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Abstract: Berk and Jones (1979) introduced a goodness of fit test statis-
tic R, which is the supremum of pointwise likelihood ratio tests for testing
Ho : F(x) = Fo(x) versus H; : F(z) # Fo(z). They showed that their sta-
tistic does not always converge almost surely to a constant under alternatives
F, and, in fact that there exists an alternative distribution function F' such
Ry, —q sup;~oN(t)/t where N is a standard Poisson process on [0,00). We
call the particular distribution function F' which leads to this limiting Pois-
son behavior the Poisson boundary distribution function for R,. We investi-
gate Poisson boundaries for weighted Kolmogorov statistics Dy, (1)) for various
weight functions 1 and comment briefly on the history of results concerning
Bahadur efficiency of these statistics. One result of note is that the logarith-
mically weighted Kolmogorov statistic of Groeneboom and Shorack (1981) has
the same Poisson boundary as the statistic of Berk and Jones (1979).
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1. Introduction

Suppose that X1,..., X, areii.d. F on R and we want to test the null hypothesis

H: F(x) = Fy(z) forall z € R
where Fj is continuous, versus the alternative hypothesis

K : F(x) # Fy(z) for some z € R.

As usual, we can reduce to the case when Fjy is the Uniform(0,1) distribution on

[0,1]; i.e. Fo(z) =z for 0 < < 1.

Berk and Joned (1979) introduced the test statistic R,,, which is defined as

R, = sup K(Fn(x),Fo(x)),

—oo<r<oo

where

1—
K(x,y):xlogg+(1—a:)1og1 x’

and F,, is the empirical distribution functions of the X;’s, given by

n

1
Fo(z) = n Z Lix;<a)-
i=1

1

(1.1)

(1.2)
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2 L. Jager and J. A. Wellner

Define
K(z,y), O<y<z<l,
K+(x,y): 0, Oﬁxﬁyﬁl, ) (14)
0, otherwise
and
K(z,y), 0<z<y<l,
K™ (z,y) =14 0, 0<y<az<l,

o0, otherwise.
Berk and Jones also studied the one-sided statistics R,} and R;, defined by

Rf =sup K*(Fy(z),z), R, =sup K~ (Fu(z),z).

Berk and Jones (|J_9_Z£2|) discussed the optimality properties of the statistics R,
and R,. They showed, in particular, that they have greater Bahadur efficiency than
the corresponding Kolmogorov statistics. Berk and Joned (1979) also extended this
comparison to weighted Kolmogorov statistics via the results of Abrahamsorl (1967).
In view of the results of Groeneboom and Shorack (1981), these comparisons are
trivial for any weight funtion ¢ of the form v (z) = [#(1 — x)]~" for any positive b
since Groeneboom and Shorack show that the limiting efficacy of the weighted Kol-
mogorov statistics with power function weighting is in fact zero for any alternative
for which the efficacy makes sense. Moreover, as we show here the efficacies of the
weighted Kolmogorov statistics are not well-defined (and the Bahadur efficiency
comparison is not meaningful) for fixed alternatives at or beyond certain “Poisson
boundaries” which we describe below. Thus it seems to us that the assertion by
(1995), at the end of his section 1, that the statistics of Berk and Jones (1979)
have “increased efficiency over any weighted Kolmogorov—Smirnov method at any
alternative distribution” is an over-interpretation of the results of Berk and Jones
(1979).

ellner and Koltchinskii (]MI present a proof of the limiting null distribution
of the Berk-Jones statistic, and ) computes exact quantiles under the
null distribution for finite n; see also [Owen (M) Using these quantiles, Owen
constructed confidence bands for F' by inverting the Berk and Jones test, and
then calculates the power associated with the Berk-Jones test statistic for fixed

alternatives of the form F(z) = Fy(x)®. See LJager and Wellner (2004) for some

corrections of the results of

One of the interesting results for the statistic R, proved in Berk and Jones
(@) is the following limit behavior under a rather extreme alternative distribu-
tion.

