Chapter 3
Berry-Esseen Bounds for Independent Random
Variables

In this chapter we illustrate some of the main ideas of the Stein method by proving
the classical Lindeberg central limit theorem and the Berry—Esseen inequality for
sums of independent random variables. We begin with Lipschitz functions, which
suffice to prove the Lindeberg theorem. We then prove the Berry—Esseen inequality
by developing a concentration inequality. Throughout this chapter we assume that
W=£& +---+&, where &1, ..., &, are independent random variables satisfying

n
Eg=0, 1<i<n and ) Var(§)=1. 3.1
i=1

Though we focus on the independent case, the ideas developed here provide a basis
for handling more general situations, see, for instance, Theorem 3.5 and its conse-
quence, Theorem 5.2.

Recall that the supremum, L, or Kolmogorov distance between two distribution
functions F and G is given by

IF — Glloo = sup|F(z) — G(2)|.
zeR
The main goal of this chapter is to prove the Berry—Esseen inequality, first shown
by Berry (1941), and Esseen (1942), which gives a uniform bound between F, the
distribution function of W, and &, that of the standard normal Z, of the form

IF = @ <C Y EI&I (32)

i=1

where C is an absolute constant. The upper bound on the smallest possible value
of C has decreased from Esseen’s original estimate of 7.59 to its current value of
0.4785 by Tyurin (2010). After proving the Lindeberg and Berry—Esseen theorems,
the latter using both the concentration inequality and inductive approaches, we end
the chapter with a lower bound on || F — ®|| .
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3.1 Normal Approximation with Lipschitz Functions

We recall that 2 : R — R is a Lipschitz continuous function if there exists a constant
K such that

‘h(x) — h(y)‘ <K|x—y| forallx,yeR.
Equivalently, 4 is Lipschitz continuous if and only if /4 is absolutely continuous with

| < oo.
[

Theorem 3.1 Let W =) _;_, & be the sum of mean zero independent random vari-
ables &,1 <i <n with Z?:l Var(&;) = 1, and h a Lipschitz continuous function. If
E|§,~|3 <oofori=1,...,n,then

[ER(W) — Nh| <3|} |y, (3.3)
where
n
y =Y EI&P. (3.4)
i=l1

Proof By Lemma 2.8, (2.77) holds with A =& — &, where & has the &;-zero bias
distribution and is independent of &;, j # i, and I is a random index with distribu-
tion (2.60), independent of all other variables. Invoking (2.79) of Proposition 2.4,

|ER(W) — Nh| < 2|l | E|&] — &

n
=2|1'| Y E|&" —&|EE}
i=1

<2|W'| Y (E|&|EE + E|&|EET)

i=1

“ /1
= 2|l Z<5E|a-|3 +E| |Es§)
i=l1

n
<311 Y El&l,
i=1
where we have invoked (2.57) to obtain the second equality, followed by Holder’s
inequality. (|

The constant 3 is improved to 1 in Corollary 4.2.
The following theorem shows that one can bound |EA(W) — Nh| in terms of
sums of the truncated second and third moments

n n
Br=) E&ljg 1 and B3=Y El& 1<y, 3.5)
i=1

i=1

without the need to assume the existence of third moments as in Theorem 3.1.
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Theorem 3.2 [f W =) | & is the sum of mean zero independent random vari-
ables &, 1 <i <nwithY_"_, Var(§) = 1, then for any Lipschitz function h

|ER(W) — Nh| < |1'|(4B2 4 3B3). (3.6)

Proof We adopt the same notation as in the proof of Theorem 3.1. The key obser-
vation is that we can follow the proof of (2.79) in Proposition 2.4, but instead of
applying | f; (W) — f, (W 4+ A)| < 2||h/||| A[, we instead use

| fr (W) = fr(W + A)| < min(2] £,
which holds by (2.13), where a A b denotes min(a, ). Hence

fi Al <21R" (1A 1A, (BT)

|ER(W) — Nh| <2||h" | E(1 A & — &)
<2|W"NE(1 A (|&]] + 1€11))
<2 I(E(1 A |EF]) + E(1 A 1EL])). (3.8)
Letting sign(x) be +1 for x > 0, —1 for x < 0 and O for x =0, setting
F) =x1y=1 + %xz sign(x)1jyj<1 wehave f'(x)=1A |x].

