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Confidence Bands
= JEEE

= So far we have focused on point estimation: f(z)

m Often, we want to define a confidence interval for which

f(x) is in this interval with some pre-specified probability

-'Foking over all x, we refer to these as confidence bands
hompscedaskic olr:r
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Cls for Linear Smoothers
= JEE

m Forlinear sm rs, and assuming constant variance & (x)=3"

Zé g;;(yz 2 L () §(x2)
=1 \Dvo\f(cm) o Lol

m Consider confidence band of the form/—\

T (x) = §u) 5 cUZ(x)”
\Chm.oﬁ 5

m Using this, let’s solve for ¢
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Cls for Linear Smoothers
" JEE
m Based on approach of Sun and Loader (1994)
[ Case #2: Assume 0 unknown V%e, XS O' 7

§

1 Case #3: Assume a(x) non-constant
—

var f(a: 2 6’(3( )f (K)

5{(%))« cm 4

01 If 6(z) varies slowly with x, then (Faraway and Sun 1995)

50G) = 560 £0r these x w/ L:(x) larqe
A A
— = < )((X)l
2) T =002 ¢ %l( | %
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Variance Estimation
= JEE

m In most cases ¢ is unknown and must be estimated
m For linear smoothers, consider the following estimator

52 — 2?21(%’ - f(xz))Q

 n—2U47 L
Veke (V) Fe4c(UL): ?M("*)“

O If target function is sufficiently smooth, v = o(n), 7 = o(n)

1 Then 62 is a consistent estimator of o2

—_— T —
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Variance Estimation

m Proof outline: (\1\,»7 n
O Recall tha b '
yéﬁ y-1Y 5 (T-L)Y =AY
and — var(y
EYTQY] = tx(QV) + MTQM) ‘(i\'\

K AL : A
0 Then,  “ypc. = MaknX \th'_\/,_ J\,z Lk\,b

~2 Z?:l(yl - z - Y __A‘V —}V
- = n — 2u —|— v m {Jl) 24
o et ) e S gy EAE
Ly PEVRY
[ Therefore, bias>0 for large n if fis smooth. m V’“f' n th

[ Likewise for variance. ASTUM mj F Smod
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Alternative Estimator
= JEEE

[ Estimator
@7 Z v Ffj,,, =
m Motivation: € uta;ls
Yi+1 — [(:(Y - 'C(Y )—,)“' [é.ﬂl"eztj
Elgis —u) ~ B[] * €[£] = 20"

2 E{07])ze”
m Estimator will be inflated ‘»)noas Clvan) - F(K )
m Other estimators exist, too. See Wakefield or Wasserman.

©Emily Fox 2013 7

Heteroscedasticity
" JEE—

m The point estimate f (:13) is relatively insensitive to heterosced.,
but confidence bands need to account for non-constant variance

. ,H@ BeFo vor(h)
m Re-examine model vy; = f(x;) + o(x;)e; ey
Define ahfiae obs: Viar x;)

= 1Og(yz’ - (xz))Q 0; = log 612
i» log (8 ) v 4 [
= Algorithm: \’/\C/&gk w/ lotb $q- rsdual 3

Estimate f () using a nonparametric method w/ constant var to get f( )

Define 7; = log(y; — f( z))2 bS-
Regress Z/'s on x;'s to get estimate §(x) of logo?(x 2/.,\0" 0

2 i = e Z, = 90)” é

(5%x)

Then,

Ipu)
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Heteroscedasticity
* JEE

m Drawbacks:

Taking log of a very small residual leads to a large outlier
A more statistically rigorous approach is to jointly estimate f, g
—————

m Alternative = Generalized linear models
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Recap of regression so far
" JEE

m Recall our regression setting
flx) =E[Y | z]
m How to estimate from finite training set?

Restrict to
model class

m Example = linear basis expansion '
Standard linear ByrBix ¢ A4 BeXps € { OD(S IOCAJ ¥

Polynomial Y= 2—5,)(3 YA but nok oJloL"‘“/
Splines J
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Other Important Basis Expansions
"
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Fourier Basis Wavelet Basis
no¥t lwkins ot these in this class
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Recap of regression so far
" JEE

m Recall our regression setting
f(z) = E[Y | ]
m How to estimate from finite training set?
Restrict to

model class

m Example = linear basis expansion
Overfitting as model
complexity grows

m Penalized linear basis expansions C(ﬁ “‘W'Q&J L$>

Ridge : .y au C&r\S
o papvalent o searer f;gconsbfamcs
Smoothing splines s« Smecidaned

Penalized regression splines
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Overfitting
" S

gth Order Polynomial

n = 100
~ model complesiy sl tve b0 Semple size

e con consider more complex Cormg
w{t('\ wWore <a
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Recap of regression so far
" JEE

m Recall our regression setting
flx) =E[Y | z]

m How to estimate from finite training set?

