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Abstract

Most machinelearningresearchersperformquantitative experimentsto
estimategeneralizationerror andcomparealgorithmperformances.In
orderto draw statisticallyconvincing conclusions,it is importantto esti-
matetheuncertaintyof suchestimates.Thispaperstudiestheestimation
of uncertaintyaroundthe K-fold cross-validationestimator. The main
theoremshows that thereexists no universalunbiasedestimatorof the
varianceof K-fold cross-validation. An analysisbasedon the eigende-
compositionof thecovariancematrixof errorshelpsto betterunderstand
the natureof the problemandshows that naive estimatorsmay grossly
underestimatevariance,ascon£rmedby numericalexperiments.

1 Introduction

Thestandardmeasureof accuracy for trainedmodelsis thepredictionerror (PE), i.e. the
expectedlosson futureexamples.Learningalgorithmsthemselvesareoftencomparedon
their averageperformance,which estimatesexpectedvalueof predictionerror(EPE) over
training sets. If the amountof datais large enough,PE canbe estimatedby the mean
error over a hold-out testset. The hold-out techniquedoesnot accountfor the variance
with respectto the trainingset,andmaythusbeconsideredinappropriatefor thepurpose
of algorithmcomparison[4]. Moreover, it makesan inef£cientuseof datawhich forbids
its applicationto small samplesizes. In this situation,oneresortsto computerintensive
resamplingmethodssuchas cross-validation or bootstrapto estimatePE or EPE. We
focushereon K-fold cross-validation.While it is known thatcross-validationprovidesan
unbiasedestimateof EPE, it is alsoknown that its variancemay be very large [2]. This
varianceshouldbeestimatedto provide faithful con£denceintervalson PE or EPE, and
to test the signi£canceof observed differencesbetweenalgorithms. This paperprovides
theoreticalargumentsshowing thedif£culty of thisestimation.

The dif£cultiesof the varianceestimationhave alreadybeenaddressed[4, 7, 8]. Some
distribution-freeboundson the deviations of cross-validation are available, but they are
speci£cto locally de£nedclassi£ers,suchasnearestneighbors[3]. Thispaperbuildsupon
thework of NadeauandBengio[8], which investigatedin detail the theoreticalandprac-
tical meritsof severalestimatorsof thevarianceof cross-validation. Our analysisdeparts
from thiswork in thesamplingprocedurede£ningthecross-validationestimate.While [8]
considersK independenttraining andtestsplits, we focuson the standardK-fold cross-



validationprocedure,with no overlapbetweentestsets: eachexampleis usedonceand
only onceasa testexample.

2 General Framework

Formally, we have a trainingsetD = {z1, . . . , zn}, with zi ∈ Z, assumedindependently
sampledfrom anunknown distributionP . Wealsohavea learningalgorithmA : Z∗ → F
which mapsa dataset to a function. Herewe considersymmetricalgorithms,i.e. A is
insensitive to the orderingof examplesin the training setD. The discrepancy between
the predictionandthe observation z is measuredby a lossfunctionalL : F × Z → R.
For exampleonemaytake in regressionL(f, (x, y)) = (f(x) − y)2, andin classi£cation
L(f, (x, y)) = 1f(x) 6=y.

Let f = A(D) be the function returnedby algorithm A on the training set D. In
application-basedevaluation, the goal of learning is usually statedas the minimization
of theexpectedlossof f = A(D) on futuretestexamples:

PE(D) = E[L(f, z)] , (1)

wherethe expectationis taken with respectto z ∼ P . To evaluateandcomparelearn-
ing algorithms[4] we careaboutthe expectedperformanceof learningalgorithmA over
differenttrainingsets:

EPE(n) = E[L(A(D), z)] , (2)

wheretheexpectationis takenwith respectto D×z independentlysampledfrom P n× P .

WhenP is unknown, PE andEPE have to be estimated,and it is crucial to assessthe
uncertaintyattachedto thisestimation.Althoughthispoint is oftenoverlooked,estimating
thevarianceof theestimateŝPE andÊPE requirescaution,asillustratedhere.