Hence, (2.60) and (2.51) now yield

E(1A|&F]) ZE LA &) E

1 1
ZZE<$,-21|5,~>1 +§|$i|31|§i|§1> = P2+ 5Bs. (3.9)
i=l1

We recall the fact that if g and % are increasing functions, then Eg(§)Eh(§) <
Eg(&)h(§). Now, regarding the second term in (3.8), since both 1 A |x| and x2 are
increasing functions of |x|, again applying (2.60),

E(IAE) =) E(A&G)EE <E) (1A&])E

i=1 i=l1
n
<EY g1 + & g i< = B2+ B3, (3.10)
i=1
Substituting the bounds (3.9) and (3.10) into (3.8) now gives the result. ]

One cannot derive a sharp Berry—Esseen bound for W using the smooth func-
tion bounds (3.3) or (3.6). Nevertheless, as noted by Erickson (1974), these smooth
function bounds imply a weak L*° bound, as highlighted in the following theorem.

Theorem 3.3 Assume that there exists a § such that, for any Lipschitz function h,

|ER(W) — Nh| <8||h']|. (3.11)
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Then

sup| P(W < z) — ®(z)| <28'/2. (3.12)
zeR

Proposition 2.4 shows that (3.11) is satisfied under conditions (2.76) or (2.77).
Though the resulting bound § has the optimal rate in many applications, see, for
example, (3.3) and (3.6), the rate of a Berry—Esseen bound of the type (3.12) may
not be optimal.

Proof We can assume that § < 1/4, since otherwise (3.12) is trivial. Let o =
81/2(27)1/4, and for some fixed z € R define

1 ifw <z,
hey(w)=140 ifw>z+a,
linear ifz<w<z+a.

Then h is Lipschitz continuous with ||4'|| = 1/, and hence, by (3.11),
P(W<z)—®() <Ehgy(W)— Nhy + Nhy — P(2)
)
<—-+Piz=<Z=<z+a)
o
)
< — 4 —.
o
Therefore
P(W <z) — ®(z) <2(2m) /4812 < 281/2,
Similarly, we have

P(W<z)—®() > 282,
proving (3.12). U

3.2 The Lindeberg Central Limit Theorem

Let &, ..., &, be independent random variables satisfying E§&; =0, 1 <i <n and
Yo Var(§)=1,andlet W =>""_, &. The classical Lindeberg central limit theo-
rem states that

sup‘P(W <z)— d>(z)| —0 asn— o0
zeR

if the Lindeberg condition is satisfied, that is, if for all ¢ > 0

n
Y EE g5 >0 asn— oo, (3.13)

i=1
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With B, and 83 as in (3.5), observe that forany 0 < ¢ < 1,

n n
Brt+By=) E& g1+ Y El&P g <)

n n n
2 2 2
<D EEN g+ ) EE ecpgi<ny + ) EE 1 g<c)
i=1 i=1 i=1

n
<D EE N0 T (3.14)
i=1
Hence, if the Lindeberg condition (3.13) holds, then (3.14) implies 8, 4+ 83 — 0 as
n — oo, since ¢ is arbitrary. Therefore, by Theorems 3.2 and 3.3,

sup|P(W <2) — ®(2)| <4(B2+ B3)'/* -0 asn — oo, (3.15)
zeR
thus proving the Lindeberg central limit theorem.
In Sect. 3.5 we prove the partial converse, that if maxi<;<, E f;‘l.z — 0, then the
Lindeberg condition (3.13) is necessary for normal convergence.

