in mind. Try to do 
something silly and the method will do its best to stop you, will even succeed in doing so. 
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Far from being black art, this is more guardian angel. The fact that the method fails, 
indeed runs amok, with the presdription a, +a, xy=,g ( y i ) is surely no cause for censure, 
since the individual predictors, prior to choice of a, have a dependence on sample size 
that would rule them out on any statistical principles. 

Professor Dickey has struck a blow against any simplistic account of the Bayesian 
position. I accept his implied rebuke and will stop making any predictions about the 
viewpoint of Bayesians. 

Mr Baker's suggestion that, where computational costs loom large, cross-validatory 
calculations may be reserved for exhaustive analyses only is, at  first sight, attractive. 
However, I do not think that the essential benefits of the method can be realized if it is 
regarded as an optional extra to the conventional methods. My experience has been that, 
for multiple regression, the C.P.U. time of the method is not very much greater than that 
of the standard methods, even with my fortranical blunderings. Moreover C.P.U. costs 
are falling while output costs are increasing; by cutting down on "side-inch", the method 
may come to merit an  ecological halo. 

Incidentally, I must disclaim any responsibility for the epithet "best" in Mr Baker's 
encouraging opening, recalling Voltaire's dictum that mieux and bien make poor bedfellows, 
a dictum whose cogency of application to Statistics is underlined by Tukey's resistance to 
"the tyranny of the best". 

Being not enamoured of extraordinary coincidences, I am inclined to assume that I am 
the honoured target of subliminal statistical stimulation from the land of Minnehaha. 
Indeed, I fancy I am beginning to feel the first rumblings of the Exponential Horn (or 
Master's Voice) syndrome. Having said which, it seems hardly necessary to add that I 
warmly agree with most of what Professor Geisser says. For my swan-song of independent 
thought, however, I conjecture that Geisser is on the wrong track in leaving out more than 
one item at a time, that whatever diluted optimality theorems exist in this area will require 
the n - 1 to 1 split. 

Professor Hinkley has raised some very suggestive questions. One can, of course, 
generalize Example 3.2 without introducing matrix a but the latter possibility is intriguing. 

I am grateful to Professor Hocking for the references to some recent work of Allen. 
My allusion to the challenge of the possibility p = co at the beginning of Example 3.4 was 
to some preliminary skirmishing with a cross-validation approach to the choice element 
of ridge regression. I am glad to find that this competitor for "model-mix" has been already 
explored by the "Technometrics school", if I may call them so, and I look forward to 
reading the findings. 

Mr Young's contribution lies in the same area but has a less empirical basis. I cannot 
yet decide whether the coincidence of some Bayesian and cross-validatory results is 
complimentary to the former or the latter. Perhaps "complementary" would be a better 
word. I hope that Young will eventually obtain the numerical output of the Bayesian 
approach and, even, dare I suggest it, calculate a cross-validatory assessment for it. 
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