2.1 Hold-out estimates of performance

Themeanerroroverahold-outtestsetestimatesPE, andthevarianceof P̂E is givenby the
usualvarianceestimatefor meansof independentvariables.However, thisvarianceestima-
tor is notsuitedto ÊPE: thetesterrorsarecorrelatedwhenthetrainingsetis consideredas
a randomvariable.

Figure1 illustrateshow crucial it is to take thesecorrelationsinto account.The average
ratio (estimatorof variance/empiricalvariance)is displayedfor two varianceestimators,in
anidealsituationwhere10 independenttrainingandtestsetsareavailable.Theaverageof
θ̂1/θ, thenaive varianceestimatorignoringcorrelations,shows thatthis estimateis highly
down-biased,evenfor largesamplesizes.
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Figure1: Averageratio(estimatorof variance/empiricalvariance)on100000experiments:
θ̂1/θ (ignoringcorrelations,lowercurve)andθ̂2/θ (takinginto accountcorrelations,upper
curve)vs.samplesizen. Theerrorbarsrepresent±2 standarderrorson theaveragevalue.



Experiment 1 Idealhold-outestimateof EPE.
We have K = 10 independenttraining setsD1, . . . , DK of n independentexamples
zi = (xi, yi), where xi = (xi1, . . . , xid)

′ is a d-dimensionalcentered, unit covariance
Gaussianvariable (d = 30), yi =

√
3/d

∑d

k=1 xik + εi with εi beingindependent,cen-
tered, unit varianceGaussianvariables(the

√
3/d factor providesR2 ' 3/4). We also

haveK independenttestsetsT1, . . . , TK of sizen sampledfromthesamedistribution.
The learning algorithm consistsin £tting a line by ordinary least squares, and the
estimateof EPE is the average quadratic loss on test examples ÊPE = L̄ =
1
K

∑K

k=1
1
n

∑
zi∈Tk

Lki, whereLki = L(A(Dk), zi).

The £rst estimateof varianceof ÊPE is θ̂1 = 1
Kn(Kn−1)

∑K

k=1

∑
i(Lki − L̄)2, which

is unbiasedprovidedthere is no correlation betweentesterrors. Thesecondestimateis
θ̂2 = 1

K(K−1)n2

∑K

k=1

∑
i,j(Lki − L̄)(Lkj − L̄), which estimatescorrelations.

NotethatFigure1 suggeststhatthenaiveestimatorof varianceθ̂1 asymptoticallyconverges
to thetruevariance.This canbeshown by takingadvantageof theresultsin this paper, as
longasthelearningalgorithmconverges(PE(D)

a.s.
→ limn→∞ EPE(n)), i.e. providedthat

theonly sourceof variability of ÊPE is dueto the£nitetestsize.

2.2 K-fold cross-validation estimates of performance

In K-fold cross-validation[9], the datasetD is £rst chunked into K disjoint subsets(or
blocks) of thesamesizem = n/K (to simplify theanalysisbelow we assumethatn is a
multiple of K). Let uswrite Tk for thek-th suchblock, andDk the trainingsetobtained
by removing theelementsin Tk from D. Theestimatoris

CV =
1

K

K∑

k=1

1

m

∑

zi∈Tk

L(A(Dk), zi) . (3)

Under stability assumptionson A, CV estimatesPE(D) at least as accuratelyas the
training error [6]. However, as CV is an averageof unbiasedestimatesof PE(D1),
. . . ,PE(DK), amoregeneralstatementis thatCV estimatesunbiasedlyEPE(n−m).

Notethattheforthcominganalysisalsoappliesto theversionof cross-validationdedicated
to comparingalgorithms,usingmatchedpairs

∆CV =
1

K

K∑

k=1

1

m

∑

zi∈Tk

L(A1(Dk), zi) − L(A2(Dk), zi) ,

andto thedelete-m jackknifeestimateof PE(D) debiasingthetrainingerror(seee.g.[5]):

JK=
1

n

n∑

i=1

L(A(D), zi)−(K−1)

(
1

K(n − m)

K∑

k=1

∑

zi∈Dk

L(A(Dk), zi) −
1

n

n∑

i=1

L(A(D), zi)

)
.