3.3 Berry-Esseen Inequality: The Bounded Case

In the previous section, the smooth function bounds in Theorem 3.3 (see also Propo-
sition 2.4) are of order O(8), while the L bounds are only of the larger order
0 (8'/%). Here, we turn to deriving L°° bounds which are of comparable order
to those of the smooth function bounds. We will use the notation introduced in
Sect. 2.3.1,

n
W=y & WO=w-g,
i=1
and  K;(t) = E&§(Ljo<r<gy — Ly =<e<0p)-
For bounded &;, we are ready to apply (2.27) to obtain the following Berry—Esseen
bound.

(3.16)

Theorem 3.4 Let &1,&,...,&, be independent random variables with zero means
satisfying > ', Var(&) = 1, and W and K; (t) as in (3.16). Then

Zf P(WD +1<2)K;(t)dt — ®(2)| <2.44y (3.17)

i=1v "

where y is given in (3.4).
If in addition |&;| < 6o for 1 <i <n, then

sup| P(W < z) — @(2)| < 3.38. (3.18)
zeR
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Before starting the proof, we note that by (2.62), we may write (3.17) as

|P(W* <2) — ®(z)| < 2.44y. (3.19)

Proof For z € R, let f = f, be the solution of the Stein equation (2.2). From (2.27)
and (2.2),

E{Wf(W)}:Z/ E{f'(W® +1)}K;(t)dt
i=177"%°

n 00

= Z/ E{(WO +1)f(WD +1) + Liyir 1<) — PR} Ki (1) dt.

i=1Y~®

Reorganizing this equality, using Y '_, [’ fooo Ki(t)dt =1 from (2.28), and recalling
K (t) is real yields

n 00
Z/ P(W®D +1<z)K;(t)dt — ®(2)
i=1Y7%
n OO . .
= Zf E{Wfw)— (WO +1) f(WD +1)}Ki()dt.  (3.20)
i=1Y7%
Now, by (2.10), we may bound the absolute value of (3.20) by

ZE/OO\Wf(W)—(W(”+t)f(W(">+t)}K,-(t)dz
i=1 -
- ZE/ (WO +&)f(WD +&) = (WO +1) f(WD +1)|Ki (1) dt
i=1 7%
SZf E(|WO| + V27 /4) (&) + 1t1) K; (1) dt
i=1"7%

s<1+~/ﬂ/4)2f (E&| + 1t1)Ki (1) dt,
=177

since E(W®)2 <1 and & and W® are independent. Hence, recalling (2.25), we
have

n 00

Zf P(WD +1<z)K;(t)dt — ®(2)
i=1Y7%

<+ JE/LL)Z{E@AE&? + %EW}
i=1

(1427 /4)y <2.44y

=

N W

proving (3.17).
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The proof would be finished if P(W¥) + ¢ < z) could be replaced by P(W < z),
since Y 7, ffooo K;(t)dt = 1. Note that |&;| < 8 implies that K; () = 0 for |¢| > &9,
and when both [¢| and |&;| are bounded by ¢ then

P(WY+t<z)=P(W—§+1<2)>P(W <z—25). (3.21)

Replacing z by z + 2§¢ in (3.17) and (3.21) we obtain

n 0
2.44y > Z/ P(W© +1 <z +280)Ki (1) dt — (2 +230)
i=177%

> Z/OO P(W < 2)K;(t)dt — ®(z + 280)
i=1Y7®

2680
>P(W=2)—-®k)—-—F=

«/27'[’

where we have applied (2.28) followed by an elementary inequality. Next, as |§;| <
g foralli =1,...,n,

n n
y =Y E|&P <8 Y El&I* = 6.
i=1 i=1
from which we now obtain
280
P(W<2)—®(z) <244y + —— <3.34. (3.22)
Y V2

TT

The proof is completed by proving the corresponding lower bound using similar
reasoning. U

The key ingredient in the proof of Theorem 3.4 is to rewrite E[W f(W)] in terms
of a functional of f’. We now formulate a result along these same lines, taking as
our basis the Stein identity (2.76).

