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Abstract

Most machinelearningresearcherperformquantitatve experimentsto
estimategeneralizatiorerror and comparealgorithm performances.In
orderto draw statisticallyconvincing conclusionsit is importantto esti-
matethe uncertaintyof suchestimatesThis paperstudieshe estimation
of uncertaintyaroundthe K-fold cross-walidation estimator The main
theoremshaows that thereexists no universalunbiasedestimatorof the
varianceof K-fold cross-alidation. An analysisbasedon the eigende-
compositionof the covariancematrix of errorshelpsto betterunderstand
the natureof the problemand shows that naive estimatorsmay grossly
underestimatgariance asconfrmeddy numericalexperiments.

1 Introduction

The standardneasureof accurag for trainedmodelsis the predictionerror (PE), i.e. the
expectedosson future examples.Learningalgorithmsthemselesareoften comparecn

their averageperformancewhich estimatesxpectedvalueof predictionerror (EPE) over

training sets. If the amountof datais large enough,PE canbe estimatedby the mean
error over a hold-outtestset. The hold-outtechniquedoesnot accountfor the variance
with respecto the training set,andmay thusbe considerednappropriatefor the purpose
of algorithmcomparisor{4]. Moreover, it makesanineffcientuseof datawhich forbids

its applicationto small samplesizes. In this situation,oneresortsto computerintensve

resamplingmethodssuchas cross-alidation or bootstrapto estimatePE or EPE. We

focushereon K-fold cross-alidation. While it is known thatcross-alidationprovidesan

unbiasedestimateof EPE, it is alsoknown thatits variancemay be very large [2]. This

varianceshouldbe estimatedo provide faithful con£dencentervals on PE or EPE, and

to testthe signiEcanceof obsenred differencesbetweenalgorithms. This paperprovides

theoreticaligumentsshaving the dif£culty of this estimation.

The difEcultiesof the varianceestimationhave alreadybeenaddressed4, 7, 8]. Some
distribution-free boundson the deviations of cross-alidation are available, but they are
specifdo locally defnectlassiferssuchasnearesheighbord3]. This paperbuildsupon

thework of NadeauandBengio[8], which investicatedin detail the theoreticalandprac-
tical meritsof several estimatorof the varianceof cross-alidation. Our analysisdeparts
from thiswork in the samplingprocedurede£ningthe cross-alidationestimate While [8]

considerK independentraining andtestsplits, we focus on the standardK-fold cross-



validation procedurewith no overlap betweentestsets: eachexampleis usedonceand
only onceasatestexample.

2 General Framework

Formally, we have atrainingsetD = {z,...,z,}, with z; € Z, assumedndependently
sampledrom anunknawvn distribution P. We alsohave alearningalgorithmA : 2% — F
which mapsa datasetto a function. Here we considersymmetricalgorithms,i.e. A is
insensitve to the orderingof examplesin the training set D. The discrepang between
the predictionandthe obsenration z is measuredy alossfunctional L : F x Z2 — R.
For exampleonemaytake in regressionL(f, (x,y)) = (f(x) — )2, andin classi£cation

L(f’ (X7 y)) = 1f(x)7£y-

Let f = A(D) be the function returnedby algorithm A on the training set D. In
application-base@valuation, the goal of learningis usually statedas the minimization
of theexpectedossof f = A(D) onfuturetestexamples:

PE(D) = E[L(f,2)] , (1)

wherethe expectationis taken with respectto z ~ P. To evaluateand comparelearn-
ing algorithms[4] we careaboutthe expectedperformanceof learningalgorithm A over
differenttrainingsets:

EPE(n) = E[L(A(D),z)] , )
wherethe expectationis takenwith respecto D x z independenthsampledrom P" x P.

When P is unknovn, PE and EPE have to be estimatedandit is crucial to assesshe
uncertaintyattachedo this estimation.Althoughthis pointis oftenoverlooked, estimating

thevarianceof the estimate®E andEPE requirescaution,asillustratedhere.

2.1 Hold-out estimates of performance

Themearerroroverahold-outtestsetestimate®E, andthevarianceof PE is givenbythe
usualvarianceestimatefor meansf independentariables However, this varianceestima-

tor is notsuitedto EPE: thetesterrorsarecorrelatedvhenthetrainingsetis considereds
arandomvariable.