In whatfollows,CV, ∆CV andJK will genericallybedenotedby µ̂:

µ̂ =
1

n

n∑

i=1

ei =
1

K

K∑

k=1

1

m

∑

i∈Tk

ei ,

where,slightly abusingnotation,i ∈ Tk meanszi ∈ Tk and

∀i ∈ Tk, ei =





L(A(Dk), zi) for µ̂ = CV ,
L(A1(Dk), zi) − L(A2(Dk), zi) for µ̂ = ∆CV ,
KL(A(D), zi) −

∑
`6=k L(A(D`), zi) for µ̂ = JK .



Notethatµ̂ is theaverageof identicallydistributed(dependent)variables.Thus,it asymp-
totically convergesto anormallydistributedvariable,which is completelycharacterizedby
its expectationE[µ̂] andits varianceVar[µ̂].

3 Structure of the Covariance Matrix

Thevarianceof µ̂ is θ = 1
n2

∑
i,j Cov(ei, ej) . By usingsymmetryover permutationsof

theexamplesin D, weshow thatthecovariancematrixhasasimpleblockstructure.

Lemma 1 Usingthenotationintroducedin section2.2,1) all ei areidenticallydistributed;
2) all pairs (ei, ej) belongingto thesametestblock are jointly identicallydistributed; 3)
all pairs (ei, ej) belongingto differenttestblocksare jointly identicallydistributed;

Proof: derived immediatelyfrom thepermutation-invarianceof P (D) andthesymmetry
of A. See[1] for detailsandtheproofsnot shown herefor lackof space.

Corollary 1 Thecovariancematrix Σ of cross-validationerrors e = (e1, . . . , en)′ has
the simpleblock structure depictedin Figure 2: 1) all diagonal elementsare identical
∀i, Cov(ei, ei) = Var[ei] = σ2; 2) all theoff-diagonalentriesof theK m × m diagonal
blocks are identical ∀(i, j) ∈ T 2

k : j 6= i, T (j) = T (i), Cov(ei, ej) = ω; 3) all the
remainingentriesare identical∀i ∈ Tk, ∀j ∈ T` : ` 6= k, Cov(ei, ej) = γ.

n︷ ︸︸ ︷

︸ ︷︷ ︸
m

Figure2: Structureof thecovariancematrix.

Corollary 2 Thevarianceof thecross-validationestimatoris a linearcombinationof three
moments:

θ =
1

n2

∑

i,j

Cov(ei, ej) =
1

n
σ2 +

m − 1

n
ω +

n − m

n
γ (4)

Hence,theproblemof estimatingθ doesnot involve estimatingn(n + 1)/2 covariances,
but it cannotbe reducedto that of estimatinga singlevarianceparameter. Threecompo-
nentsintervene,whichmaybeinterpretedasfollowswhenµ̂ is theK-fold cross-validation
estimateof EPE:

1. the varianceσ2 is the average(taken over training sets)varianceof errorsfor
“true” test examples(i.e. sampledindependentlyfrom the training sets)when
algorithmA is fedwith trainingsetsof sizem(K − 1);

2. thewithin-block covarianceω would alsoapply to these“true” testexamples;it
arisesfrom thedependenceof testerrorsstemmingfrom thecommontrainingset.

3. thebetween-blockscovarianceγ is dueto thedependenceof trainingsets(which
sharen(K − 2)/K examples)andthe fact that testblock Tk appearsin all the
trainingsetsD` for ` 6= k.