Theorem 3.5 For W any random variable, suppose that for every z € R there exist
a random variable Ry and random function K (t) > 0, t € R, and constants §y and
81 not depending on z, such that |E R1| < 81 and

EWfZ(W)zE/ fUW + 0K (t)dt + ERy, (3.23)

|#1=<do

where f, is the solution of the Stein equation (2.2). Then

sup| P(W < z2) — @(2)| < 8o(1.1 + E[|W|K1]) +2.7E|1 — K| + 81, (3.24)
zeR

where K| = E(f}=s, K@) dt|W).

Proof We can assume 89 < 1 because (3.24) is trivial otperwise. Using that f, sat-
isfies the Stein equation (2.2), and the nonnegativity of K (¢), we have
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, A
E/ f;(W+1)K(t)dt
[11=<do

:E/ (1{W+t§z} —q)(z))[%(t)dt—i-Ef (W+t)fZ(W+t)I€(t)dt
[£1<8o

[t]<do

§Ef (1w <z+60) —@(z))k(r)dt+Ef (W +0) fo(W+0)K(1)dt
[t]|<do

[t]<d0

= E(Liw=<cts) — P@)K1 + E f (W +0) fo(W+DK (1) dt,

[£]<do

where the inequality holds because —7 < do.
Now, writing K1 =1 — (1 — K1), we find that

E/ FIOW + DR (1) dr

[t|<do

5P(W5z+80)—c1>(z)+E|1—1€1|+Ef (W +1) f,(W+ 1)K (1) dt
[t|<8o

30
SPW<=<z+68)—Pz+6)+—
N 27

+ E|l —121|+E/ (W +1) f,(W + K (1) dt.

[t]<d0

Thus, rearranging and using (3.23) to obtain the first equality,

P(W <z+460) — P(z+ o)

2_\/870_” — E|l —1€1|+E/m§60 FLW + DK (1) dt
—E/m 8 (W +10) fo(W+ 0K (1) dt
)
=—%—E|1—I€n+EWfZ<W>—ER1
—E/m WD LOWVE0R @ dr
<00
=0 Bl = Ril+ E[WAW)(I - R - ER
N

+ Ef [WEW) — (W +1) fo(W + )} K (1) dt
[t]<do

) A N
>————2FE|1l— K |—61 —f E(|W| 4+ 2 /4)|t|K(¢)dt,
27 t|<8o ( )

this last by (2.7), the hypotheses |ER;| < §1, and (2.10). Hence,
P(W < z+80) — ®(z+ o)

80 A A
z———2E|1—K1|—81—Ef [W|+0.7)60K (t) dt
V21 |z|§50( )
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8o A A
=————=2E|1 - K| =61 —SE(|W|+0.7)K;4
o (wi+07

21

S0 ~ N N
>——— -2F|1—-Kq{| =61 = E||W|K1|+0.74+0.7E|1 — K
T | 1l =81 —So{ E[IWIK/] | 1}

> —8o(1.1 + E[|WIK,]) — 2.7E|1 — Ky| — &1, (3.25)

recalling that 5o < 1. A similar argument gives

P(W =z —6d0) — P(z—do)
<8(1.1+ E[|W|K]) + 2.7E|1 — K{| + 61, (3.26)
completing the proof of (3.24). 0

In Chap. 5 we illustrate how to use Theorem 3.5 to obtain Berry—Esseen bounds
in various applications.

3.4 The Berry-Esseen Inequality for Unbounded Variables

Theorem 3.4 demonstrates the Berry—Esseen inequality when W is a sum of uni-
formly bounded, mean zero, independent random variables &1, . . ., &, with variances
summing to one. Here we drop the boundedness restriction and prove, using two dif-
ferent methods, that there exists a universal constant C such that

n
sup|P(W <2) — ®(x)| <Cy wherey =Y El&[. (3.27)
zeR i=1
Tyurin (2010) has shown that C can be taken 0.4785. Both of our two ap-
proaches, using concentration inequalities in Sect. 3.4.1, and an inductive method
in Sect. 3.4.2, lead to somewhat larger constants, but as the sequel shows, these
approaches generalize to many cases where the independence condition can be

dropped.