Restrict to Local nbhd
model class methods
m Example = linear basis expansion
Overfitting as model = Example =

complexity grows .
plexty 9 kernel regression

m Penalized linear basis expansions .
k-NN {fﬁ;ss‘m
loca) averayeS
No\do.rm’a- Wa:h%‘i\
[DUI' W['{,L’(’LR Py
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Again: Linear Basis Expansion
" JEE
m Instead of just considering input variables x (potentially mult.),
augment/replace with transformations = “input features”

\n Khis \Lcw(e/ we')) Soeus on klhese Corme
m Linear basis expansions maintain linear form in terms of

these transformations M rons .
0= 3 lfn(e)
m=1

m What transformations should V\ge use?
hon () = 0y > l{near Mmpoe -
m m ; /2 R
hn (@) =27, him(z) = 25780 > Po\‘f""m «\ 79 L
b () = I(Lpy < 2 < Um) > f(’-u-"?”— Constan
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Making Predictions Ik
év&S Lo \1
" JE——
m So far, our focus has beesz Ioss:/ HMe mejh/
min RSS(8) + Al|A]|
% lyz-focy 1 F= BhE)

s
m Here, we assumed y = f(z) +¢ with €[¢’)- O ver(t)=5
Q‘,(‘d«\lf
= Now, Iet’sAassume a distributional form and log-likelihood loss

e~ Nlo,o™) 3 olyIe6™) = N (£r0),0%)

fiest, mwll geme Gacks doous baussians. ..

Quick Review of Gaussians
= JEEE

m Univariate and multivariate Gaussians

el o) . .
N(z|p,0?) = W exp {—m(x - N)Q}
] s define sheP2
T J
p Lo\,[“\ i i: )
4" \’ .
1 1 1 et
Nl ®) = s i oo { ~5 - T2 - )
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Two-Dimensional Gaussians

0 /4;‘, 15“ 2‘5 % ‘;Sf e
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Maximum Likelihood Estimation

“
= Model:
y=f(z)+e€ where €~ N(0,0?)

f(z) = Z Bmhm ()

m Equivalently,
p(y | 2,B,0%) = Ny | f(z),0%)

m For our training data (independent obs) b(.,‘/‘) P (Yv-, ‘/n)

py|X,8,0) = T Nly: [£0x), 07)
A
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Maximum Likelihood Estimation
"
p(y | X,B,0%) = HN(.%- | BT h(x;),07)

m Taking the log N B) = oL {J<x7u>"'z*'<x—m}

@nPE R P72

loa 2 (1%, £,07) = 2 HUi-EN0R) - tagta - Tls”

W
Congk. wrk £
m Equivalent objective to RSS (Gaussian log-like loss = L, loss)

m Taking the gradient and setting to zero, we have already shown
BML — (HTH)—IHTy

QH_ (t\l(i{‘).“ \/\J‘)ﬂ) \
l"\ (Yb‘\ i"‘{\n(xv-\

ooooooooooooo
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Look_ ok ?W\i{gé Ve ) LSS on

A Bayesian Formulation of Ridge

2

)

= Consider a model with likelihood ¢ ¢~N(0 ‘
yi| B~ N(Bo+xiB,0%)  grior 9latss F‘MV

2 2
pen (0.50) aoueg)

and prior

m Forlarge A

/\?(6) pfior is f&ajutl ofoul\i ﬁ=0

s
1 . 12N ﬁ Q/ fmm 0
0 & penalizion

[}

m The posterior is

Bly~N (B”’dge, 2(XTX + A XTXo?(XTX + AI)_l)
e

= . A eosy o Slzow
n$ “ridgt
‘;‘3; ‘;Zmz?::) oL IE var( £74%)
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Bayesian Linear Regression
" JEE
m More generally, consider a conjugate grior on the basis
expansion coefficients:

p(B) = N(B | po, Xo)

m Combining this with the Gaussian likelihood function, and 9
using standard Gaussian identities, gives posterior \'\‘,J‘

rof & ‘Xf':':'/
p(B1y) =NB| tin,n) qo

Moz Zo (234, + 67HTY)
?;lz 2;' r LU H

where
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Example: Standard Linear Basis
" JEE