4 No Unbiased Estimator of Var[µ̂] Exists

Considera genericestimatorθ̂ that dependson the sequenceof cross-validation errors
e = (e1, e2, . . . , en)′. Assumingθ̂ is analyticin e, considerits Taylorexpansion:

θ̂ = α0 +
∑

i

α1(i)ei +
∑

i,j

α2(i, j)eiej +
∑

i,j,k

α3(i, j, k)eiejek + . . . (5)

We £rstshow that for unbiasedvarianceestimates(i.e. E[ θ̂] = Var[µ̂]), all theαi coef£-
cientsmustvanishexceptfor thesecondordercoef£cientsα2,i,j .

Lemma 2 There is no universal unbiasedestimatorof Var[µ̂] that involvesthe ei in a
non-quadratic way.

Proof: Take theexpectedvalueof θ̂ expressedasin (5), andequateit with Var[µ̂] (4).

Sinceestimatorsthatincludemomentsotherthanthesecondmomentsin their expectation
arebiased,wenow focusonestimatorswhicharequadraticformsof theerrors,i.e.

θ̂ = e
′
We =

∑

i,j

Wijeiej . (6)

Lemma 3 Theexpectationof quadratic estimators θ̂ de£nedasin (6) is a linear combina-
tion of only threeterms

E[θ̂] = a(σ2 + µ2) + b(ω + µ2) + c(γ + µ2) , (7)

where (a, b, c) arede£nedasfollows:



a
∆
=

∑n

i=1 Wii ,

b
∆
=

∑K

k=1

∑
i∈Tk

∑
j∈Tk:j 6=i Wij ,

c
∆
=

∑K

k=1

∑
6̀=k

∑
i∈Tk

∑
j∈T`

Wij .

A “trivial” representerof estimatorswith thisexpectedvalueis

θ̂ = as1 + bs2 + cs3 , (8)

where (s1, s2, s3) are the only quadratic statisticsof e that are invariants to the within
blocksandbetweenblockspermutationsdescribedin Lemma1:




s1
∆
= 1

n

∑n

i=1 e2
i ,

s2
∆
= 1

n(m−1)

∑K

k=1

∑
i∈Tk

∑
j∈Tk:j 6=i eiej ,

s3
∆
= 1

n(n−m)

∑K

k=1

∑
`6=k

∑
i∈Tk

∑
j∈T`

eiej .

(9)

Proof: in (6), groupthetermsthathavethesameexpectedvalues(fromCorollary 1).

Theorem 1 Thereexistsnouniversally unbiasedestimatorof Var[µ̂].

Proof: thanksto Lemma2 and3, it is enoughto showthatE[θ̂] = Var[µ̂] hasno solution
for quadratic estimators:

E[θ̂] = Var[µ̂] ⇔ a(σ2 + µ2) + b(ω + µ2) + c(γ + µ2) =
1

n
σ2 +

m − 1

n
ω +

n − m

n
γ .

Finding (a, b, c) satisfyingthis equalityfor all admissiblevaluesof (µ, σ2, ω, γ) is impos-
siblesinceit is equivalentto solvingthefollowingoverdeterminedsystem:




a = 1
n

,
b = m−1

n
,

c = n−m
n

,
a + b + c = 0

(10)

Q.E.D.



5 Eigenanalysis of the covariance matrix

Oneway to gain insight on the origin of the negative statementof Theorem1 is via the
eigenanalysisof Σ, thecovarianceof e. Thisdecompositioncanbeperformedanalytically
thanksto thevery particularblockstructuredisplayedin Figure2.

Lemma 4 Let vk bethebinary vectorindicatingthemembershipof each exampleto test
block k. Theeigenvaluesof Σ areasfollows:

• λ1 = σ2 − ω with multiplicity n − K andeigenspaceorthogonalto {vk}
K
k=1;

• λ2 = σ2 + (m − 1)ω − mγ with multiplicity K − 1 andeigenspacede£nedin
theorthogonalof 1 by thebasis{vk}

K
k=1;

• λ3 = σ2 + (m − 1)ω + (n − m)γ with eigenvector1.

