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Maximum Likelihood Estimation
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Maximum Likelihood Estimation
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m Equivalent objective to RSS (Gaussian log-like loss = L, loss)

m Taking the gradient and setting to zero, we have already shown
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Bayesian Linear Regression
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m More generally, consider a conjugaté érior En the basis
expansion coefficients:
?('\of p(B) =N | ﬁfoé))/_wof mesn + coV.

m Combining this with the Gaussian likelihood function, and
using standard Gaussian identities, gives posterior
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Predictive Dis’gribution
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Example: Gaussian Basis Expansion
" JEE—
m Gaussian basis functions:
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m These are local vavA Vo

a small change in x \ /

only affects nearby 0.75
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Parameters control 051
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Example: Gaussian Basis Expansion
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m Example: Sinusoidal data, 9 Gaussian basis functions,

1 data point 4e §en
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Example: Gaussian Basis Expansion
* JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
2 data points
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Example: Gaussian Basis Expansion
" JEE
m Example: Sinusoidal data, 9 Gaussian basis functions,
4 data points
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Example: Gaussian Basis Expansion
" JE
m Example: Sinusoidal data, 9 Gaussian basis functions,
25 data points
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Estimation vs. Predictive Distributions
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Bayesian Ockham’s Razor
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m Parametric Bayes: Consider a finite list of possible models,
average according to posterior probability
(or in practice, just select the most probable) q:ﬂo

[ Nongarametric Bayes: Consider a single infinite model,
integrate over parameters when making predictions erinfer whijch
finite subset is exhibited in your dataset '(\))00
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m Nonparametric Gaussian regression: U fertrres
Would like to let the number of basis functions M > «
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m Gaussian process models replace explicit basis function
representation with a direct specification in terms of a

positive definite kernel jon
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Mercer Kernel Functions
" N

= Distributions are of the form _"*" Fnn et
p(f) =N(f]0,a" <1><1> = N(£lo,
an Ham

where the Gram matrix K is defined as

Kij = K(xa,xp ¢y)¢x)

ket
m K is a Mercer kernel if the Gram matrix is posmve definite for
any nand any x, ..., X,
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Mercer's Theorem
" JEE
m If Kis positive definite, we can compute the eigendecomp:
K= UAwn
m Then K;; = ( L7 uwsr(_/l,/‘z u'.)3
m Define ¢(x) = A2U,; so that

K= QY Pl) s
m [f a kernel is Mercer, there exists a function ¢ : X — Ru s.t.
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Example Mercer Kernels
" J—
m Example #1: (non-stationary) polynomial kernel
k(z,2') = (vaTa! + )P
m Forp=2, y=r=1,
(14 2T2)? = (1 + 212} + xoxh)? ,
= TR0 e Doy 4 (0 x! Va4 (%x)
= This can be written as ¢(x)” ¢(2') , with ¥ 2XNIGK

= UL, ek, 20,65 6, X ]

Equivalent to working in a 6-dimensional feature space M= (;
For general P basis contains all terms up to degree P

m Example #2: Gaussian kernel
k(x,2") = exp (—;(x — 2Ty - x')) ¥

Feature map lives in an infinite-dimensional space
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Gaussian Processes e R £ i
" o
m Dispense of parametric view (prior on 5) and consider prior on
functions themselves (prior on 1)

m Seems hard, but we have shown that it is feasible when we
look at a finite set of values x,, ..., x,

: €)
p(f) = N(f0.K) it or (m\

m Defined by a Mercer kernel

m More generally, acGaussian process>provides a_distribution

over functions
—_— bt on £C)
Gaussian Processes L
" S - 3
€S
m Distribution on functions M
f~ GP(m,k)
= m: mean function
m K: covariance function )(’

:U: @ ¥ am‘ any X, ,.., Xn

(f(x1), . . ., f(xn)) ~ Nn(M, K)
p- :1= [m(x1),..., :;(Xn)] " \ll //4/
= Kij = K (Xi,Xj) \) Z } { \

m |dea: If x; x; are similar according to the kernel, then f(x))
is similar to f(x)

©Emily Fox 2014 18




Cromple: Squered O

K: covariance functio e
orkf:n,_\
s 1

wlaa!) = opexp (~gpza = a?)