Figure 1 illustrateshow crucialit is to take thesecorrelationsinto account. The average
ratio (estimatorof variance/empiricavariance)s displayedfor two varianceestimatorsin

anidealsituationwherel0independentrainingandtestsetsareavailable. The averageof

61/6, the naive varianceestimatorignoring correlationsshavs thatthis estimates highly

down-biasedgvenfor largesamplesizes.
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Figurel: Averageratio (estimatorof variance/empiricatariance)on 100000experiments:

92/0 (ignoringcorrelationsjower curve) and@/@ (takinginto accountcorrelationsupper
cune)vs.samplesizen. Theerrorbarsrepresentt2 standarderrorson theaveragevalue.



Experiment 1 Ideal hold-outestimateof EPE.
We have K = 10 independentraining sets D4, ..., Dg of n independentexamples
z; = (x;,¥:), whee x; = (z;1,...,24) IS a d-dimensionalcenteed, unit covariance

Gaussiarnvariable (d = 30), y; = 1/3/d Zzzl x;, + €; With £; beingindependentgen-
tered, unit variance Gaussianvariables(the /3/d factor provides R? ~ 3/4). We also

haveK independentestsetsTy, . .., Tk of sizen sampledromthe samedistribution.
The learning algorithm consistsin £tting a line by ordinary least squaes, and the

estimateof EPE is the avefage quadiatic loss on test examplesEPE = L[ =
S LS, or Lui, whee Ly; = L(A(Dy), 2;).

The £rst estimateof varianceof EPE is §; = Ty Lokt 2i(Lki — L)?, which
is unblasedprowded there is no correlation betweertesterrors. The secondestimateis
0, = m Zk 122 (Lki — L)(Ly; — L), which estimate<orrelations.

NotethatFigurel suggestshatthenaive estimatorof varianced; asymptoticallycorverges
to thetruevariance.This canbe shavn by takingadwantageof theresultsin this paperas

long asthelearningalgorithmconverges(PE(D) “3 lim,, ... EPE(n)), i.e. providedthat
theonly sourceof variability of EPE is dueto the £nitetestsize.

2.2 K-fold cross-validation estimates of performance

In K-fold cross-alidation[9], the dataset D is £rstchunkedinto K disjoint subsetgor

blocks) of the samesizem = n/K (to simplify the analysisbelov we assumehatn is a
multiple of K). Let uswrite T}, for the k-th suchblock, and Dy, thetraining setobtained
by remaving theelementsn T3, from D. The estimatolis

Z > L(A( . (3)

k=1 Zq €Ty

Under stability assumptionon A, CV estimatesPE(D) at leastas accuratelyas the
training error [6]. However, as CV is an averageof unbiasedestimatesof PE(D,),
., PE(Dg), amoregeneraktatements that CV estimatesinbiasedlYEPE (n—m).

Notethattheforthcominganalysisalsoappliesto the versionof cross-alidationdedicated
to comparingalgorithms using matchecbairs

ACV = — Z > L(A1(Dy),zi) — L(A2(Dy), zi)
k=1 z; €Ty

andto thedeletem jackknifeestimateof PE(D) debiasinghetrainingerror(seee.g.[5]):

ZL —(K-1) ( ZZL i)%ZL(A(D),zQ).

k 1z;€Dy
In whatfollows, CV, ACV andJK will genericallypedenotedy i:
n K
1 1 1
LR P =D IR
i=1 k=1 i€Ty
where slightly alusingnotation,i € Ty, meansz; € T} and

L(A(Dy), 2i) fori=CV ,
Vi € Tk, e; = L(Al(Dk), Zi) — L(AQ(Dk»),Z7) for ﬂ = ACV s
KL(A(D),2i) = > sy, L(A(De),z;) forp=JK .



Notethat is the averageof identically distributed(dependentyariables.Thus,it asymp-
totically corvergesto anormallydistributedvariable whichis completelycharacterizethy
its expectationE[;] andits varianceVar[i].

3 Structure of the Covariance Matrix

Thevarianceof [i is 6 = # Zij Cov(e;, e;) . By usingsymmetryover permutationsf
theexamplesin D, we shav thatthe covariancematrix hasa simpleblock structure.