Lemma4 statesthatthevectore canbedecomposedinto threeuncorrelatedparts:n − K
projectionsto the subspaceorthogonalto {vk}

K
k=1, K − 1 projectionsto the subspace

spannedby {vk}K
k=1 in theorthogonalof 1, andoneprojectionon1.

A singlevectorexamplewith n independentelementscanbe seenasn independentex-
amples. Similarly, the uncorrelatedprojectionsof e canbe equivalently representedby
respectively n − K, K − 1 andoneuncorrelatedone-dimensionalexamples.

In particular, for the projectionon 1, with a singleexample,the samplevarianceis null,
resulting in the absenceof unbiasedvarianceestimatorof λ3. The projectionof e on
the eigenvector 1

n
1 is preciselyµ̂. Hencethereis no unbiasedestimateof V ar[µ̂] = λ3

n
whenwe have only onerealizationof thevectore. For thesamereason,evenwith simple
parametricassumptionson e (suchase Gaussian),themaximumlikelihoodestimateof θ
is not de£ned.Only λ1 andλ2 canbeestimatedunbiasedly. Notethatthis problemcannot
beaddressedby performingmultiple K-fold splitsof thedataset.Sucha procedurewould
notprovide independentrealizationsof e.

6 Possible values for ω and γ

Theorem1 statesthat no estimatoris unbiased,andin its demonstration,it is shown that
thebiasof any quadraticestimatoris a linearcombinationof µ2, σ2, ω andγ. Regarding
estimation,it is thusinterestingto seewhatconstraintsrestricttheir possiblerange.

Lemma 5 For µ̂ = CV andµ̂ = ∆CV, thefollowing inequalitieshold:{
0 ≤ ω ≤ σ2

− 1
n−m

(σ2 + (m − 1)ω) ≤ γ ≤ 1
m

(σ2 + (m − 1)ω)

⇒

{
0 ≤ ω ≤ σ2

− m
n−m

σ2 ≤ γ ≤ σ2 .

Theadmissible(ω, γ) regionis verylarge,andthereis noconstraintlinking µ toσ2. Hence,
wecannotproposeavarianceestimatewith universallysmallbias.

7 Experiments

The biasof any quadraticestimatoris a linear combinationof µ2, σ2, ω andγ. The ad-
missiblevaluesprovided earliersuggestthat ω andγ cannotbe proved to be negligible
comparedto σ2. This sectionillustratesthatin practice,thecontribution to thevarianceof
µ̂ dueto ω andγ (seeEquation(4)) canbeof sameorderastheonedueσ2. Thiscon£rms
thattheestimatorsof θ shouldindeedtake into accountthecorrelationsof ei.

Experiment 2 Truevarianceof K-fold cross-validation.
We repeattheexperimentalsetupof Experiment1, exceptthat only onesampleof sizen is
available. Sincecross-validationis knownto besensitiveto the instability of algorithms,



in additionto thisstandard setup,wealsoconsideranotheronewith outliers:
Theinput xi = (xi1, . . . , xid)

′ is still 30-dimensional,but it is nowa mixture of two cen-
teredGaussian:let ti bea binary variable, with P (ti = 1) = p = 0.95; ti = 1 ⇒ xi ∼

N (0, I), ti = 0 ⇒ xi ∼ N (0, 100I); yi =
√

3/(d(p + 100(1 − p)))
∑d

k=1 xik + εi;
ti = 1 ⇒ εi ∼ N (0, 1/(p + 100(1 − p))), ti = 0 ⇒ εi ∼ N (0, 100/(p + 100(1 − p))).

We now look at thevarianceof K-fold cross-validation(K = 10), anddecomposein the
threeorthogonalcomponentsσ2, ω andγ. Theresultsareshown in Figure3.
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Figure3: Contributionsof (σ2, ω, γ) to total varianceV ar[CV ] vs.n − m.

