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SUPPLEMENT TO “APPROXIMATION AND
ESTIMATION OF S-CONCAVE DENSITIES VIA RENYI
DIVERGENCES”

By QivyaANG HAN AND JON A. WELLNER"

University of Washington

In this supplement, we present omitted proofs of Lemmas 2.1,2.3, Corol-
laries 2.7, 2.8, 2.10, Theorem 2.12, Corollary 2.13, Theorems 2.14, 2.16 in
Appendix A, Lemmas 3.1-3.3, Theorem 3.4, Lemma 3.5, Theorems 3.7, 3.8
in Appendix B, and Theorem 4.4, Lemma 4.6 in Appendix C. Appendix D
is devoted to the proof of Theorem 6.1 due to its length. Some supporting
lemmas and auxiliary results from convex analysis are collected Appendix
E.

APPENDIX A: SUPPLEMENTARY PROOFS FOR SECTION 2

PrOOF OF LEMMA 2.1. Let Q € Q;. Then by letting g(z) := ||z| + 1,
we have

LQ) < L6.Q) = [+ lal) Q-+ o [ s < .

by noting @Q € Qj, and —§ = —1 — 1/s > d. Now assume L(Q) < oo. If
Q ¢ 91, ie. [|lz]| dQ = oo, then since for each g € G, we can find some
a,b > 0 such that g(x) > a|z| — b, we have

1
19.Q) = [94Q+ o [ do> [(alal b a@ = o
a contradiction. This implies Q) € Q. O

PROOF OF LEMMA 2.3. Let g, h be two minimizers for Pg. Since ¢4(x) =
ﬁxﬁ is strictly convex on [0,00), L(t-g+ (1 —t) - h, Q) is strictly convex in
t € [0,1] unless g = h a.e. with respect to the canonical Lebesgue measure.
We claim if two closed functions g, h agree a.e. with respect to the canonical
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2 HAN AND WELLNER

Lebesgue measure, then it must agree everywhere, thus closing the argu-
ment. It is easy to see int(domg) = int(domh). Since int(dom(g)) # 0, we
have ri(domg) = int(domg) = int(domh) = ri(domh). Also note that a con-
vex function is continuous in the interior of its domain, and hence almost
everywhere equality implies everywhere equality within the interior of the
domain, i.e. g‘int(domg) = h‘int(domh)' Now by Corollary 7.3.4 in Rockafellar

(1997), and the closedness of g, h, we find that g = clg = clh = h. O

PROOF OF COROLLARY 2.7. It is known by Varadarajan’s theorem (cf.
Dudley (2002) Theorem 11.4.1), Q,, converges weakly to @) with probabil-
ity 1. Further by the strong law of large numbers (SLLN), we know that
[llz]l dQp —as. [|lz[|dQ. This verifies all conditions required in Theorem
2.5. O

PROOF OF COROLLARY 2.8. The conclusion follows from Corollary 2.7
if =1/(d+1) < s < 0, so suppose —1/d < s < —1/(d + 1). Since f €
Py, we may write f = ¢*/* where ¢ is convex. If f is unbounded, then
g(xg) = 0 for some zy € R. By Lemma E.9 with ' = —1/¢/, it follows
that [ f = oo, contradicting the fact that f is a density. Thus f must
necessarily be bounded. To see that f has a finite mean, note that by Lemma
3.5 f(x) = (b+ allz]))"/* where a,b > 0 and ' = —1/s' > d + 1. Thus
Jga 2l f(z)de < [pa |2||(b+al|z||) " dz < co. Now note that (2.8) holds by
the existence of the Rényi divergence estimator for the empirical measure
(cf. Theorem 4.1 in Koenker and Mizera (2010)) and the same argument
in the proof of Theorem 2.5. Also note that by the proof of Theorem 3.7,
(2.8) would be enough to ensure (2.10). Since f is continuous on the interior
of the domain, we see that (2 10) implies weak convergence: let Qn be the
measures corresponding to fn Then Qn — ) weakly as n — oo. Now the
rest follows immediately from Theorems 3.6 and 3.8. O

PROOF OF COROLLARY 2.10. Let g = ¢g(+|@). Then by Theorem 2.2 and
Lemma E.4, we find that there exists some a,b > 0 such that g(z) > al|z||+b.
Now take v € 9h(0), i.e. h(z) > h(0) + v holds for all x € R%. Hence for
t > 0, we have

9(x) + th(z) = allz|| + b+ t(h(0) +v"x) = (a — tl|v])|l]| + (b+th(0)),

which implies that g +th € G for ¢ > 0 small enough. Now the conclusion
follows from the Theorem 2.9. O

PROOF OF THEOREM 2.12. We first note that if F' is a distribution func-
tion for a probability measure supported on [X (1), X ()], and h : [X (1), X(ny] —
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SUPPLEMENT: S-CONCAVE ESTIMATION 3

R an absolutely continuous function, then integration by parts (Fubini’s the-
orem) yields

(A1) /h dF = h(Xn) — /XW K (z)F(z) da.

X

First we assume g, = g,. For fixed t € [X(1), X(»)], let h1 be a convex
function whose derivative is given by h}(z) = —1(x < t). Now by Theorem
2.9 we find that [ hy dFy, = [ hy dF, < [ hy dF,,. Plugging in (A.1) we find
that f)t((l) Fu(x) do < f)t(m F,(z) dz. For t € S,(gn), let hy be the function

with derivative h)(z) = 1(z < t). It is easy to see g, + the is convex for
t > 0 small enough, whence Theorem 2.9 is valid, thus giving the reverse
direction of inequality. This shows the necessity.