Lemma 1 Usingthenotationintroducedn section2.2,1) all e; areidenticallydistributed;
2) all pairs (e;, ;) belongingto the sametestblodk are jointly identically distributed; 3)
all pairs (e;, e;) belongingto differenttestblocks are jointly identically distributed,;

Proof: derivedimmediatelyfrom the permutation-imarianceof P(D) andthe symmetry
of A. See[1] for detailsandthe proofsnot shavn herefor lack of space.

Corollary 1 The covariancematrix 3 of cross-validationerrors e = (ey,...,e,) has
the simpleblock structure depictedin Figure 2: 1) all diagonal elementsare identical
Vi, Cov(e;,e;) = Var[e;] = o?; 2) all theoff-diagonalentriesof the K m x m diagonal
blocks are identical V(i,j) € T¢ : j # i, T(j) = T(i), Cov(e;,ej) = w; 3)all the
remainingentriesare identicalVi € Ty, Vj € T, : £ # k, Cov(e;, e;) = 17.

n

Figure2: Structureof the covariancematrix.

Coroallary 2 Thevarianceofthecross-validatiorestimatoris a linear combinatiorofthree

moments:

1 1 m—1 n—m
0 = — ZCov(ei7ej) = 502 + w+ ¥ 4)
4,7

n n n

Hence,the problemof estimatingd doesnot involve estimatingn(n + 1)/2 covariances,
but it cannotbe reducedto that of estimatinga single varianceparameter Threecompo-
nentsintervene , which maybeinterpretedasfollows whenj: is the K-fold cross-walidation

estimateof EPE:

1. the varianceo? is the average(taken over training sets)varianceof errorsfor
“true” testexamples(i.e. sampledindependentlyfrom the training sets)when
algorithm A is fed with trainingsetsof sizem(K — 1);

2. thewithin-block covariancew would alsoapply to these‘true” testexamples;it
arisedrom thedependencef testerrorsstemmingrom thecommontrainingset.

3. thebetween-blocksovariancey is dueto thedependencef training sets(which
sharen(K — 2)/K examples)andthe fact that testblock T}, appearsn all the
trainingsetsD, for ¢ # k.



4 No Unbiased Estimator of Var|[ji] Exists

Considera genericestimatoré that dependson the sequenceof cross-alidation errors

e=(e1,€2,...,6e,)". Assumingd is analyticin e, consideiits Taylor expansion:
0 =ap+ Z aq(i)e; + Z as(i, j)esej + Z as(i, j, k)ejejer + . .. (5)
i i,j .5,k

We £rstshaw thatfor unbiasedvarianceestimategi.e. E[0] = Var[a]), all the o; coeE-
cientsmustvanishexceptfor the secondrdercoeEcientsas ; ;.

Lemma?2 Thee is no univerisal unbiasedestimatorof Var[j] that involvesthe e; in a
non-quadatic way.

Proof: Take theexpected/alueofé expressedsin (5), andequateit with Var[i] (4).

Sinceestimatorghatincludemomentstherthanthe secondnomentsn their expectation
arebiasedwe now focuson estimatorsvhich arequadraticforms of theerrors,i.e.
é =e'We = ZWijeiej . (6)
i,j
Lemma 3 Theexpectationof quadmtic estimatos § defnedasin (6) is a linear combina-
tion of only threeterms

Ef] = a(0® + u?) + b(w + 1*) + e(y + %) (7)
whee (a, b, ¢) are deEnedasfollows:
a é Z?:l VI/M )
A K
b Z 2=t Liet, 2jetiizi Vi

K
Zk:l Z(;ﬁk ZiETk ZjeTz Wij :

A‘trivial” representeiof estimatos with this expectedvalueis
6 = asy + bsy + csy | (8)

whee (s1, s2, s3) are the only quadmatic statisticsof e that are invariantsto the within
blodksandbetweerblocks permutationslescribedn Lemmal:

c

A

51 Z % Z?:l ezzK’

2 = n(7nlfl) PRy EieT,c ZjeTk:jyéi €i€j 9)
A K

83 = n(nlfm)_ D k=1 Ee;ﬁk ZieTk ZjGTg €i€j -

Proof: in (6), groupthetermsthat havethe sameexpectedvalues(fromCorollary 1).

Theorem 1 Ther existsno univeisally unbiasedestimatorof Var[j].

