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Module 3: Bayesian Nonparametrics 

Recap of regression so far 
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n  Recall our regression setting 

n  How to estimate from finite training set? 

 
n  Example = linear basis expansion 

¨  Standard linear  
¨  Polynomial  
¨  Splines 
¨  … 

f(x) = E[Y | x]

Restrict to 
model class 
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Other Important Basis Expansions 
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Fourier Basis Wavelet Basis 

Recap of regression so far 
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n  Recall our regression setting 

n  How to estimate from finite training set? 

 
n  Example = linear basis expansion 

n  Penalized linear basis expansions 
¨  Ridge 
¨  Lasso 
¨  Smoothing splines 
¨  Penalized regression splines 

f(x) = E[Y | x]

Restrict to 
model class 

Overfitting as model 
complexity grows 
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Overfitting 
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9th	
  Order	
  Polynomial	
  

n = 15 n = 100

Recap of regression so far 
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n  Recall our regression setting 

n  How to estimate from finite training set? 

 
n  Example = linear basis expansion 

n  Penalized linear basis expansions 

f(x) = E[Y | x]

Restrict to 
model class 

Overfitting as model 
complexity grows 

Local nbhd 
methods 

n  Example =  
kernel regression 
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Again: Linear Basis Expansion 
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n  Instead of just considering input variables x (potentially mult.), 
augment/replace with transformations = “input features” 

n  Linear basis expansions maintain linear form in terms of 
these transformations 

n  What transformations should we use? 
¨                        à  
¨                                                     à 
¨                                                  à 
¨  … 

 

f(x) =
MX

m=1

�mhm(x)

hm(x) = xm

hm(x) = x

2
j , hm(x) = xjxk

hm(x) = I(Lm  xk  Um)

Making Predictions 
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n  So far, our focus has been on L2 loss: 

n  Here, we assumed     with  

n  Now, let’s assume a distributional form and log-likelihood loss 

min
�

RSS(�) + �||�||

y = f(x) + ✏
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Quick Review of Gaussians 
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n  Univariate and multivariate Gaussians 

Two-Dimensional Gaussians 
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Conditional & Marginal Distributions 
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Maximum Likelihood Estimation 
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n  Model: 
                                              where  

n  Equivalently, 
 
 
n  For our training data (independent obs) 

y = f(x) + ✏ ✏ ⇠ N(0,�2)

f(x) =
MX

m=1

�mhm(x)

p(y | x,�,�2) = N(y | f(x),�2)

p(y | X,�,�2) =
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Maximum Likelihood Estimation 
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n  Taking the log 

n  Equivalent objective to RSS (Gaussian log-like loss = L2 loss) 

n  Taking the gradient and setting to zero, we have already shown 

p(y | X,�,�

2) =
Y

i

N(yi | �T
h(xi),�

2)

�̂ML = (HTH)�1HT y

A Bayesian Formulation 
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n  Consider a model with likelihood 
 
     and prior  
 
n  For large λ 

 
n  The posterior is 

yi | � ⇠ N(�0 + x

T
i �,�

2)

� ⇠ N

✓
0,

�2

�
Ip

◆

� | y ⇠ N
⇣
�̂ridge,�2(XTX + �I)�1XTX�2(XTX + �I)�1

⌘
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Bayesian Linear Regression 

©Emily Fox 2014 15 

n  More generally, consider a conjugate prior on the basis 
expansion coefficients: 

n  Combining this with the Gaussian likelihood function, and 
using standard Gaussian identities, gives posterior  

 
    where 

p(�) = N(� | µ0,⌃0)

p(� | y) = N(� | µn,⌃n)

Example: Standard Linear Basis 
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1	
  data	
  point	
  observed	
  

Likelihood	
   Posterior	
   Data	
  Space	
  

Example: Standard Linear Basis 
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Example: Standard Linear Basis 
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20	
  data	
  points	
  observed	
  

Likelihood	
   Posterior	
   Data	
  Space	
  

Example: Standard Linear Basis 
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�0

�1 f

�0

�1

Predictive Distribution 
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n  Predict y* at new locations x* by integrating over parameters �

p(y⇤ | y) =
Z

p(y⇤ | �)p(� | y)d�
p(� | y) = N(� | µn,⌃n)

p(y | x,�,�2) = N(y | f(x),�2)
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Example: Gaussian Basis Expansion 
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n  Gaussian basis functions: 

n  These are local;  
a small change in x  
only affects nearby  
basis functions.   
Parameters control  
location and scale (width) 

hj(x) = exp

⇢
� (x� µj)

2

2s

2

�

Example: Gaussian Basis Expansion 
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n  Example:	
  Sinusoidal	
  data,	
  9	
  Gaussian	
  basis	
  funcDons,	
  	
  
1	
  data	
  point	
  

yy
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Example: Gaussian Basis Expansion 
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n  Example:	
  Sinusoidal	
  data,	
  9	
  Gaussian	
  basis	
  funcDons,	
  	
  
2	
  data	
  points	
  

yy

Example: Gaussian Basis Expansion 
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n  Example:	
  Sinusoidal	
  data,	
  9	
  Gaussian	
  basis	
  funcDons,	
  	
  
4	
  data	
  points	
  

yy



13 

Example: Gaussian Basis Expansion 
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n  Example:	
  Sinusoidal	
  data,	
  9	
  Gaussian	
  basis	
  funcDons,	
  	
  
25	
  data	
  points	
  

yy

Estimation vs. Predictive Distributions 
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Bayesian Model Selection 
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n  Assume some M possible models 
¨  Model Mm  m=1,…,M  has parameters          and prior   
¨  Prior over models  

n  Model posterior 

n  Compare models: 

✓m p(✓m | Mm)

p(Mm | Z) / p(Mm)p(Z | Mm)

/ p(Mm)

Z
p(Z | ✓m,Mm)p(✓m | Mm)d✓m

p(Mm)

p(Mm | Z)

p(M` | Z)
=

p(Mm)p(Z | Mm)

p(M`)p(Z | M`)

>
< 1

BMS Example (n=5) 
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BMS Example (n=30) 
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William of Ockham 

“Plurality must never be posited 
without necessity.” 

n  Parametric Bayes:  Consider a finite list of possible models, 
average according to posterior probability  
(or in practice, just select the most probable) 

n  Nonparametric Bayes:  Consider a single infinite model, 
integrate over parameters when making predictions or infer which 
finite subset is exhibited in your dataset 

Bayesian Ockham’s Razor 
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