For sufficiency, assume g, satisfies (2.13). In view of the proof of Theorem
2.9, we only have to show (2.12) holds for all functions h : R — R which
are linear on [X(;), X(j41)](i = 1,...,n — 1) and g, + th convex for t > 0
small enough. Since g, is a linear function between two consecutive knots, h
must be convex between consecutive knots. This implies that the derivative
of such an h can be written as h/(x) = Z?:z Bil(x < X(;)), with Ba, ..., By
satisfying 8; < 0 if X(;) ¢ Sn(gn). Now again by (A.1) we have

X&) .

/han—h Zﬁ]/ E,(z) dz

X

-5

Xy

X0

F,(z) dm:/h dF,,,

as desired. O

PROOF OF COROLLARY 2.13. This follows directly from the Theorem
2.12 by noting for x1 < xg < x2 we have

1 1
/ Fo.(z) dz < / F,(z) dz,
xo Zo

T2 — o T2 — Xo

1 1 [
/ F,(z) dz > / Fp(z) dz.
1 xr1

To — 21 To — 21

and

Now let z1 ~ T and xo N\, o we find that Fn(aco) < Fn(zp) by right
continuity and F},(zg) > Fp(zo—) = F(20) — +. 0

n
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4 HAN AND WELLNER

PROOF OF THEOREM 2.14. The proof closely follows the proof of Theo-
rem 2.7 of Diimbgen, Samworth and Schuhmacher (2011). For the reader’s
convenience we give a full proof here. Let P denote the probability distri-
bution corresponding to F'. We first show necessity by assuming g = ¢(-|Q).
By Corollary 2.10 applied to h(xz) = +z, we find by Fubini’s theorem that

Oz/Rxd(QP)(x):/R(FG)(t)dt

which proves (1). Now we turn to (2). Since the map s — (s —x)4 is convex,
again by Corollary 2.10, we find

T

0< [(s-and@-P)s) =~ [ (F-0)0)
R —00
where in the last equality we used the proved fact that [p(F — G)dX = 0.
Now we assume = € S (g9), and discuss two different cases to conclude. If
x € d(dom(g)), then let h(s) = —(s — x)4, it is easy to see g + th € G for
t > 0 small enough. Then by Theorem 2.9, we have

xT

0< /h(s)d(Q — P)(s) = / (F - G)(t) dt.

—00

If z € int(dom(g)), then ¢'(x — ) < ¢'(xz + ) for small § > 0 by definition,
and hence we define

g8 »
g/(x + 5) _ g/(x — 5) {u€lz—98,z+4]} {u>z+0}>

Hi(u) =

whose integral Hj(s) := [*_ Hj(u) du serves as an approximation of —(s —
x)+ as d \( 0. Note that

H = t R '(z—6)) d o
() = 96)~ oy Ry Loy, OO0 dutls—e49)

implying g + tHs € G for t > 0 small enough (which may depend on §).
Then by Theorem 2.9,
0< [ HQ-P)s) =+~ [s-0d@-P)o) = [ (F-G)0) at

—0o0

as § \( 0, where the convergence follows easily from dominated convergence
theorem. This proves (2). Now we show sufficiency by assuming (1)-(2).
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SUPPLEMENT: S-CONCAVE ESTIMATION 5

Consider a Lipschitz continuous function A(-) with Lipschitz constant L.
Then

/Ad(Q—P):/A’(F—G) d)\:—/(L—A’)(F—G) d)

_ /R ( /_ LL 1 {S>A,(t)}ds> (F - G)(t)dt

L
/ (F — G)(t) dtds,
A(A)s)

L

where the second line follows from (1), and A(A’,s) := {t € R : A'(t) <
s}. Now replace the generic Lipschitz function A with g9 as defined in
Lemma E.2 with Lipschitz constant L = 1/e. Note in this case A((g(G))’, s) =
(—o0,a(g,€)), where a(g,s) = min{t € R : ¢'(t+) > s} and hence a(g,s) €

S(g)- This implies that [, (6)s) (F —G)(s)ds = 0 for all s € (—L, L) by

(2), yielding that [ g9 d(Q — P) = 0. Similarly we have fg(()e) d(Q@—P)>0
where gy = ¢(-|Q). Now let € ~\, 0, by monotone convergence theorem we
find that [ ¢ dQ = [ g dP and that [ go dQ > [ go dP. This yields

L(g0, Q) = L(go, P) = L(g, P) = L(g,Q),

where the second inequality follows from the Fisher consistency of functional
L(-,-) and the fact that P is the distribution corresponding to g. O

Before we prove Theorem 2.16, we will need an elementary lemma.

LEMMA A.1l. Fiz a sequence 0 < o, < 1 with ap, /1. Let f,, be an
(o, — 1)-concave density on R. Let gq, := g;;—l be the underlying convex
function. Suppose {ga, }’s are linear on [a,b] with lim, oo fo, (a) = 74 €
[0, 00] and limy, o0 fa, (b) =7 € [0,00]. Then for all x € [a,b],

(A.2) fa, () = exp <W(m —a) +log fya>

where exp(—o0) := 0 and exp(co) 1= 0.

