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Recap of regression so far
“
m Recall our regression setting
flz) = E[Y | 2]
m How to estimate from finite training set?

Restrict to
model class

m Example = linear basis expansion
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Other Important Basis Expansions
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Recap of regression so far
* JEE—

m Recall our regression setting
f(z) = E[Y | x]
m How to estimate from finite training set?

Restrict to
model class

m Example = linear basis expansion

Overfitting as model
complexity grows

m Penalized linear basis expansions [rzﬁu(afr‘éd L§>
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Overfitting
"

9th Order Polynomial

n =15

- moJel com?ll.x?*y S relative to sanne'l Si4e

~ can Co,,s‘.ézr wore c,ome(ey forms
with  more datq

©Emily Fox 2014 5

Recap of regression so far
" JEE

m Recall our regression setting
f(z) = E[Y | x]
m How to estimate from finite training set?

Restrict to Local nbhd
model class methods

m Example = linear basis expansion
Overfitting as model m Example =

complexity grows .
plextty 9 kernel regression

m Penalized linear basis expansions
l(NU Larssion
local aVLmﬁ‘-S
Na.rlar\/a— Watspn
\Dta\lk/ wci:sktec() foiy.

©Emily Fox 2014




Again: Linear Basis Expansion
" S

m Instead of just considering input variables x (potentially mult.),
augment/replace with transformations = “input features”

ln s \eptwre, we!ll focus on khese forms

m Linear basis expansiog.? maintain linear form in terms of

these transformations M roans.
@)= Bfhute)
m=1 —

m What transformations should we use?
B () = @y > LiveES model

o () = x?’ him(z) = zjz8 > Po\\fr\bv"":“\ veq -

hon(x) = I(Lin < 2 < Up) > Piteewion constant
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Making Predictions "
" JE oS
m So far, our focus has been on L, loss: t"f'\
min RSS(5) T A5
3 (yi- £06)) H1dr ARG

m Here, we assumed ;;: f(z)+e with  ¢7c7-0 Var(@’ 5

m Now, let’s assume a distributional form and log-likelihood loss

N0 > oY\ o) < Nk, o)

Cirst, reeall seme facks akeut Gaussiang
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Quick Review of Gaussians
= JEE

m Univariate and multivariate Gaussians
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Two-Dimensional Gaussians »
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Conditional & Marginal Distributions
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Maximum Likelihood Estimation
"
m Model:
y=f(x)+e where e~ N(0,0%)
M
f@) =" Buhu(z)

m Equivalently,
p(y |z, B,0%) = N(y | f(z),0?)

m For our training data (independent obs) (1.,‘/.)/~ y /)(,\,\/,D
n

oy 1 X.5,0% = T N{ya 166:),5%)
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Maximum Likelihood Estimation
" JEEE—
p(y | X, B,0%) = HN(yi | 8T h(x;),07)

m Taking the log

N sl D) = s e {50 w75 - )

‘03 ?(‘[ IX/BJ"I}: p3 “l(y;—,fk(xa))z ~D (0428 _p)y,et
p

orst. wrt B

m Equivalent objective to RSS (Gaussian log-like loss = L, loss)

m Taking the gradient and setting to zero, we have already shown

BML — (HTH)_lHTy

hX) . hal%)
AT A
# / u.m.-wxa\B
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Look. ¥ _punalize rT_fz,ssian
A Bayesian Formulation

m Consider a model with likelihood ¢ €~N[0/aj’)
NI NG gt & g gt
and prior ( 52 / Xy P

(o
B~N 0,71,,) ,s‘i»«r!(o,y)
m Forlarge A

?(8) o X /V(B) Prior Pulr_‘} arowd B0
/‘\' - | P penalizin B far

o 0 - >
m The posterior is —moﬁ

Bly~N(fie o2(XTX + M) XTXo?(XTX + AI)_1>
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Bayesian Linear Regression
" JEEE

= More generally, consider a conjugate prior on the basis
expansion coefficients:

p(ﬁ):N(ﬁhit_),;_o) P(.of mesn + coV.

T

m Combining this with the Gaussian likelihood function, and
using standard Gaussian identities, gives posterior

)
" p(By)=N(B| I{L Pogx;or ("f“‘“‘ié

Ma?2n (Z5'Ho *52+|T7'>
Z;\= Z;\ . 6.7. HT”

Example: Standard Linear Basis
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0 data points observed

Prior Data Space
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Example: Standard Linear Basis
* JEEE

1 data point observed

N
Likelihood W Posterior Data Space
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Example: Standard Linear Basis
* JEE—

2 data points observed

L|keI|hood Posterior Data Space
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Example: Standard Linear Basis
" JEE

20 data points observed

Likelihood Posterior Data Space
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Predictive Dis’;_ribution

m Predict y* at new :ocations x* b@im over para@

p—
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Example: Gaussian Basis Expansion
" JE—
m Gaussian basis functions:

hj(z) = eXp{—M}

942
m These are local; 1
a small change in x
only affects nearby 0.75
basis functions.
Parameters control 0.5

location and scale (width) /
0.251)
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Example: Gaussian Basis Expansion
" JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
1 data point

ut QGV\
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Example: Gaussian Basis Expansion
" JEE
m Example: Sinusoidal data, 9 Gaussian basis functions,
2 data points

1
\,_55 unter ta's (\09
Neer obS.
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Example: Gaussian Basis Expansion
" JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
4 data points

1
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Example: Gaussian Basis Expansion
* JE——
m Example: Sinusoidal data, 9 Gaussian basis functions,
25 data points
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Estimation vs. Predictive Distributions
" S

plugin approximation (MLE) Posterior predictive (known variance) rtm V"
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Whae B oF ltsis Fons should wy yse?
Bayesian Model Selection

m Assume some M possible models
1 Model M,, m=1,...,M has parameters 0,,, and prior PO, | M)

©1 Prior over models p(M,,,)
Aakl’\ 75'()//)( )
m Model posteri

«""*f
p(My, |(Z)  p(My, W a
o (M) | p(Z | s Mo )p rM ' or B

m Compare models: l
ol p(Mm | Z)  p(My)R(Z | MpJ[> “W A

&k (M| Z) (MZ)F(Z My) l< ! ﬂa? |nooA

1 “forn 5

e ;::o( I\k%” il
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- BMS Example (n=5)

d=1, logev=-18.503, EB =2, logev=-20.218, EB
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BMS Example (n=30

]
d=1, logev=-106.110, EB d=2, logev=-103.025, EB
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Bayesian Ockham’s Razor

'W
LoM
W4‘0|

p(D) Col ) )
My ﬁlural/ty must never be pOS{teC’Y’
= rtfer T'v without necessity.

4 %

ef’ofil \ M3
ok \ \ \ =
. ; B =
it e, e
* 5> "Lk William of Ockham

m Parametric Bayes: Consider a finite list of possible models,
average according to posterior probability
(or in practice, just select the most probable) @6]‘00

m Nonparametric Bayes: Consider a single infinite model,
integrate over parameters when making predictions erinfer whijch
finite subset is exhibited in your dataset '(\))00
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