3.4.1 The Concentration Inequality Approach

Noting that (3.17) in Theorem 3.4 holds without the uniform boundedness restric-
tion, with W® as in (3.16) we see that one can prove the Berry—Esseen inequality
more generally by showing that

P(W(i)+t§z) is close to P(sz):P(W(i)+§i§Z),

which it suffices to have a good bound for P(a < w < b). Intuitively, the distribu-
tion of W@ is close to the standard normal, and hence we should be able to bound
P(a < W% < b) using some multiple of b — a. This heuristic is made precise by
the concentration inequality
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Lemma 3.1 Forall real a < b, and for every 1 <i <n,

Pla<W® <b) <v2(b—a)+2(v2+ )y (3.28)

where y is as in (3.27).

We remark that Chen (1998) was the first to apply the concentration inequality
approach to independent but non-identically distributed variables. Postponing the
proof of (3.28) to the end of this section, we demonstrate the following Berry—
Esseen bound with a constant of 9.4.

Theorem 3.6 Let &1,&,, ..., &, be independent random variables with zero means,
satisfying > i, Var(§;) = 1. Then W =Y _7_, & satisfies

n
sup‘P(W <z)— <I>(2)| <94y wherey = Z E|§i|3. (3.29)
zeR i=1

Proof With W% and K; () as in (3.16), by (2.25) and (3.28) we have

n

Z/oo P(W(i)—I—Z‘SZ)Ki(t)dt_P(WSZ)

1 —00

Z/°°(p(w<i>+t5z) — P(W < 2)Ki(ndi

i=1

n 00 .
5Z/OO|P(W(”+IEZ) — P(W <2)|Ki(t)dt
i=1""

:Z/W|P(W(i)+t§z)—P(W(i)+§i <z)|Ki()dt
=Z/°° E{P—1vE<WD <z 1 A& &) Ki()di
52/ E{«/§(|t|—|—|§i|)+2(\/§+l)y}Ki(t)dt

= sz(%EW + E|&|Esf> +2(vV2 4 Dy
i=1

< (3.5V2+2)y <6.95y, (3.30)

where we have again applied (2.25). Invoking (3.17) now yields the claim. |

As in Theorem 3.2, one can dispense with the third moment assumption in The-
orem 3.6 and replace y in (3.29) by B> + B3, defined in (3.5); we leave the details to
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the reader. Additionally, with a more refined concentration inequality, the constant
can be reduced further, resulting in

sup\P(sz)—CD(z)| <4.1(B2+ B3), (3.3
zeR

see Chen and Shao (2001).

We now prove the concentration inequality (3.28). The idea is to use the fact that
if f equals the indicator 1j, ) of some interval, then Ef (W) = P(a < W < ).
This fixes f up to a constant, and choosing f((a + b)/2) = 0 the norm | f|| =
(b — a)/2 takes on its minimal value, yielding the smallest factor in the right hand
side of the inequality

1 1
[EWfFW)| = 56— EIW| < (b —a),
which holds whenever E W2 <1.

Proof of Lemma 3.1 Define 6 = y and take

—3b—a)—8§ ifw<a-—3,
fwy={w—30b+a) ifa—5§<w<b+3s, (3.32)
tb—a)+8 forw>b+3,

so that f' = 1jq—s p+s5. and || f|| = 3 (b — a) +§. Set

Kj0) =& (g <i<0) — Lo<r=—¢;)) and K@) =) K;(r). (333)
j=1

Since &; and wo — ¢ ;j are independent for j # i, & is independent of W@ and
E&;j =0 forall j, similarly to (2.27), we have

EWOf(wW®) —Eg f(W? - &)

= > B (W0) (WO )]

n 0
:ZESJ-/ £(WO 4 1) dr
j=1 5
:ZE/OO F(WD +0)K () dr
j=1 0T
= Ef FWD +0)K@)dr. (3.34)