PROOF OF LEMMA A.1. First assume 7, # v, and 74,7 € (0,00). For
notational convenience we drop explicit dependence on n and the limit is
taken as o ' 1. Let v40 = fala) = g (@)@ and Yoo = fa(b) =
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6 HAN AND WELLNER
ga (b)) For any z € [a, b],

(A.3)
Toal et
b—a

. IRT 1 a—1
il_}mllogfa(x) _il—qlla—llOg< (x_a)+7a,a >

- _ -1 a—1
1 ol ye-l Yoo ~ Voo _
— ] 1 b a _ L0 ) a—1
asla—1 8 < b—a Y e T et Pl
1 _ (x—a) 1
=1 1 1 o=l _ yo-l : : 1).
08 Ya + lm -1 og ((7{; Ya ) (b _ (Z) fygé’al Ta + >

Since ’yg;l — 1, we claim that it suffices to show that

a—1 a—1
’Yb@ - ’Ya,a

(A.4) Ta ;—~1 as a— 1

a—1

T~
To see this, assume without loss of generality that ~y, > 7, and hence 75‘*1 —
72~ > 0. Suppose that (A.4) holds and let € > 0. Then the second term on
right hand side of (A.3) can be bounded from above by

lim
aMa—1

log <(7§“1 —7) ((Z: Z)) (1—e)+ 1>

_ a1y (—a
(log v - 75 —logva - 72 Y) ((ba))(l —€)

~ (g~ Tog ) — (1~

= lim
a1

where the second line follows from L’Hospital’s rule. Similarly we can derive

a lower bound: ( )
T —a
(log vy — log %)m(l + €).

Thus it remains to show that (A.4) holds. But we can rewrite r,, as

a—1
co —1

11

*Hea/)* T = (ca/e)* T + (cafe) T — 1
ol —1

= (cafe)* "+ (Cac/ac_)?_ll_ .

— 140 as aa—1

Ta =
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SUPPLEMENT: S-CONCAVE ESTIMATION 7

since log((ca/c)® 1) = (a—1)log(ca/c) — 0-log 1 = 0, and where the second
limit follows from an upper and lower bound argument using c,/c — 1.
where ¢ = Vp.a/Va,0 and ¢ = /7, # 1.

This shows that (A.4) holds, thereby proving the case for v, # v € (0, 00).
For the case 7, = 7, € (0,00), similarly we have

. 1 &t —
Clylglllogfa(x)—10g7a+iﬂa_1log< — (a:—a)+1>.

The second term is 0 by an argument much as above by observing c, =
Y.a/Ya,o = W/Ya = 1. Finally, if 74 A v, = 0, then by the first line of (A.3)
we see that log f, () — —o0; if 7, Vv, = 00, then again log f,(x) — co. O

PrROOF OF THEOREM 2.16. In the following, the notation sup,,, inf,, lim,,
is understood as taking corresponding operation over « close to 1 unless
otherwise specified. We first show almost everywhere convergence by invok-
ing Lemma E.7. To see this, for fixed s € (—=1/2,0), let g, := f¢ ! and
g((fo) := (fa)®°. Then for o > 1+ 50, the transformed function 9&50) is convex.

We need to check two conditions in order to apply Lemma E.7 as follows:
(C1) The set (X(1), X(n)) C {liminf, fo(z) > 0};

(C2) There is a uniform lower bound function g* € G such that 9&50) > g%
holds for « sufficiently close to 1.

The first assertion can be checked by using the characterization Theorem
2.12. Let F, be the distribution function of f,. Then f)t(m (Fp—TFy)(z) do <

0 with equality attained if and only if ¢ € Sy,(ga). For x € (X(1), X)) close
enough to X(,), we claim that liminf, f,(x) > 0. If not, we may assume
without loss of generality that lim, fo(2) = 0. We first note that there exists
some t € {1,---n — 1} and some subsequence {a(f)}gen with a(8) 71
for which (1) X(4) is a knot point for {g,(s}, and (2) X(,) is not a knot
point for any {g,(g)} for u >t + 1, i.e. gy(g)’s are linear on [X(4), X(,,)]. We
drop S for notational simplicity and assume without loss of generality that
both limits limg fo(X(n)),lima fo (X)) exist. Now Lemma A.1 shows that
min{lim, fo (X)), lima fa(X())} = 0 since we have assumed lim,, fo(2) =0
for some = € (X(;), X(,)). This in turn implies that lim, fo(z) = 0 for
all z € (X, X(n))- Now we consider the following two cases to derive a
contradiction with the fact

(A.5) / M (@) = / M e (@)da

X X
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8 HAN AND WELLNER

that follows from Theorem 2.12, thereby proving liminf, f,(z) > 0 for =
close enough to X(;).

[Case 1.] If lim, fo(X()) = 0, then the left hand side of (A.5) converges
to X(,) — X(;) while the right hand side is no larger than ”T_I(X(n) — X(t)).
[Case 2.]. If lim,, fo(X()) > 0, then we must necessarily have lim,, fo(z) =
0 for all 2 € [X (1), X(n)) by convexity of go: If limg, fo(20) > 0 for some g €
[X(1), X(»)]; then limgy ga(w0) V ga(X(n)) < oo while lim, go(z) = oo for all
x € (X(3), X(n)), which is absurd. Note that this also forces limg, fo (X)) =
00, otherwise the constraint [ f, = 1 will be invalid eventually. Now the left
hand side of (A.5) converges to 0 while the right hand side is bounded from
below by %(X(n) - X(t))

Similarly we can show liminf, fo(x) > 0 for z close to X(;). Now (C1)
follows by convexity of f,.