0 data points observed \{’ ﬁ"’\ o~ c
1 Prior 1 Data Space
B f
0 0 (_\
4 0 By ! 4 0 g 1 »
Low fo, B Gor t

B B

on gbe t4
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Example: Standard Linear Basis
" JEE—

1 data point observed

Likelihood Posterior Data Space
1
B4 f
0 0
-1

-1 0 60 -1 0 x 1
o
o [ite. v 0707 §eo¥S % = urial
?os\ \ Crom oot

ooooooooooooo
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Example: Standard Linear Basis
* JEE

2 data points observed

Likelihood Posterior Data Space

. ' o
1 0 50 -1 0 x 1
P omcrekceS

©Emily Fox 2013

Example: Standard Linear Basis
" JEE

20 data points observed

Likelihood Posterior Data Space
51
o O,
8 (o]
o ©
0 BO l 0 x 1
)
(. 6,\‘1 < 11)
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Predictive Distribution
*
] Predict’)_/: at new locations x* by integrating over parameters I}

p(y” | y) = / p(y" | B)p(B | y)dp
t

—

Poskerior:
-t MY elnat = |p§f<3 |>y)2>_ = Mn,zn:c ¢
py|xp,0%) =Ny z),0 )
5'::’ N(Mn,l.z ?fl\({) “;;,s- \D;
e~N(o,6) MTL\()‘*)
yrELytly) = \
M,:N:. vg)= el oo (B W) 4 5% - mﬂzl«@
7»(")'“’"“ I e s
« ¥ (x*) var o€ T
f(\fﬁ'\/)g N{ﬂ,\{)('),iv > wrg’ms ‘2?:
oS
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Example: Gaussian Basis Expansion
" JEEE——
m Gaussian basis functions:

h;(z) = exp {——
m These are local; \ \,-
a small change in x
only affects nearby 0.75
basis functions.
Parameters control 0.5
location and scale (width)
0.25
0 =
-1 0 |
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Example: Gaussian Basis Expansion
" S

m Example: Sinusoidal data, Wm,
1 data point /kml. fon

1 !
Y )

O
o
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L
drows Leom pré). ik

rad. A:sl:. v '
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Example: Gaussian Basis Expansion
" JE—
m Example: Sinusoidal data, 9 Gaussian basis functions,
2 data points

leSs wn cuw: nh/
ner obs:
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Example: Gaussian Basis Expansion
* JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
4 data points
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Example: Gaussian Basis Expansion
" JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
25 data points
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Estimation vs. Predictive Distributions
" S

plugin approximation (MLE) Posterior predictive (known variance)
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Whak B of borsis Lons showld 1w uge !
Bayesian Model Selection
" JEE—
m Assume some M possible models
0 Model M,, m=1,...,M has parameters Qm and prior p(@m | Mm)

o1 Prior over modelsg]'\l_ml
g

)
= Model posterior— < oo A\ e "‘ 5,,

0
p(My | Z) o p(My, W \m, [tho

m Compare models:
q‘o\‘b' p(Mn | Z) _ p(Mn)p
ob S (M, | 2) p(Me)J

/Go”‘\ PR LAY
pben, w ol ® U

¢
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BMS Example (n=5)
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BMS Example (n=30)
" JE
d=1, logev=-106.110, EB =2, logev=-103.025, EB
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Bayesian Ockham'’s Razo

" S— OF
om N A
{OOQ ps M?\l \

PD) N 4
M, “Plurality must never be posited 1

w without necessity. ”
ER S} |

My
?69"“:'0( \ = \
Q(D i \ 'tvl i EDY =
C \ ¢ \ lul =7 3
:J’ Do 5 % Umi{; de<®  William of Ockham

m Parametric Bayes: Consider a finite list of possible models,
average according to posterior probability
(or in practice, just select the most probable)

m Nonparametric Bayes: Consider a single infinite model,
integrate over parameters when making predictions or infer which
finite subset is exhibited in your dataset
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Announcements
* JEEE
m Upcoming changes...

m Lectures:

Instead of lecture next Tuesday, Shirley will provide an examples section
Instead of recitation on Tuesday May 9, | will do a lecture on
nonparametrics for generalized linear models (GLM)

m Homeworks:
Starting this Thursday, homeworks will be 2 weeks long
Provides extra flexibility on timing to accommodate project

Each homework (HW4 and HW5) will count the same as two
1-wk assignments

Should be slightly shorter than two 1-wk assignments
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