Theorem 1 (Berk and Jones (1979)). Suppose that X1,...,X, are i.i.d. with
distribution function F given by

1
F = 0 1. 1.5
() T+ log(i/2)’ <z< (1.5)
Then
N(t) a1
Rf— sup —= = —,
d O<t<poo t U
(t) a 1
R,— sup — = —
d 0<t<poo t U

imsart-lnms ver. 2004/04/21 file: 1nms4527.tex date: April 29, 2004



On the “Poisson boundaries” of the family of weighted Kolmogorov statistics 3

where N is a standard Poisson process on [0,00) and U is a Uniform|0,1] random
variable.

Because of the Poisson nature of the limiting distribution in Theorem 1, we call
the corresponding alternative distribution function F' a “Poisson boundary” for the

test statistic R,. The fact that sup,.,N(t)/t <9 /U follows from results of
), page 571, and elementary manipulations, or, alternatively from the classical
result of M) that

P(sup Gn(t)/th) =1/x for x>1
0<t<1

where G,, is the empirical distribution function of n ii.d. Uniform(0,1) random

variables (see e.g. Shgragk and Well eﬂ (1986), page 404) together with the Poisson
convergence results of [Wellner
For alternatives F' that are “less extreme than the F' given in Theorem 1,

Berk and Jones (1979) give sufficient conditions under which following more usual
or “expected” behavior holds:

R} — sup KT (F(z),z), and R, — supK(F(z),z).
a.s. T a.s. T

Some questions related to this type of result are discussed further in Section 4.
Our main purpose here is to note that the phenomena of a Poisson boundary

is not unique to the Berk—Jones statistic R,,, but that in fact this type of behavior

holds for a general class of “weighted” type statistics. Indeed we will show that the

Poisson boundary for the weighted Kolmogorov statistics is a much less extreme

alternative than the Poisson boundary distribution function F' (given in (I.5))) found

by Berk and Jones (1979) for their statistic.

2. “Poisson boundaries” for weighted Kolmogorov statistics

Consider the family of weighted Kolmogorov—Smirnov statistics given by

|Fn(2) — |
D,b)= sup ————— 2.6
®)= s G- (26)
where F,, is the empirical distribution function of the X;’s and 0 < b < 1. The
asymptotic behavior of D, (b) under the null hypothesis H is well-known: for 0 <
b<1/2

U
n'ZDu(b) 7 sup, 7@5('1 ¢ )t'»b

where U is a standard Brownian bridge process, while for 1/2 < b <1

N(t) — ¢ N(t) — ¢
nlfbDn(b) — max sup w7 sup w
d 0<t<oco t 0<t<oco t

where N and N are independent standard Poisson processes. The case 0 < b < 1/2

follows from |Chibisov (1964) and Q’Reilly (1974); see e.g. |Shorack and Wellner
), pages 461466, or|Csorgd and Horvath (1993), Theorem 3.2, page 217. The
case 1/2 < b < 1 follows from [Mason 1983); see also [Csorgd and Horvéth (1993),

(i)

Theorem 1.2, page 265. When b = 1/2 the limit behavior is due to 1
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4 L. Jager and J. A. Wellner

and |[Eicker (1979)), which in turn rely on the classical results of |[Darling and Erdos
(1956):

bnnl/QDn(b) —cn = E;l

where b,, = (2loglogn)'/?, ¢, = 2loglogn + (1/2)logloglogn — (1/2) log(4~), and
P(E} < z) = exp(—4e~%); see e.g. Shorack and Wellner (1986), page 600.

Our goal here is to prove the following theorems concerning particular fixed
alternative hypotheses.

Theorem 2. Suppose that X1, Xa,..., X, are i.i.d. F where F(z) = 2® for 0 <
x < 1. Then

Dy (b) — sup NE) 4

— 2.7
d o<t<oo T U 27)

where U ~ Uniform(0,1).

Theorem 2 does not cover the interesting special case b = 1. For b = 1 we have
the following (more special) result.

Theorem 2A. Suppose that ¢ > 1 and that X1, Xs,..., X, are i.i.d. F' where

0, —oo < x <0,
F(z) =<} cu, 0<z<1/c,
1, 1/e <z < 0.