(C2) can be seen by first noting M := sup,||fallcc < oco. This can be
verified by Lemma 3.3 combined with the first assertion proved above. This
implies that the class {g&so)}a has a uniform lower bound M*°. Now (C2)
follows by noting that the domain of all g((fo) is conv(X). Therefore all
conditions needed for Lemma E.7 are valid, and hence we can extract a

subsequence {g((f,?)}neN such that

lim ggfr?)(x) = g00)(y), for all y € int(dom(gt*?));

n—00,L—Y
lim g&?)(m) > g(so)(y), for all y € RY,
n—00,T—Y

holds for some ¢(*0) € G. This implies fon —ace. f(50) as n — oo where
fls0) .= (9(50))1/80. Now repeat the above argument with another s; with a
further extracted subsequence {ov, 1)}, we see that fo, ) —ae. eV (k= o0)
for some s1-concave f(51) holds for the subsequence {an(k)}kEN' This implies
that f (s0) = f (s1), Since a convex function is continuous in the interior of
the domain, we can choose a version of upper semi-continuous f such that
f=f® ae. forall {1/2 <s < 0}NQ. This implies that f is s-concave for
any rational 1/2 < s < 0 and hence log-concave. Next we show weighted L;
convergence: For fixed k > 0, choose 0 > sg > —1/(k+1). Since there exists

a,b > 0 such that g&sf) > g0%0) > g||z|| — b holds for all n € N, we have an
integrable envelope function:

1/s0
(1 el o)V ) < (1 fel) (] —0) var)

Now an application of the dominated convergence theorem yields the desired
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SUPPLEMENT: S-CONCAVE ESTIMATION 9

weighted L1 convergence. Similar arguments show weighted convergence is
also valid in arbitrary L, norms (p > 1).

Finally we show that f = f; by virtue of Theorem 2.2 in Diimbgen and
Rufibach (2009) and Theorem 2.9. We note that by Lemma A.1, f must
be log-linear between consecutive data points. Now since f; and f are both
log-linear between consecutive data points of {Xi,...,X,}, we only have
to consider test functions h such that h is piecewise linear on consecutive
data points. Recall g, = f@! and g := —log f are the underlying convex
functions for f, and f. For any such h with the property that, g+th € G for
t small enough, we wish to argue that such A is also a valid test for f,(i.e.
Jgo +th € G for t > 0 small enough), for a sequence of {ax} converging
up to 1 as k& — co. Thus we only have to argue that for all X;) € S(g),
X(i) € S(ga) for a sequence of {ay} going up to 1 as k — oo. Assume the
contrary that Xy ¢ S(ga) for all a close enough to 1. Then {g,}’s are
all linear on a closed interval I = [a,b] containing X(; for a close to 1.
Since f, — f uniformly on I by Theorem 3.7, in particular f,(a) and f,(b)
converges, Lemma A.1 entails that f is log-linear over I, a contradiction to
the fact X(;) € S(g). Hence we can find a subsequence {ay} going up to 1
as k — oo such that for all X;y € S(g), X(;) € S(gay,), i-e. for all feasible
test function h of fi, being linear on consecutive data points, is also valid
for fo,. Now combining the fact that f,, converges in Ly metric to f and
Theorem 2.2 in Diimbgen and Rufibach (2009) we conclude f; = f. O

APPENDIX B: SUPPLEMENTARY PROOFS FOR SECTION 3

PROOF OF LEMMA 3.1. The proof closely follows the first part of the
proof of Proposition 2 Kim and Samworth (2015). Suppose dim (csupp(l/)) =
d, we show csupp(v) C C. To see this, we take o ¢ C, then there exists
9 > 0 such that B(zg,0) C C¢ and we claim that

(B.1) For all z* € B(xg,d) C C° 2" ¢ int(csupp(v)).

If (B.1) holds, then x¢ ¢ csupp(v) and hence csupp(v) C C. Now we turn
to show (B.1). Since z* ¢ C = {liminf,, fn(x) > 0}, we can find a
subsequence { fyx)}ren Of {fn}nen such that f,)(z*) < % holds for all
k € N. Hence 2* ¢ Ty := {z € R?: fr)(2x) > 1. Note that T'; is a closed
convex set, hence by Hyperplane Separation Theorem we can find b, € R?
with ||bg]| = 1 such that {z € R?: (b, z) < (b, ")} C (T'x)¢. Without loss
of generality we may assume by, — b+ as k — oo for some by« € R? with
|bz+|| = 1. Now for fixed R > 0 and n > 0, define

AR,n = {CC S Rd : <ba;*,x> < <b$*,flf*> -, Hﬂf” < R}
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10 HAN AND WELLNER

Choose ko € N large enough such that ||by — by+|| < 5% holds for all & >
ko(z*,n, R). Now for R > ||z*|| and « € Ag,, we have

{br, & — ") = (bor, @ = %) + (b = by, @ — 27) < —n+ *(HxH + ")) <
holds for all k > ko(z*,n, R). This implies for R > ||z*|| and n > 0,
ARJ] C {l" S Rd : <bk,$> < <bk,$*>} C (Fk)c = {x € R? . fn(k)(a:) < *}.

Now note Ag, is open, by Portmanteau Theorem we find that

A
V(ARry) < hm 1nf1/ (k) (ARry) = lim 1nf/ fn(k: x)dr < hm inf )\(kR’n) = 0.

k—o0 k—o0

This implies
v({z € R?: (bye,m) < (bye,2%)}) = V< U AR,I/R) = Rh_{fcl)o v(Ag1/r) =0,
R=1

where the second equality follows from the fact {Ap/r} is an increasing
family as R increases. By the assumption that dim (csupp(u)) =d, we find
x* ¢ int(csupp(v)), as we claimed in (B.1).