Noting that f’(¢) > 0 and K (t) > 0, we have by the definition of f
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E/ f/(W<">+r)1%(t)dzzEf FWO+0)K@)ar

-0 |r]<8

> El{aSW(i)Sb}/ K(t)dt.

|r|<é

Letting K(t) = E K (t), we may write this last expression as

El,<wi<p) /

[t]<$8

[K(t) - K®)]dt+ Pla<W® < b)f K(t)dt. (3.35)

t]<é

As in (2.28) and (2.25), respectively, the function K (¢) is a density and E|T| =y /2
for T so distributed. Hence, for the integral in the second term of (3.35), recalling

d=vy,

f K®)di=P(IT|<8)=1-P(IT|>8)>1— Y _ 1/2.
Ir]<8 25

For the first term of (3.35), applying the Cauchy—Schwarz inequality and integrating
yields the bound

12 n
Var( | zemdt) < (w{z &/ min(s, |s,-|)})
|7]<é j=1

n 1/2
< (Z E£? min(s, |s,-|)2)

j=1

1/2

n 1/2
<$ <Z Eé}) =.
j=1
Hence, from (3.34) and (3.35) we obtain

EWO W) —E&f (WO —&) = 3P(a=W =b) =5 (3.36)

N =

On the other hand, recalling that || f|| < %(b —a) + 8§, we have
EWO (W) - Eg f(W? — &)

=

oY

%(b —a) +3)(E\W(">| +El&])

1 .
= —2((E’W(’)|)2 + (EI&1)%) (b —a +20)
S%(E}W(i)‘z+E|Ei|2)1/2(b—a+28)
1
— —_(b—a+29). 337
SR mat2) (3.37)

Combining (3.36) and (3.37) thus gives
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Pla<W® <b) <V2(b—a)+ 2vV2+2)8 =v2(b —a) +2(v2 + )y

as desired. O

By reasoning as above, and as in the proofs of Theorem 8.1 and Propositions 10.1
and 10.2, one can prove the following stronger concentration inequality.

Proposition 3.1 If W is the sum of the independent mean zero random variables
E1,...,&n, then forall reala < b

Pl@a<W<=<b)y<b—a+2(B2+B3) (3.38)
where By and B3 are defined in (3.5). In addition, if W) = W — &, then
Pla<W® <b) <vV2(b—a)+ (V2+ 1B+ B3) (3.39)

forevery 1 <i <n.

We leave the proof to the reader. Clearly, 82 + 3 < y, so Proposition 3.1 not
only relaxes the moment assumption required by (3.28) but improves the constant
as well.

3.4.2 An Inductive Approach

In this section we prove the following Berry—Esseen inequality by induction.

Theorem 3.7 Let &1, &), ..., &, be independent random variables with zero means,
satisfying Y i Var(&§;) = 1. Then W = Y_i_, & satisfies

n
sup|P(W <2) — ®(x)| <10y wherey =Y E[&’. (3.40)
zeR i—=1

Though the constant produced is not optimal, the inductive approach is quite use-
ful in more general settings when the removal of some variables leaves a structure
similar to the original one; see Theorem 6.2 in Sect. 6.1.1 for one example involv-
ing dependence where the inductive method succeeds, and references to other such
examples. Use of induction in the independent case appears in the text of Stroock
(2000).

Proof Without loss of generality we may assume E Sl.z #0foralli=1,...,n.Let
riz = E(W("))2 and 7= min 7.
1<i<n
Since (3.40) is trivial if y > 1/10, we can assume ¥ < 1/10. Since

1=EW?=E(W?)* +&) = E(WD) + E&2 < E(WD)* + (El& ),
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we have

2 >1— 923 >0.7845. (3.41)

When n = 1, since y = E|&]> > (E$12)3/2 = 1, inequality (3.40) is trivially true.
Now take n > 2 and assume that (3.40) has been established for a sum composed of
fewer than n summands. Then foralli =1, ...,n and a < b, with C = 10 we have

Pla< W% <b)
= O (b/7) — ®a/n) + P(WY <b) — 0(b/T)
— {P(W@ <a)— ®(a/w)}

2SRl + ;“

J

i J#i Y

<2.88Cy + (b —a)/2, (3.42)

using (3.41) twice in the final inequality.