Then

Dn(1)7<c sup M—1)\/c 4 (c%—l)\/c =Y,

0<t<oo ¢
where U ~ Uniform(0,1) and

0 r < c,

17— c/(x+1), x>ec. (2.8)

P, <) = {

Theorems 2 and 2A do not cover the case of (very light) logarithmic weights
which are of interest because of their connection to the results of Groeneboom
and Shorack [1981. These authors showed that with ¢ = o where ¢q(z) =
—log(z(1 — x)), the ¥-weighted Kolmogorov statistics

Dn(v) = JSup [Fu(z) — F(2)l(x),  Di() = Oiggl(Fn(x) — F(x)p(z) (2.9)

have non-trivial large deviation behavior under the null hypothesis and hence have
non-trivial Bahadur slopes as long as

Dp(Y) —as. d@, F), DI(‘/’) —a.s. d""(d),F) (2.10)

respectively under the alternative hypothesis F. Thus it is of interest to determine
under what conditions (for what F’s) (2:10) holds. A step in this direction is to find
the Poisson boundary for D, (¢2). As it turns out, D, (¢2) has the same Poisson
boundary distribution function as the Berk-Jones statistic R,,.
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On the “Poisson boundaries” of the family of weighted Kolmogorov statistics 5

Theorem 2B. Let F be the distribution function given by (LR). If X1,..., X, are
i.i.d. F, then

N(t) a1

DF —  sup —=> = —,
n(¥2) d 0<t<poo t U
N(t) a1

D, — ==
W2) 7 5 T

where N is a standard Poisson process and U ~ Uniform(0,1).

An alternative test statistic, R,,, which we have called the reversed Berk-Jones

statistic in Jager and Wellner (2004), is defined by

R,= sup K(Fy(z),Fn(x)) (2.11)
X(1)§$<X(n)

where X1y and X, are the first and last order statistics, respectively.

The motivation behind this statistic comes from examination of the functions
K(Fy(z), F(z)) and K(F(z), Fo(x)), for an alternative distribution function F'.
When F' is stochastically smaller than Fj, we expect the Berk-Jones test to be
more powerful than the reversed Berk-Jones statistic, since sup,, K (F(x), Fy(x)) >
sup, K(Fyp(z), F(x)) in this case. However, in the case where F is stochastically
larger than Fy, we have sup, K(F(z), Fo(x)) < sup, K(Fp(z), F(x)), and so we
expect the reversed statistic to be more powerful.

We do not yet know if R, has a “Poisson boundary”. The question is: does there
exist an alternative distribution function F' such that when sampling from F' we
have

R, — g(N)

d
for some functional g of a (standard?) Poisson process N?

Before giving the proofs we state two results that will be used repeatedly in
the proofs: the weighted Glivenko-Cantelli theorem of [Lai (1974) (see also @h
(|.'L9_7la]) and|Shorack and Wellner (1986), page 410), and bounds for the sup of ratios

iven by Wellner (1978) and Berk and Jones (1979) (see also [Shorack and Wellner
ﬁ@), Inequality 10.3.2, pages 415 and 416) that will be used several times in the
proofs. Let Gy, (t) = n=t 31| 1j0.4y(&) where &1, ..., &y, ... are i.i.d. Uniform(0,1)
random variables, and let I be the identity function on [0, 1].

Theorem W-GC (Lai (1974); Wellner (19774)). Suppose that v is positive
n (0,1), decreasing on (0,1/2], and symmetric about 1/2. Then

1
limsup |[(G,, — Y| = { 20 @5 according as / 1/)(t)dt{ f >
0 =

oo a.s. 00.

Theorem (Ratio bounds). (Wellnen (1978), Berk and Joned (1979)). For all

z>1and0<e<1

P < sup G"T(t) > x) < { exp(—neh(z)) (2.12)

e<t<1 exp(—nK*(ex,€))

and

t
P <6iltlgl Gn(f) 2 exp(—nK*(l _ €/$, 1— 6)) (213)

where h(z) = x(logx — 1) + 1 and where K is as defined in ([4).

x) < { exp(—neh(1/x))
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6 L. Jager and J. A. Wellner

Now we provide proofs for Theorems 2, 2A, and 2B.
Proof of Theorem 2. Let 0 < o < 1. We write

F,(z) —z
Dn(b) B oil;gl |($(i—)33))b|
o E@)—o o Fu@ —al
T reone @I =) Vo @1 — )
L w [Fulz) — 2 e IF.u(z) — 2]
T rene F(@)(1- F(z iy V (oo F(z)(1— F(z)1 /o)

= (1) \/ D(2) (b).

