Module 5: Classification

Kernelized Perceptron:
Kernels, again!
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Linear Separability: More fo ally, Using Margin
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Perceptron Analysis: Linearly Separable Case
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m Theorem [Block, Novikoff]:
Given a sequence of labeled examples: (X(/ \/\ 3/ ,()(,«/ Y")
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Each covariate vector has bounded norm:
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Beyond Linearly Separable Case
" JEE

m Perceptron algorithm is super cool!

No assumption about data distribution!

= Could be generated by an oblivious adversary,
no need to be iid

Makes a fixed number of mistakes, and it’s
done for ever!
= Even if you see infinite data

m However, real world not linearly separable
Can’t expect never to make mistakes again

Analysis extends to non-linearly separable
case

Very similar bound, see Freund & Schapire

Converges, but ultimately may not give good
accuracy (make many many many mistakes)

©Emily Fox 2014 4




What if the data are not linearly separable?

Use features of features
of features of features....
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Feature space can get really large really quickly!,

: : (pasts
Higher Order Polynomials ¢ Wn%\

. w (p—l—d—l) _(ptd-1)

# terms = » Pd=1)!

d — covariate dimension
p — degree of polynomial
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Perceptron Revisited

m  Given weight vector B®, predict poim@by:

T =sin (8. x)

m Mistake at time t: D) € BO +y, x,

m  Thus, write weight vector in terms of mistaken data points only:
O Let MO be time steps up to t when mistakes were made: (F(ﬁ\;o
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Dot-Product of Polynomials
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The Kernel Trick Again:

Kernelized Perceptron
" JEE
m Every time you make a mistake, remember (X,Y,)

Keep track o indices i
w\\?/ré we wmake musjmkcs uphf

m Kernelized perceptron prediction for X:
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m Nonparametric Gaussian regression:
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Mercer Kernel Functions
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p(f) = N(f 10,07 02%) = N(F10,JL) ™
. 7

[ s a Mercer kernel if the Gram matrix is positive definite for
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Polynomial kernels
" JEE
m All monomials of degree d in O(d) operations:

é(u) - p(v) = (u - v)? = polynomials of degree exactly p

m How about all monomials of degree up to p? .

Solution 0: (_l\)(w . 4) (\/\ - é (i\ (u-v)L

Better solution:
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Common Kernels
" JEE

m Polynomials of degree exactly d

m Polynomials of-degree-t

K(u,v) =(u-v+ 1)d !(&AM\ had 4 4(U\¢{v)
m Gaussian (squared exponentlal) kernel / deaﬂ\P

| K.(u,v)zexp( v||) \ RX)
m Sigmoid \ e ‘X

K(u,v) = tanh(pu-v 4+ v)
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What you need to know
" JEE
m Notion of online learning
m Perceptron algorithm
m Mistake bounds and proofs
m The kernel trick
m Kernelized perceptron
= Derivé polynomial kernel
m Common kernels
m |n online learning, report averaged weights at the end
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Linear classifiers — Which line is better?
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Pick the one with the largest margin!

“confidence” = y;(8 - z; + Po)
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But there are many planes...
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A Convention: Normalized margin — 3
Canonical hyperplanes T, = T; + \——
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Support vector machines (SVMSs)

min
min |53

yi(B-xi+ Bo) > 1L, Vie{l,....,n

Solve efficiently by many methods,

quadratic programming (QP)
= Well-studied solution algorithms

Stochastic gradient descent

m Hyperplane defined by support

vectors
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What if the data are not linearly

. segarable?

Use features of features
of features of features....
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What if the data are still not linearly

separable? . )
- min 18112

yi(B-x; +Bo) > 1,Vie{l,...,n}

+ + - m [fdata are not linearly separable, some
& = 2 points don’t satisfy margin constraint:
+ -
+ o+ + =
+ - - m How bad is the violation?
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m Tradeoff margin violation with ||B||:

SVMs for Non-Linearly Separable meet

my friend the Perceptron...
" J

m Perceptron was minimizing the hinge loss:

(=yi(B -2+ Bo)),

1

n
1=

m  SVMs minimizes the regularized hinge loss!!

18113+ C> (1 —yi(B- 2 + Bo))

=1
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Stochastic Gradient Descent for SVMs
"

m Perceptron minimization: m  SVMs minimization:
> (—wi(B - i+ o)), 18113+ C (1= wi(B- i+ Bo))
i=1 i=1

m  SGD for Perceptron: m SGD for SVMs:

B g 4 [yt(ﬁ(t) “my) < 0] Yiy

Side note: What’s the difference between

_ .SVMs and Iogistic regression?

SVM: Logistic regression:
n 1
. 2 _ .
5260 1511 +CZ; (=98 - @i+ o)) p(Y =1]z,f)= 1 + e~ (B-z+po)
= Log loss:

—logp(Y =1]z,8) =log (1 + e—(ﬁ'ﬁH-Bo))

14



Mixture Model Example

Training Error: 0.270
Test Error: 0.288
Bayes Error:  0.210

Training Error: 0.26 -~
Test Error: 0.30
Bayes Error:  0.21

C' = 10000

C =0.01

From Hastie, Tibshirani, Friedman book
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Mixture Model Example - Kernels

SVM - Degree-4 Polynomial in Feature Space

SVM - Radial Kernel in Feature Space

Training Error: 0.180
Test Error: 0.245
Bayes Error:  0.210

et

e

Training Error: 0.160 e .
TestError:  0.218 Rt ity i
Bayes Error:  0.210 e

From Hastie, Tibshirani, Friedman book
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