Without outliers,thecontribution of γ is very importantfor smallsamplesizes.For large
samplesizes,the overall varianceis considerablyreducedand is mainly causedby σ2

becausethe learningalgorithmreturnsvery similar answersfor all training sets. When
thereareoutliers,the contribution of γ is of sameorderasthe oneof σ2 even whenthe
ratio of examplesto freeparametersis large (hereup to 20). Thus,in dif£cult situations,
whereA(D) variesaccordingto therealizationof D, neglectingtheeffect of ω andγ can
beexpectedto introduceabiasof theorderof thetruevariance.

It is alsointerestingto seehow thesequantitiesareaffectedby thenumberof foldsK. The
decompositionof θ in σ2, ω andγ (4) doesnot imply thatK shouldbeseteitherto n or
to 2 (accordingto the sign of ω−γ) in order to minimize the varianceof µ̂. Modifying
K affectsσ2, ω andγ throughthe sizeandoverlapsof the training setsD1, . . . , DK , as
illustratedin Figure4. For a£xedsamplesize,thevarianceof µ̂ andthecontributionof σ 2,
ω andγ varysmoothlywith K (of course,themeanof µ̂ is alsoaffectedin theprocess).

2 3 4 5 6 8 10 12 15 20 24 30 40 60120
0

0.05

0.1

0.15

0.2

0.25

K

θ

σ2

ω
γ

2 3 4 5 6 8 10 12 15 20 24 30 40 60120
0

0.5

1

1.5

2

2.5

K

θ

nooutliers outliers

Figure4: Contributionsof (σ2, ω, γ) to total varianceV ar[CV ] vs.K for n = 120.

8 Discussion

Theanalysispresentedin this paperfor K-fold cross-validationcanbeinstantiatedto sev-
eral interestingcases.First, whenhaving K independenttraining and testsets(K = 1



is therealisticcase),thestructureof hold-out errors resembletheoneof cross-validation
errors,with γ = 0. Knowing that allows to build the unbiasedestimateθ̂2 given in 2.1:
knowing thatγ = 0 removesthethird equationof system(10) in theproofof Theorem1.

Two-fold cross-validation hasbeenadvocatedto performhypothesistesting[4]. It is a
specialcaseof K-fold cross-validationwherethetrainingblocksaremutuallyindependent
sincethey do not overlap. However, this independencedoesnot modify thestructureof e

in thesensethatγ is not null. Thebetween-blockcorrelationstemsfrom thefact that the
trainingblockD1 is thetestblockT2 andvice-versa.

Finally, Leave-one-out cross validation is anotherparticularcase,with K = n. The
structureof the covariancematrix is simpli£ed,without diagonalblocks. The estimation
dif£cultieshowever remain: even in this particularcase,thereis no unbiasedestimateof
variance.Fromthede£nitionof b in Lemma3, we have b = 0, andwith m = 1 thelinear
system(10)still admitsnosolution.

To summarize,it is known that K-fold cross-validationmay suffer from high variability,
which canbe responsiblefor badchoicesin modelselectionanderraticbehavior in the
estimatedexpectedpredictionerror [2, 4, 8]. This paperdemonstratesthatestimatingthe
varianceof K-fold cross-validationis dif£cult. Not only thereis no unbiasedestimateof
this variance,but we have no theoreticalresultshowing that this biasshouldbe negligi-
ble in the non-asymptoticalregime. The eigenanalysisof the covariancematrix of errors
tracesthe problembackto the dependenciesbetweentest-blockerrors,which inducethe
absenceof redundantpiecesof informationregardingtheaveragetesterror. i.e. theK-fold
cross-validationestimate.It is clearthat this absenceof redundancy is boundto provide
dif£cultiesin theestimationof variance.

Our experimentsshow that the biasincurredby ignoring testerrorsdependenciescanbe
of theorderof thevarianceitself, evenfor largesamplesizes.Thus,theassessmentof the
signi£canceof observeddifferencesin cross-validationscoresshouldbetreatedwith much
caution.Thenext stepof thisstudyconsistsin building andcomparingvarianceestimators
dedicatedto theveryspeci£cstructureof thetest-blockerrordependencies.
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