Now
DB~ sup
F(z)<n—oE (;
|[Fn(2) — | Fy ()
= sup — sup
F(z)<n—« F( )( ( )1/b)b z:F(z)<n— F( )
F.(x) —x x —F,(x)
= sup Sup
w:F(z)<n—o F(@)(1 — F(z) 1/"”\/ (@)<n—o F(@)(1 = F(z)!/0)
Fy (2)
— sup
z:F(x)<n—« F( )
< sup — sup
F(z)<n—« F( )( F(m)l/b)b z:F(z)<n—« F( )
+ su x
#yen—e F@)(1 = F(z) /7P
Fy (2) Fy (2)
< sup Sup
wr(men-o F@)(1—=F@)Y")  Lp@en-o F(@)
x
2 -
* T wiljzlzo‘/b mb(l - m)b
< sup + o(1
oo [ F@(1 - F@ 7P~ ) |
Fn(z) < 1 ) ‘
<  sup 1)|+o(1)
z:F(z)<n—« F(x) (1 _x)b
Fp(2) < 1 ) ‘
< sup sup 1) +o0(1)
z:F(rx)<n—« F(x) z:F(x)<n—« (1_ )b

< 0,(1)o(1) + o(1) = 0, (1),
On the other hand,

Fn(z) 1)
up - D)
z:F(z)<n—« F( )
Ly B@® L @)oo
F(z)<n—« F( ) z:F(z)<n—« F( )(1 _F(x)l/b)b
x
< sup

P —ap W

z:F(z)<n—a L
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On the “Poisson boundaries” of the family of weighted Kolmogorov statistics 7

since
sup |Fn(z) — |
z:F(z)<n—« F(!E)(l - F(x)l/b)b
< sup F.(z) —x
N z:F(x)<n—« F(!E)(l - F(x)l/b)b
< ; F,.(x) x
= up - sup NYZEERYS
z:F(z)<n—« F(QZ (1 - F(m)l/b)b z:F(z)<n—< xb(l - x)b
> sup —o(1).
z:F(x)<n—« F(x)
Concerning D (b) we have
Fr(z) — |
DA (p) = su |
" ( ) w:F(w)an_o‘ F(x)(]' _F(ir)l/b)b
[Fn(x) — F()|
< su
N w:F(w)gn*"‘ F(ZIZ)(l - F(x)l/b)b
b oy @ -s
z:F(z)>n— F(Q})(l - F(m)l/b)b
Fp(z)— F
¢ ap  R@-F@L
zn~*<F(z)<1/2 F(x)(]- - F(!E) / )
Fn () — F(=)|
+ sup +1
z:1/2<F(z)<1 F(z)(1 - F($)1/b)b
1 [Fn () — F(=)|
< —_— su —_—Y
= A= 2 anocrnere  F@)
Fp(z) — F
vr oy @ -F@L

z:1/2<F(z)<1 (1- F(l’)l/b)b
= o(l)4+o0(1)+1

almost surely by Lemma 4.3 of |Berk and Joned (1979) for the first term, and by
the weighted Glivenko—Cantelli Theorem W-GC for the second term since

1 1
1 —bp b—1
/0 mdx:/o(l—u) bu’~" du = bI'(1 — b)I'(b) < o0
for b € (0,1). Hence it follows that limsup,, D (b) <1 almost surely. Putting

all this together with the fact that

Fo(x) N(t) 4
— sup —==1/U
z:F(x)<n— F(Qj) d 0<t<pOO /

finishes the proof of Theorem 2. O

Proof of Theorem 2A. Since F,, 4 G, (F) where G, is the empirical distribution
function of i.i.d. Uniform(0, 1) random variables &1, ..., &,, we can write
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8 L. Jager and J. A. Wellner