Now Suppose dim C' = d, we claim C' C csupp(v). To see this, we only
have to show C C csupp(v) by the closedness of csupp(v). Suppose not,
then we can find zy € C' \ csupp(v). This implies that there exists 6 > 0
such that B(zg,0) N csupp(v) # (. By the assumption that dimC = d,
we can find z1,...,24 € B(xp,d) N C such that {xg,...,z4} are in general
position. By definition of C' we can find €y > 0,19 € N such that f,,(x;) > €
for allj = 0,1,...,d and n > ng. By convexity, we conclude that f,(z) >

€o, for all z € conv({xo,...,z4}) and n > ng. This gives
v(conv({zo,...,2q})) > limsup vy (conv({zo, ..., zq}))
n—oo

> egAa(conv({zo,...,zqa})) >0

a contradiction with B(zg,d) N csupp(v) # 0, thus completing the proof of
the claim. To summarize, we have proved

1. If dim (csupp(y)) = d, then csupp(v) C C. This in turn implies
dim C' = d, and hence C' C csupp(v). Now it follows that csupp(v) =

C;
2. If dim C' = d, then C' C csupp(v). This in turn implies dim (csupp(v)) =
d, and hence csupp(v) C C. Now it follows that csupp(v) = C. O
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SUPPLEMENT: S-CONCAVE ESTIMATION 11

PROOF OF LEMMA 3.2. The proof is essentially the same as the proof
of Proposition 2 Cule and Samworth (2010) by exploiting convexity at the
level of the underlying basic convex function so we shall omit it. O

PROOF OF LEMMA 3.3. Set U, = {x € R : f,(x) > t}. We first claim
that there exists ng € N,ey € (0,1) such that A\g(Up,e,) > €o holds for all
n > ng. If not, then for all k¥ € N,I € N, there exists n;; € N such that
/\d(Unkyl,l/l) < % Note that {lim inf, fr, > O} = Ugen Uien ngkUn,l/l- Since
Aa(Uren Mozt Uniayt) = imysoo Ad(Mpsp Ungi) < im0 Xa(Un, 170 =
0, we find that C' = {liminf,, f,, > 0} is a countable union of null set and
hence \;(C) = 0, a contradiction to the assumption dim C' = d. This shows
the claim.

Denote M,, := sup,cpd fn(z), €, € Argmax f,(z). Without loss of gen-

erality we assume M,, > W where ks = (1/2)° — 1 > 0, and we set

€ [0,1]. Now for = € U, ,, by convexity of f;; we have

A\ = ks My
n T &_
eg—M;

fo (en + (@ —€n)) < Anf(@)+(1=An) fr(€n) < Aneg+(1=An) My = (M, /2)°.

This implies f(z) > M, /2 :=Q,, forallz € V,, o, :={en + Mz —€,) 1 €
Un,eo}- Hence V,, ¢, C Uy 0, and therefore A\g(V;, ) = A (Un.eo) AL, thus

Ai(Un0,) = Ad(Vaey) = Ad(Un,e) X > €0,
holds for all n > ng. On the other hand,

1= /fn > QnAd(Un,Qn) > QnEOAgLa

and suppose the contrary that M,, — oo as n — oo, then

d
d €0k 1+sd 14sd
1> Queg)l = MMH“ > Myt — 00, n— o0,
1—sd, .d
since 1+ sd > 0 by assumption —1/d < s < 0. Here ¢ = < 5 % This gives
a contradiction and the proof is complete. ]

PrROOF OF THEOREM 3.4. We only have to show v is absolutely contin-
uous with respect to Ag. To this end, for given € > 0, choose § = €¢/2M,
where M := sup, || fnlloc < 00 by virtue of Lemma 3.3. Now for Borel set
A C R? with \g(A) < §, we can take an open A’ D A such that \g(A’) < 26
by the regularity of Lebesgue measure. Then

v(A) <v(4) <liminfy,(A") = liminf | f, <26M =,
n—oo

n—0o0 Al

as desired. 0
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12 HAN AND WELLNER

ProOF OF LEMMA 3.5. Let g, = f;; and g = f*. Without loss of gen-
erality we assume 0 € int(dom(g)), and choose n > 0 small enough such
that B, := B(0,n) C int(dom(g)). By the Lemma E.4, we know there ex-

ists @ > 0, R > 0 such that L_ﬁl(o) > a, holds for all ||z > £. Now

[E2
we claim that there exists ng € N such that % > ¢, holds for all
|z|| > R and n > ng. Note for each n € N, by convexity of g,(-), we know

that for fixed z € R?, the quantity 9n(A2)=9n(0) 3 non-decreasing in A, so

[Az]
we only have to show the claim for ||z|| = R and ng > n. Suppose the con-
trary, then we can find a subsequence {g,x)} and [z,)ll = R such that
In(k) (Tn(k))—In(k)(0)

Tenl < %. For simplicity of notation we think of {g,}, {zn}

as {gn) } {Zn}- Now define A, := conv({zn, By}):Bn = {y € R* :
ly — xnl|| < R/2};C, := A, N By, By reducing 7 > 0 if necessary, we may
assume B, N B, = (. It is easy to see C), is convex and A\g(Cy) = Ao is a
constant independent of n € N. By Lemma 3.2, we know that g, —qe. ¢
on By, and hence sup,¢p, [9n(z) — g(x)| — 0(n — oc) by Theorem 10.8,
Rockafellar (1997). By further reducing n > 0 if necessary, we may assume
gn(y) < g(0) + %, holds for all y € B, and n € N. Now for any z* € C,,
write * = Az, + (1 — A)y, by noting R/2 < ||z*|| < R and convexity of gy,
we get

9n(2") = gn(0) _ Agn(2n) + (1 = N)gn(y) — 9.(0)

[l B [l
-\ gn(xn) - gn(o) . Hxn” + (1 - /\)gn(y) - gn(o)
20| [l [l
a R aR/8 a
<A’§R7/2 (1= )R/2 4

This gives rise to

liminf [ (fo = f) > lminf Ao ((aR/4+ ga(0))* = (aR/2 + 9(0))"/*)

n—oo C’n
= Xo((aR/4+g(0)"/* = (aR/2 + 9(0))"/*) > 0,

which is a contradiction to Lemma E.10. This establishes our claim. Now
by Lemma 3.2, we find that the set {liminf,, f,(-) > 0} is full-dimensional,
and hence by Lemma 3.3 we conclude g, (-) is uniformly bounded away from
zero. Also note by Lemma E.9 we find ¢(-) must be bounded away from zero,
which gives the desired assertion. O

Before the proof of Theorem 3.7, we first state some useful lemmas that

imsart-aos ver. 2014/10/16 file: supp.tex date: October 23, 2015



SUPPLEMENT: S-CONCAVE ESTIMATION 13

give good control of tails with local information of the s-concave densities;
the proof can be found in Appendix E.