Let £ have the &;-zero bias distribution and be independent of £;, j # i, and let
I be a random index, independent of all other variables, with distribution (2.60).
Then, by Lemma 2.8, letting § = 2y, we have

P(W*<z)— P(W <z-26)
=P(WD 45 <z)— P(WD + & <z—26)
>—EP(z—& <WD <z—& — 2518, &))1(5] = &1 +25)
—E(2.88Cy + (6] —&1)/2 — 8)1(&] = &1 +29)
—2.88CyP(& — & >28) — E(§f —&)1(6] = &1 +258) /2 — 6,

where we have invoked (3.42) to obtain the second inequality. By Theorem 4.3,
&; and £ may be coupled so that

El&P
2EE;

E|lgf —&| < 0,by (2.60), E|& —¢&/|<vy/2.

l
But now

P(f —&>28)<y/(48) and E(§ —&)1(&f =& +28) <y/2.
Hence, recalling 6 =2y,
PW*<z)— P(W<z-28)>-288Cy/8—y/4—2y =—5.85y.
Thus, by (3.19),
P(W<z-28)—®(z—25)<P(W*<z)—D(z—28)+5.85y

4
<2.44y + Ty +5.85y < 10y.
A LTT

Similarly, we may obtain
P(W <z+26)—P(z+28) > —10y,
thus completing the proof. U
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Again, let &1, ..., &, be independent random variables with zero means satisfying
Z?:l Var(§;) = 1. Feller (1935) and Lévy (1935) proved independently (see LeCam
1986) that if the Feller—Lévy condition

max Eél-z — 0, (3.43)

1<i<n

is satisfied, then the Lindeberg condition (3.13) is necessary for the central limit
theorem. The theorem below is due to Hall and Barbour (1984) who used Stein’s
method to provide not only a nice proof of the necessity, but also a lower bound for
the L°° distance between the distribution of W and the normal.

Theorem 3.8 Let &1, &7, ..., &, be independent random variables with zero means
anfll finite variances Eéiz = ol.z, 1 <i <n, satisfying > r_, O’iz =1, and let W =
Y iy &i. Then there exists an absolute constant C such that for all ¢ > 0,

n
(1—e ) S Es g 00

i=1

5c<sup\P(W5z)—<I>(z)| +Za,-4>. (3.44)
zeR

i=1

Clearly, the Feller-Lévy condition (3.43) implies that > ., al.4 <
maxi<;<p aiz — 0 as n — oo. Therefore, if W is asymptotically normal,

n
Y EE 1550 — 0
i=1

as n — oo for every € > 0, that is, the Lindeberg condition is satisfied.

Proof Once again, the argument starts with the Stein equation

E{fy(W) — Wf(W)} = ER(W) — Nh, (3.45)
for a function h yet to be chosen. Taking / absolutely continuous with

0 . .
I° o A (w)|dw < 0o, we may integrate by parts and obtain the bound

|ER(W) — Nh| = VOO B (w){P(W <w) — ®(w)}dw

< 5[00 |h ()| dw, (3.46)

where § =sup, g |P(W <z) — ®(2)|.
For the left hand side of (3.45), in the usual way, because &; and W =w —g
are independent, and E&; = 0, we have
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EWfi(W) =Y Egf;(Ww®)

i=1
+ Y E{&(f(WD+&) — (WD) —& (WD)},
i=1

and, because > '_ 07 =1,

EfijW) = oEfj(WO) + 3 o ELfi 0 = fi(W©)},

with the last term easily bounded by 1 I a . Hence

E{f;(W) = W (W)} ZEng(” &)| <

i=1

il Z o, (3.47)

NI'—

where

gw, ) =gn(w,y) ==y fuw+y) = fuw) — yfi(w)}.