\

T
High lengthscale

Low Ie{gw

m: mean function

©Emily Fox 2014

10



m: mean function
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Induced Multivariate Gaussian

m Evaluating the GP-distributed function at any
set of locations, we have
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Induced Multivariate Gaussian

" urr drops slowly

m Comparing length-scales: -
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2D Gaussian P
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GPs for Regression
* JE aM’W‘

m Start with noise-free scenario: directly observe the function

m Training data D = {(x;, f;),i =1,...,n}
m Test data locations X* - predict *

= Jointly, we have by d¢Fe oﬁuo()pm.)) it fO~ 6P (m, R+,
K (XX

YD~ (D) G %
™ Lt (2N ’\_,v\( ¥ %)

con €his L""{{v“\ f’#‘“‘”ﬁ obs
m Therefore,

by -l
| X “ £-m),
p(f* I X7 X, )= N(£ w,, Ko K
- K K“‘Ky}
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1D Noise-Free Example

- Samples from Prior )

K(z,2') = 0F exp(—

o predick :
Poster/orAE;/ven 5
2_22(1 _2)?)  Noise-Free Observations

m Interpolator, where uncertainty increases with distance

m Useful as a computationally cheap proxy for a complex simulator

Examine effect of simulator params on GP predictions instead of doing
expensive runs of the simulator
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GPs for Regression
"
m Noisy scenario: observe a noisy version of underlying function
y=f(z)+e e~N(0,0y)

Not required to interpolate, just come “close” to observed data

cov(y|X) = cov(£) + covle) = i 4—6‘;1,\ = K):

Kﬂw ’ r-)
m Training dataDy (s, y5),i=1,.
m Test data locations X* > predlctf* ,,.Q\' < hefore

Jointl h

= Jointly, we a%@ N @ﬁc

CWA,(\:;‘ ()(“/

5

m Therefore, p(f* | X*, X,y) = N(£* [ K 7 )’/ ’

Kuw - KE ¥y M
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GPs for Regression
" JEE
p(f* | X* X, y) = N(K] Ky, Koo — KK K)
m For a single point x*

P | X Xoy) = NETK g, b = KUK )
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CO2 Concentration Over Time
= JEEE

Mauna Loa, CO2. GP model fit on data until Dec 2003. 95% predicted confidence
< 420
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Mauna Loa Observatorg-inrktawaii, analyzed by Rasmussen & Williams:2006

Mixing Kernels for CO2 GP Analysis

Smootl7 glotl)al trfnd (e )2 for Cack " s

h‘l(mrm ) = 01 exp (_ 29% ) ’$um Dc Wk,(f ll

-~ < A (o
Seasonal periodicity '
'y = 2 (z—a)? 2si’(m(z—2'))\  phutk d
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Medium term irregularities n kutrs
_ 2 —0s
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Correlated Observation Noise

T
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10

©Emily Fox 2014 30

15



CO2 Concentration Over Time
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Estimating Hyperparameters
" JEE—
m How should we choose the kernel parameters?
Example: squared exponential kernel parameterization

1
wlao') = gfesp (G (o - 20) Ml ) ) + 030
Hyperparameters ) = y] o"" 6 i
As we saw before, can cioos’e €1 ‘/ i
M =021 M =diag((;?,...,0;%) M=AN +diag(¢;?,...,0,%)...

m As in other nonparametric methods, choice can have large effect

sssssssssssssssssss
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Estimating Hyperparameters
" JE
m Options:
#1: Define a grid of possible values and use cross validation

can be slow.- -

#2: Full Bayesian analysis: Place prior on hyperparameters and integrate
over these as well in making predictions )
Some Ch luusU in prackice

#3: Maximize the marginal likelihood

Py | X.0) = / Dy | £, X)p(f | X, 0)df

logp(y | X,0) =
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