Du(1) 2 Ogggl—m"iﬁ(gi)g .
oy G —al 1l
B 0<w§pl/c z(1l —z) 1/§<5<1$(1_95)
o G~y
T ocien (L‘/C)(l —t/(cn)) v
t)—t/c|
7 0<t<oo 75/0 \/
N(t
= (e ) Vv

1N

<c5—1) \ c=Y.

since ¢ > 1 and since the process {nG,(t/n) : 0 <t < n} converges weakly to
the standard Poisson process N in a topology that makes the weighted supremum
functional in the last display continuous; see e.g. [Wellnen (1977b), Theorem 7,
page 1007. Computation of the distribution of Y, is straightforward. (Note that
this distribution has a jump at ¢ of height 1/(1 + ¢).) O

Proof of Theorem 2B. Let 0 < a < 1. We write

Du(f2) = sup | () — 2[tha(2)
= sup ‘Fn(x) — x|w2(x) \/ sup |Fn(x) — x|w2(x)
z:F(z)<n—« z:F(z)>n—
= sup ‘Fn(x) — x|w2(x) \/ sup |Fn(x) — x|w2(x)
z:F(x)<n—« z:F(z)>n—o
= DY)\ DD ().

We first deal with D (12). Note that

D) (1)5)

sup  |Fn(z) — 2|2 (z)
z:F(z)>n—

sup  [F(2) — F(2)|¢2(2)
z:F(x)>n—

+ sup ‘F(x) — x|w2(x)
z:F(z)>n—«
s E =T )

zn—o<F(z)<1/2
F, F(z
sy E@-F@I
F

IN

IN

@:1/2<F(2)<1 W F(2))*/*1a(z) + 1

1
wp  [Fale) -~ F@)
(

IN

zn—a<F(z)<1/2 F(x)
|Fn(z) — F(z)]

)
Faprn T

+ sup
z:1/2<F(z)<1

= o(l)+o(1)+1

1
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On the “Poisson boundaries” of the family of weighted Kolmogorov statistics 9

almost surely by Lemma 4.3 of Berk and Jones (1979) or|Wellner (1978) for the first
term, and Theorem W-GC for the second term. Here we also used 1o (x)F(z) <1
for 0 <z <1/2, and (1 — F(x))3/%4y(2) <1 for 1/2 <z < 1.

To handle D,(Zl)(@bg)7 note that

DM _
)= s )
| NE ) Fu(e)
B I:F(ZI;EH_Q F(IE) F(m)wz(x) z:F(i})lEn—a F(IE)
_ Fulz) — @ z —Fn(x)
_z:F(Szl)IEn_" ) F(x)%(x)\/w:F(swt)lEn_a ) F(2)s(z)
Ly B
z:F(z)<n—« F(ZII)
: m:F(ZI;E"_Q F(!E) F(x)w2($) - I:F(brl;<pn—a F(!E) " I:F(brl;<pn—a 3:1/)2(37)
< w:F(il)lEn—ﬂ o) F(z)a(x) — w:F(il)lgn_a F ) + o(1)
R T (Pl =1)|+o()
< sup Fn($) sup F($)1/)2($) — 1‘ + 0(1)
B v F(z)<n—« F(IE) z:F(z)<n—

< 0,(1)o(1) +o(1) = 0, (1),
On the other hand,

Fy
sup ()

— D (s
T F(x)<n—« F(Qj) ( )

Fn(z) _ sup Fn(z) — 2
z:F(z)<n—« F(ﬂ}) z:F(z)<n—< F(x)

F(x)is(x)

since

sup _
z:F(z)<n—< F(ﬂ})

> sup F(z)Ya(z) —  sup  ays(z)
z:F(z)<n—« F(!E) z:F(z)<n—«

n(@) g 0 -0

=

Combining these pieces as in the proof of Theorem 2 completes the proof for D,,(¢2).
The proof for D (1)) is similar (and easier). O
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10 L. Jager and J. A. Wellner

3. A consistency result

Theorems 2, 2A, 2B suggest that we might expect classical behavior for the weighted
Kolmogorov statistics under fixed alternatives F' sufficiently “inside” their respec-
tive Poisson boundaries. Here are two of the expected consistency results. They are,
in fact, corollaries the weighted Glivenko—Cantelli Theorem W-GC in Section 2, or
of general Glivenko—Cantelli theory (see e.g. [Dudley (1999) or Vaart and Wellner
1996).