LEMMA B.1. Let zg,...,xzq be d+ 1 points in R? such that its convex

hull A = conv({zo, ..., z4}) is non-void. If f(y) < min; (% D it fs(:zi))l/s,
then

d d -
F0) < s (1= 2 L+ 12
Here the constant C = A\g(A)(d+1)""20max (X) ™! where X = (aslo 5131d>

and fmin = ming<j<q f(2;), fmax := maxo<j<q f(x;).

LEMMA B.2. Let v be a probability measure with s-concave density f.
Suppose that B(0,6) C int(dom(f)) for some § > 0. Then for any y € RY,

1 v(B(ty, o)) \ V" -
xesBl(lllj),ﬁt) f(x) = (t ((JO)\d(B(ty7 5t))> B (1 - t)>> ’

where Jo := infyepos) f(v) and 6y = (5%—:;.

Now we are in position to prove Theorem 3.7.

PROOF OF THEOREM 3.7. That the sequence { f,, } nen converges uniformly
on any compact subset in int(dom(f)) follows directly from Lemma 3.2 and
Theorem 10.8 Rockafellar (1997). Now we show that if f is continuous at
y € R? with f(y) = 0, then for any 7 > 0 there exists § = 6(y,7) such that

(B.2) limsup  sup  fu(z) <n.
n—oo  zeB(y,5(y,n))

Assume without loss of generality that B(0,d0) C int(dom(f)) for some
do > 0. Let Jo := inf,ep(0,50) f(x). Then uniform convergence of {f,} to f
over B(0, o) entails that

liminf inf f,(x) > Jo.
MR By () 2 P

Hence with §; = 50%, it follows from Lemma B.2 that

limsup sup fu(z) < J0<1< (l/(B(ty’(St)))))_l/r - t>)>_r

n—oo zEB(y,5) t \ \ JoAa(B(ty, 6

1/r —1/r —r
SJO<JO/ (supeestunso /) / —(1—t>> o
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14 HAN AND WELLNER
as t /1. This completes the proof for (B.2). So far we have shown that

lm  sup  |fule) - F(@)] =0
00 e SNB(0,p)

holds for every p > 0, where S is the closed set contained in the con-
tinuity points of f. Our goal is to let p — oo and conclude. Let A =
conv({zo,...,z4}) be a non-void simplex with zg,...,zq € int(dom(f)).
Note first by a closer look at the proof of Lemma 3.5, fn(z) V f(z) <

((al|z]| — b))i/s holds for all z € R% with some a,b > 0. Let pg := inf{p >

0: (ap — b)l/s < fmin/2} where finin == ming<;<q f(2;) > 0. Then

{weR: z| > po} € ({fa < Fruin/2H [ [F < frnin/2}

n>1
C N fa < Fdmin} (WS < Funin}
() U< min (3 g3t YOV < min (377 0)
n=no 7 i#]

where ng € N is a large constant. The second inclusion follows from the
fact that limy, ,eo frn(x;) = f(z;) holds for i = 0,...,d. By Lemma B.1 we
conclude that

limsup sup (14 |z])*(fu(z)V f(z))

n—=00  g:f|z||>pVpo

d d 12\
< o o1+l (12 24 L1+ [219)) 0,
|z >pVpo ror
as p — oo. This completes the proof. O

PROOF OF THEOREM 3.8. Since V¢ fn(2) = —1gn(2)/* Vg (),

Ve fn(x) = Vef(2)]
= 7 [ga(@)/*Vega(a) — @)/ *Veg()

< r(fn(fv) Vegn(z) — Veg(@)| + | fulz) — F(2) \%g(x)\)
< 2rsup (1) [Vegna) — Veo(w)| + sup | fu(+) — 1(0) up| Vo)

holds for n large enough by Theorem 3.7. By Theorem 23.4 in Rockafellar
(1997), Vegn(z) = 71¢ for some 7, € Ogn(z) since dg, () is a closed set.
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SUPPLEMENT: S-CONCAVE ESTIMATION 15

Thus the first term above is further bounded by

2rsup|f(z)|  sup |7 = Vg(z)]2,
zeT z€T,7€gn ()

which vanishes as n — oo in view of Lemma 3.10 in Seijo and Sen (2011).
Note that Vg(-) is continuous on 7' by Corollary 25.5.1 in Rockafellar (1997),
and hence sup,cr||Vg(z)|l2 < co. Now it is easy to see that the second term
also vanishes as n — oo by virtue of Theorem 3.7. O

APPENDIX C: SUPPLEMENTARY PROOFS FOR SECTION 4

PROOF OF THEOREM 4.4. The proof is essentially the same as that of
Theorem 3.6 Balabdaoui, Rufibach and Wellner (2009). O

LeEmMA C.1. Assume (A1)-(A4). Then

(%)
/ fo(x) de =1+ m, gg( ()Z(—)l) ML 4 o(eF,

where
1

(k+1)!

T = [3’“1(21@2 — Ak +3) 42k~ 1.

ProOOF OF LEMMA C.1. This is straightforward calculation by Taylor
expansion. Note that

/OO . " (z) do = /Oo G (2) — g " (@) do + 1

—00 —00

7 ()

mo-+e
. (g;’“(az) _ g—r<x>) do 41
mo—e
=1 +1]+1.

