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(Y ′(t), Y (t))
D
= (Z′(t), Z(t)).
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x ≤ y ≤ X ′
λ(t) ⇒ Lλ(y, t)− Lλ(x, t) ≤ L0(y, t)− L0(x, t).

y ≥ x > Xλ(t) ⇒ L0(y, t)− L0(x, t) ≤ Lλ(y, t)− Lλ(x, t).



Theorem:

lim
ε↓0

lim sup
t→∞

P
{
0 ≤ Z(t) ≤ εt2/3

}
= 0.

Proof:

P
{
0 ≤ Z(t) ≤ εt2/3

}

≤ P
{
supz>εt2/3 (N(z) + At(z)) < supz∈[0,εt2/3] (N(z) + At(z))

}

≤ P
{
supz>εt2/3 {N(z)− (At(0)−At(z))} < Lt1/3

}

+ P
{
supz∈[0,εt2/3] {N(z)− (At(0)−At(z))} > Lt1/3

}
.



Choose λ = 1− rt−1/3 and define

Ñλ(z) = Lλ(t, t)− Lλ(t− z, t).

P



 sup
z∈[0,εt2/3]

{N(z)− (At(0)−At(z))} ≥ Lt1/3






= P



 sup
z∈[0,εt2/3]

{N(z)− (L0(t, t)− L0(t− z, t))} ≥ Lt1/3






≤ P



 sup
z∈[0,εt2/3]

{
N(z)− Ñλ(z)

}
≥ Lt1/3




 + P
{
X ′

λ(t) < t
}

.



Second term:

P
{
X ′

λ(t) < t
}

= P
{
X ′(t/λ) < λt

}

= P
{
Z′(t/λ) > t(1/λ− λ)

}

≤ P {Z(t/λ) > t(1/λ− λ)}
= P

{
Z

(
t/

(
1− rt−1/3

))
> rt2/3

(
2− rt−1/3

)
/
(
1− rt−1/3

)}

≤ P
{
Z (t̃) > rt̃ 2/3

}
! r−3.

First term:

P
{
∃0≤z≤ε : t−1/3

{
N(zt2/3)− Ñλ(zt2/3)

}
≥ L

}
.

This process converges to

Wr(z)
def
= W (2z) + rz, z ≥ 0.



We now get, for r < L/ε,

P



 sup
z∈[0,ε]

Wr(z) ≥ L




 ≤ P



 sup
z∈[0,2ε]

W (z) ≥ L− εr






= P



 sup
z∈[0,1]

W (2εz)/
√

2ε ≥ (L− εr)/
√

2ε






= P



 sup
z∈[0,1]

W (z) ≥ (L− εr)/
√

2ε






=

√
2

π

∫ ∞

(L−εr)/
√

2ε
e−

1
2u2

du.

Taking r = L/(2ε) we get:

√
2

π

∫ ∞

(L−εr)/
√

2ε
e−

1
2u2

du = 2
∫ ∞

L/
√

8ε

e−
1
2u2

√
2π

du ∼
2
√

8ε e−L2/(16ε)

L
√

2π
, ε ↓ 0.