Proof: thanksto Lemma2 and3, it is enoughto showthat E[f] = Var[;i] hasno solution
for quadmatic estimatos:

N 1 —1 —
B[] = Vaxlji] & a(0® + u?) + blw + 1) + c(y + %) = ~0” + T—w+ Ty

Finding (a, b, ¢) satisfyingthis equalityfor all admissiblevaluesof (u, 02, w,~) isimpos-
siblesinceit is equivalentto solvingthefollowing overdeterminedsystem:

a -1,
b — m—l7

’ Z (10)
a+b+c = 0 Q.E.D.



5 Eigenanalysis of the covariance matrix

Oneway to gain insight on the origin of the negative statemenbf Theoreml is via the
eigenanalysisf 3, the covarianceof e. This decompositiortanbe performedanalytically
thanksto thevery particularblock structuredisplayedn Figure2.

Lemma4 Letvy bethebinary vectorindicatingthe membeship of eath exampleto test
blodk k. Theeigervaluesof X are asfollows:
e \; = 02 — w with multiplicity » — K andeigenspacerthogonalto {v; }<_ ;
e \y = 02 + (m — 1)w — my with multiplicity K — 1 and eigenspacele£nedn
theorthogonalof 1 by thebasis{v; }X_;;
e \3 =02+ (m— 1w+ (n — m)y with eigervector1.

Lemma4 stateghatthe vectore canbe decomposethto threeuncorrelategarts:n — K
projectionsto the subspacerthogonalto {v;}% ,, K — 1 projectionsto the subspace
spannedy {v;}  in theorthogonabf 1, andoneprojectionon 1.

A singlevectorexamplewith n independentlementscan be seenasn independenex-
amples. Similarly, the uncorrelatedorojectionsof e canbe equivalently representedby
respectrely n — K, K — 1 andoneuncorrelatedne-dimensionadxamples.

In particular for the projectionon 1, with a single example,the samplevarianceis null,

resultingin the absenceof unbiasedvarianceestimatorof \3. The projectionof e on
the eigervector%l is preciselyji. Hencethereis no unbiasedestimateof Var[i] = %
whenwe have only onerealizationof the vectore. For the samereasongvenwith simple
parametricassumption®n e (suchase Gaussian)the maximumlik elihoodestimateof 6
is notde£nedOnly \; and\; canbeestimatedunbiasedly Notethatthis problemcannot
beaddressetyy performingmultiple K-fold splits of the dataset. Sucha procedurevould

not provide independentealizationof e.

6 Possiblevaluesfor w and

Theoreml statesthat no estimatoris unbiasedandin its demonstrationit is shavn that
the biasof ary quadraticestimatoris a linear combinationof 1.2, o2, w and~y. Regarding
estimationjt is thusinterestingto seewhatconstraintgestricttheir possiblerange.

Lemma5 For i = CV andi = ACV, thefollowing inequalitieshold:

0 < w < o2
—itm @+ (m=1Dw) < v < (0?4 (m—1w)
0 < w < o?
= — 0?2 < 4 < o%.

Theadmissiblegw, ) regionis verylarge,andthereis no constraintinking 1. to o2. Hence,
we cannotproposea varianceestimatewith universallysmallbias.

7 Experiments

The biasof arny quadraticestimatoris a linear combinationof 12, o2, w and~. The ad-
missiblevaluesprovided earlier suggesthat w and~ cannotbe proved to be negligible
comparedo o2. This sectionillustratesthatin practice the contritution to the varianceof
/1 dueto w and~y (seeEquation(4)) canbe of sameorderastheonedues?. Thisconfrms
thatthe estimator®f 6 shouldindeedtake into accounthe correlationof e;.

Experiment 2 True varianceof K-fold cross-validation.
We repeatthe experimentalketupof Experimentl, exceptthat only onesampleof sizen is
available Sincecross-validationis knownto be sensitiveto the instability of algorithms,



in additionto this standad setupwe alsoconsideranotheronewith outliers:

Theinputx; = (z;1,...,2:q)" is still 30-dimensionalput it is nowa mixture of two cen-
tered Gaussian:let t; bea binaryvariable, with P(t; = 1) =p=10095t; =1 = x3 ~
N(O,T), t; = 0 = x3 ~ N(0,1001); y; = +/3/(d(p + 100(1 — p))) S0, ik + €3}
f—1 = e NJ\/'(O 1/(p +100(1 — ))) i =0=¢g; ~N(0,100/(p + 100(1 — p))).