-r

For y > x, we have 27" —y ™" = 3%, (>N (=1)"(y —z)"y~"". Now for the
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16 HAN AND WELLNER

first term above, we continue our calculation of its leading term by noting

(C.1)
9(z) — Ge(w)
= g(z) — g(mo — ce€) — (x — mg + ce€)g' (Mo — cee)
®) (1
v mo)k . g(mo) + g li' 0) (—CEE)k:|
g™*) (mo)

(k—1)! (—ce€)"' + higher order terms

— (x —mg + ce€)

_ g% (myg)

i [(a: —mo)k — Feb + kL @ — mg + cee)] + higher order terms.

Here we used the fact k is an even number, as shown in Lemma D.1. Thus
we have

leading term of 1

= [ 1 (o)~ toma — ) = (2 = ma+ el o — ) Jalo) T i

MQ—Ce€
7ng(k) (mg)

mo—e€
— k k_k k—1 _k—1 k+1
e [ [l )t = ek ek 1 o g )| da o)

mo—cee
(k)

g (mo) pi1 k1
= qp—2——e" T +o(e
g(mg)r+t ( )

Here

= G5 [3"“‘1(%2 4k +3) - 1} .

For the second term,

(C.2)
g(w) = ge()
= g(x) — g(mo + €) — (z —mo — €)g'(mo + €)
(k)

_9 Ii'mO) (z —mo)¥ — ¥ — ke* "1 (z — mg — €)| + higher order terms.
Now similar calculations yield that the second term = fg Z%;S;()Cnfl) el 4
o(e"1) with

2k?
Br = (k+ 1)
This gives the conclusion. O
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SUPPLEMENT: S-CONCAVE ESTIMATION 17

PROOF OF LEMMA 4.6. By definition of the Hellinger metric and Lemma
C.1, we have

2h2(fe,f) — /_OO ( fe(x) — f(x))2 dz
& 7, g% (m 2
- [ (5w (1—2’“§W6’“H+o<ek+l>> ~7w) da
= [ (@@ m©) -9 @) o

rg®) -1
fu2) = 57 (@) (1 . mg()m) BT 1 o(c ’f“))

9(
rq®)
~ ) (1m0 gk ).

Here ny,(e) = O(¢"*1). Splitting two terms apart in the above integral we
get

2 f) = [

—00

2
(ge 22y — g (a) + mele)5 (@ )) da

- /_OO (g;T/Q(x) — 9,—7“/2(35))2 dz + (nk(e))Q/ g: " (z) dx

—00

- om(e) / G (@) (772 (@) — g (@) da
=1+I1T+1I1.

Now for the first term,

mo-+e 7,.2 9
I = / T [g(x) — ge(x)] g(gu)_7"_2 dz + higher order terms

mQo—Ce€
,,,,2 mo-+e [ ( ) ( )] 9 d Lioh d
- x) — ge(x x + higher order terms
4g(m0)r+2 /mo Ccee g ge &
mo—e mo-+e 9
— ge(x)|” dz 4+ higher order terms
49 mO T+2 </rno Ce€ /mo € > ( )]

= I1 4+ Is + higher order terms.
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18 HAN AND WELLNER

By (C.1) and (C.2) we see that for i = 1,2,

2
- T) — ge(x 2 T
T A /z @) ~ g

_ 1(:) T2f(m0)g(k)2(m0)2€2k+1 + oM,
g9(mo)

Here 71 = [my — cce,mo — €], Zo = [mo — €, mg + €], and

1 _ 1 e .
“ _108(k!)2(k+1)(k+2)(2k+1)[ 43822k +1)(3"2 4+ & + k — 3)

+ (k+1)(k+2) (27(32’”1 —1) 4+ 2-3%F(2k + 1)(2k(2k — 9) + 27))} :

C(2) _ 2k2(2k2 + 1) '
ko 3(kN2(k + 1)(2k + 1)

On the other hand, IT = O(e(?+2)) = o(e2F+1) and |ITI| < O(eF+1.e2k+1)/2.
€2k+2)/2y — o(2+1) by Cauchy-Schwarz. This completes the proof. O

APPENDIX D: PROOF OF THEOREM 6.1
We first observe that

LemMMA D.1. K is an even integer and g(()k) (x0) > 0.

ProOOF OF LEMMA D.1. By Taylor expansion of g around zg, we find
that locally for = =~ xg,

9(@) = Gy @ = 20) 7 +o((@—20)"7?).

Also note gjj(x) > 0 by convexity and local smoothness assumed in (A3).

This gives that k — 2 is even and g(()k)(xo) > 0. O

For further technical discussions, we denote throughout this subsection
k+2 1

that for fixed k, r, = n2+1i;s, = n ZF;2,(t) = zo + sptilpg, =

[0, 2 (t)]. Let 7,5 := inf{t € S,,(gn) : t > w0}, and 7,; := sup{t € S,,(Gn) :
t < xo}. The key step in establishing the limit theory, is to establish a
stochastic bound for the gap 7,7 — 7,7 as follows.

THEOREM D.2.  Assume (A1)-(A4) hold. Then
Jr

Tn — Tni = Op(sn)'

imsart-aos ver. 2014/10/16 file: supp.tex date: October 23, 2015



SUPPLEMENT: S-CONCAVE ESTIMATION 19

PROOF. Define Ag(x) := (7, — :L')l[T T]( )+ (x — 7)1 i1 (@), and
A1 = Ag + T;FZT" 1

(r r), Where T =: Tn o +T” . Thus we find that

/Ald(Fn—Fo):/Al (F, — ) /A1 (F, — )

4 / A(Es— o) /Al "
> — /A dA,

where the last line follows from Corollary 2.13. Now let Ry, := [ Aq( fn —
fo) dX\, Ray, := [ Ay d(F,, — Fp). The conclusion follows directly from the
following lemma. O

— T

v
|
3

LEMMA D.3.  Suppose (A1)-(A4) hold. Then Ry, = Op(1,7 —7,7)¥+2 and
Ron = Op(rh).