Intuitively, if the distribution of W is close to that of the standard normal Z, taken
to be independent of the &;’s, then

n n
Ri:=) Eglg(W".&) and R:=) E&g(Z.&),
i=1 i=1
should be close to one another.

Taking (3.46) and (3.47) together, we will be able to compute a lower bound for §,
if we can produce an absolutely continuous function 4 satisfying f A (w)|dw <
oo for which Egj,(Z, y) is of constant sign, provided also that | f;” || < 00. In prac-
tice, it is easier to look for a suitable f, and then define A(w) = f'(w) — wf (w).
The function g is zero for any linear function f, and when f is an even func-
tion then Eg(Z,y) is odd. Choosing f to be the odd function f(y) = y3 yields
Eg(Z,y) = —y?, of constant sign. Unfortunately, this f fails to yield an & satisfy-
ing [%_|h'(w)|dw < 0.

A good choice is f(w) = we "/ 2 which behaves much like the sum of a linear
and a cubic function for those values of w where Z puts most of its mass, yet decays
to zero quickly when |w| is large. Making the computations, we have

—1 00

y
oz J-
—we W2 ye_w2/2(1 — wz)}e_w2/2dw
1
T2

a nonnegative function which satisfies

Eg(Z,y)=— {(w + y)e—(w+y)2/2

(1= ¢4, (3.48)
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1 2
Eg(Z,y)> ——(1 — e ¢/%) whenever |y| > ¢
8(Z,y 2J§( ) y

for all ¢ > 0. Hence, for this choice of f we have

1 2 "
> — (1—e & /4 EE 6 =gt (3.49)
‘2ﬁ( ); E g 1>

It thus remains to show that R and R; are close enough, after which (3.1), (3.47)
and (3.49) complete the proof.

For this step, note that for f(w) = we"*/2 and h(w) = f(w) — wf(w) we
have

o0
¢ ;:/ | (w)]| dw <7,
—00
oo
¢ = / |f"(w)|dw <4 and c3:=sup| f"(w)| =3.

Now define an intermediate quantity R, between R; and R, by

Ry = Z Eg?g(W', &),

i=1

where W’ has the same distribution as W, but is independent of the &;’s. Then
1
R = —ZE{,;?] [f/(W + 1) — f’(W(i))]dt}
: 0
n 1
=R+ E{Sff Lf' (W' +1&) = /(WD +18)] dt}
. 0
n 1
-3 E{g}/o [f'(W) = f(W®D)] dt} (3.50)

Now, for any 6, using that W and W’ have the same distribution, that &; and w®
are independent, and that E&; =0,

E(f' (W' +0)— f/(W?D +0))

|
=|E(f' (WD +&+0)— f (WD +0))|
=|E(f/ (WD +&+6)— /(WD +0)—& " (WD +0))|
< Lo,
2

by Taylor’s theorem. Hence, from (3.50),

n
Ri=Ry—c3) of. (3.51)
i=1
Similarly,
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Rz—R+Z { /f(Z+tsl>—f<W/+rs,>] }

—Z { /f(Z) f’(W’)]dr},
and, for any 6, as [ | f"(w)|dw = ¢; < 00,
|Ef' (W' +6) — Ef'(Z +6)]

= U [ @) (P(W' <w —6) — ®(w —0)) dw

<26,

so that
Ry > R — 2¢56.
Combining (3.46) and (3.47) with (3.51) and (3.52), it follows that

1 < 3
c16 >R — §C3 Zaﬁ >R — §C3 Zaﬁ — 2¢78.
i=1 i=1

In view of (3.49), collecting terms, it follows that

3 1 2 e
§(c1+2¢c2) + caZU >2\/§ —e€ 6/4)ZE51-21{|5,-|>8}

for any € > 0. This proves (3.44), with C <43.

(3.52)

(3.53)