We now look at the varianceof K-fold cross-alidation(X = 10), anddecomposén the
threeorthogonalcomponents2, w and~. Theresultsareshovn in Figure3.
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Figure3: Contritutionsof (02, w, ) to total varianceV ar[CV] vs.n — m.

Without outliers,the contritution of + is very importantfor small samplesizes.For large
samplesizes, the overall varianceis considerablyreducedand is mainly causedby o2

becausehe learningalgorithm returnsvery similar answersfor all training sets. When
thereare outliers, the contrikution of  is of sameorderasthe oneof o2 evenwhenthe
ratio of examplesto free parameterss large (hereup to 20). Thus,in diffEcult situations,
whereA(D) variesaccordingto therealizationof D, neglectingthe effect of w and~ can
be expectedto introducea biasof theorderof thetruevariance.

It is alsointerestingo seehow thesequantitiesareaffectedby thenumberof folds K. The
decompositiorof 8 in o2, w and~y (4) doesnotimply that K shouldbe seteitherto n or
to 2 (accordingto the sign of w—v) in orderto minimize the varianceof ji. Modifying
K affectso?, w and~ throughthe size andoverlapsof thetrainingsetsD+, ..., Dk, as
illustratedin Figure4. For a£xedsamplesize, thevarianceof /i andthecontrilutionof o2,
w and~ vary smoothlywith K (of coursethemeanof i is alsoaffectedin theprocess).
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Figure4: Contritutionsof (o2, w, ) to total varianceV ar[CV] vs. K for n = 120.

8 Discussion

Theanalysispresentedn this paperfor K-fold cross-alidationcanbeinstantiatedo sev-
eral interestingcases.First, whenhaving K independentraining and testsets(X = 1



is therealisticcase) the structureof hold-out errors resemblehe oneof cross-alidation

errors,with v = 0. Knowing thatallows to build the unbiasedestimated, givenin 2.1:
knowing thaty = 0 removesthethird equationof system(10) in the proof of Theoreml.

Two-fold cross-validation hasbeenadwocatedto perform hypothesistesting[4]. It is a
specialcaseof K-fold cross-alidationwherethe training blocksaremutuallyindependent
sincethey do not overlap. However, this independencdoesnot modify the structureof e
in the sensahat~ is not null. The between-bloclcorrelationstemsfrom the factthatthe
trainingblock D, is thetestblock T, andvice-versa.

Finally, L eave-one-out cross validation is anotherparticularcase,with K = n. The
structureof the covariancematrix is simpliEed,without diagonalblocks. The estimation
difEcultieshowever remain: evenin this particularcase thereis no unbiasedestimateof
variance.Fromthede£nitionof b in Lemma3, we have b = 0, andwith m = 1 thelinear
system(10) still admitsno solution.

To summarizejt is known that K-fold cross-alidationmay suffer from high variability,

which canbe responsiblgor bad choicesin model selectionand erratic behaior in the
estimatedexpectedpredictionerror[2, 4, 8]. This paperdemonstratethat estimatingthe
varianceof K-fold cross-alidationis difEcult. Not only thereis no unbiasedestimateof

this variance,but we have no theoreticalresultshaving that this bias shouldbe negligi-

ble in the non-asymptoticategime. The eigenanalysi®f the covariancematrix of errors
tracesthe problembackto the dependenciebetweentest-blockerrors,which inducethe
absencef redundanpiecesof informationregardingthe averagetesterror. i.e. the K-fold

cross-alidationestimate. It is clearthat this absencef redundang is boundto provide
diffcultiesin the estimationof variance.

Our experimentsshowv thatthe biasincurredby ignoring testerrorsdependenciesanbe
of the orderof the varianceitself, evenfor large samplesizes.Thus,the assessmerdf the
signiEcancef obsenreddifferencesn cross-alidationscoresshouldbetreatedwith much
caution.Thenext stepof this studyconsistdn building andcomparingvarianceestimators
dedicatedo thevery specifcstructureof thetest-blockerrordependencies.
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