Theorem 3. Suppose that X1, Xs,... are i.i.d. F on [0,1] and 0 < b < 1.

(1) If E[(X(1 — X))7%] < oo, then

|Fn(2) — x| |F(z) -«

D,(b)= sup ————— —45 Sup ———— =d(b, F) <
D= 22 Gi—ap " 2R G —ay - )

(ii) If E[(X(1 — X))7%] = oo, then limsup,,_,, D (b) = +00 a.s.

Theorem 3B. Suppose that X1,Xa,... are ii.d. F on [0,1] and a(x) =

—log(z(1 — z)).
(i) If E[t2(X)] < oo, then

Dn(y) = sup [Fn(x) — 2|2(x) —as. sup |F(z) — z|th2(z) = d(th, F) < o0
O<x<1 O<x<1

(ii) If E[2(X)] = oo then limsup,,_, ., Dy (¢2) = +00 almost surely.
Proof of Theorem 3. Note that

Du) b P < s SR

Gn(F()) — F(z)]
(

N 02221 (1—xz))
= sup |Gn(u) — u|
ocuct (F1(u)(1— F~1(u)))P
. 0
if
! 1
/0 (F~1(u)(1 — F~1(u)))? du < 00 (3.14)

by Theorem W-GC, or by part A, of Wellner (1977a) and remark 1 on page 475. But

(B.14)) holds if and only if the stated hypothesis holds by the fact that F~1(U) 4

X ~ F for U ~U(0,1). O
Remark 1. Note that for the “Poisson boundary” distribution function F(z) = x®

for D, (b)

E[(X(l—X))‘b]:/O ((b1—x dx—b/ T2 - dx = 0o

so the hypothesis of Theorem 3 part (i) (just) fails. On the other hand, if F/(x) = z°
with b < ¢ < 1, then

cxé! 1

so the hypothesis of Theorem 3(i) holds and D,,(b) —,.s. d(b, F).
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On the “Poisson boundaries” of the family of weighted Kolmogorov statistics 11

Remark 2. Note that for the “Poisson boundary” distribution function F(z) =
(1 +1log(1/z))~! for the statistic D, (1),

1 1 1
BrfpalX) = [ 1og <x<1 = az)) 21 T log(1/a)) 0 =

so the hypothesis of Theorem 3B part (i) (just) fails.

4. Further problems

Here is a partial list of open problems in connection with the statistics discussed
here and in|Jager and Wellner (2004).

Question 1. What are the theorems corresponding to Theorem 3 in the case of
R, and R,? In other words, for exactly which alternative distribution functions F'
does it hold that

Rn —a.s. SUPK(F(CU)a FO(:E)) = T(Fa FO)? (415)

For exactly which alternative distribution functions F' does it hold that

R, —a.s. sup K (Fy(z), F(z)) = 7#(F, Fy) ? (4.16)

Question 2. For alternative distribution functions F' such that (Z15]) holds, can
we obtain useful approximations to the power of R,, via limit theorems for

Vn(R, —r(F, Fy))
along the lines of Raghavachari (1973)? Similarly for F’s for which (&I6) holds

for R,?

Question 3. [Donoho and Jin (2004)) consider testing Hy : F = N(0,1) = ® versus
Hy: F=(1-¢)N(0,1)+eN(u,1) where ¢, = n~% and pu = p, = /2rlogn for
B >1/2 and r > 0. They show that a natural “detection boundary” is given by

comy | B=1/2, 1/2<p3<3/4
T(ﬂ)_{(l—\/l—ﬁ)z, 3/4<pB<1.

How do the statistics R,,, Ry, and K, (1/2) compare along the “detection boundary”
of Donoho and Jinl (2004) Note that [Donoho and Jinl (2004) find that D, (1/2) and
R,, have quite comparable power behavior for their testing problem, but they show
that D,,(1/2) has better power in the region r > r*(3) and 3/4 < 8 < 1.

Question 4. What is the limiting null distribution of R,,?
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