PrROOF OF LEMMA D.3. Define p, := g, /go on [1,7,7,7]. It is easy to see
that 7,7 — 7,,; = 0,(1), so with large probability, for all n € N large enough,

T T

Bio= [ M@ (fal@) ~ fol@) do = [ A1<x)fo<x><§38_1) da

/ Do) ol (Z( NYwa) =17+ (] )0k o) - 1))

where 6, € [1 A 9n(2) ,1v g”—(x)]. Now define

90() 9o(z)
it .
S~ [ Sat@te) ()l 1 @< <k,
T771—+
" T\ p—r—k k
Su= [ a@hu(o) () )i o) - 0 .
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20 HAN AND WELLNER

Expand fy around 7, then we have

m_z/

/ Ax(z 77”’“)9 rk (g T)k<_kf> (Pn(z) — 1) da.

Now we see the dominating term is the first term in S,,; since all other terms
are of higher orders, and [0, , — 1| = 0p(1) uniformly locally in = in view of
Theorem 3.7. We denote this term @,,1. Note that 1/go(x0) = 1/g0(7)+0p,(1)
uniformly in 7 around xg, and that g, is piecewise linear, yielding

_ﬁ’gl / Ba(e) 5 (in(@) ~ 90(x)

_(90 )/ Ai(x) (gn(@) = go()) do
- <90(1$0) - Op“)) [(@nm ~ g0(7)) / ;" Av(z) da

F @ - @) [ A@)@—7) do

B

O (my i |
QOjfT) [ @)1y o
+

||
N

J

- /T" en(@) AL (z)(z — 7)F da |,

n

where the first two terms in the bracket is zero by construction of A;. Now
note that

+ . .
n s 0 7 =20, or j is odd;
/ " Av(@)(a—7) da = { ; NESRVIES g

W(Tn - T, j >0, and j is even,

and that g(])( ) = G ij)!(gék) (z0) 4+ 0p(1)) (T — 20)*7. This means that for
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SUPPLEMENT: S-CONCAVE ESTIMATION 21

j > 2 and j even,

(j)f T . ; (k)x + 0,(1 - . o
goj!() i A(z)(z — 7)) do = (Jk(g_o j§!(3)+ 2)!;]1)2( — @) (rF — )2
) (2 +op(1 -
(Jk:(g—o j§!(3)+ 2)!§j>+)2 Op)(r = 7)™

Further note that ||€, | = 0p(1) as 7,7 — 7,7 —p 0, we get Qn1 = Op(1,F —

7.7 )¥*2. This establishes the first claim. The proof for Ry, follows the same
line as in the proof of Lemma 4.4 Balabdaoui, Rufibach and Wellner (2009)
p1318-1319. O

LEMMA D.4.  We have the following:
j ST e j :
380 = (7 ) ontan) " b)) 1 <5 < -
—r - k e
§9te0) = (7] )oo) (g 00) — rnCan) ) a0

PRroOOF. This follows from direct calculation. O

LEmMA D.5.  For any M > 0, we have

sup |9},(zo0 + snt) — do(z0)| = Op(sh™h);
[t|<M

sup |9n (0 + snt) — go(z0) — sutgn(zo)| = Op(sy)-
t|<M

The proof is identical to Lemma 4.4 in Groeneboom, Jongbloed and Well-
ner (2001) so we shall omit it.

LEMMA D.6. Let

k-1

~ () T ) —r e k
=St () (3 o

<

Then for any M > 0, we have supp < [€n (2o + snt)| = O,(sk).

n
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22 HAN AND WELLNER

PRrROOF. Note that
(D.1)

Fu(w) = folzo) = fo(fﬂo)[ nl) _ 1} = fo(o) [( on(u) >_T - 1]

7 -r Gn (u J —r -
Define W51 (u) == 355541 () (éqo((xo)) - 1) = okt (G )m(gn(u)—
go(wo))”. Note that

(G (1) = 90(20))’ = (9 (w) — go(wo) — (u— a0)gh(w0) + (u — w0)gh (o))’

1
+ (u — @0) go (o)’
= Op(skl : le_l) + Op(S%)
uniformly on {u : |u — zo| < Mn=/(
= Op(niﬁ)a
if j > k+1. Herekthe third line follows from Lemma D.5. This implies
1 (u) = op(n~241), uniformly on {u : |u — zo| < Mn~Y/CkDY Using

the same expansion in the first term on the right hand side of (D.1), we
arrive at

Fn (1) = fo(o)
(1)

2k+1)}

= fo(wo)

-

J=1 J

(_.r)  — z]: <J> [Gn(u) = go(0) — (u — 20)gp(z0)]" (u — x0) " go(x0)’

-

-~

2)

=\ (9@)N o o)
+fo<fvo>Z( ; )(QO(%)) (w20 + ol o>\(vf,n,1< ).
4

Jj=1

(3)
By Lemma D.4, we see that é,(u) = (1) —(3) = (2)+(4) = O,(s) uniformly

n

on {u: |u— zo| < Mn~Y kD1 This yields the desired result. O
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SUPPLEMENT: S-CONCAVE ESTIMATION 23
We are now ready for the proof of Theorem 6.1.

PROOF OF THEOREM 6.1. For the first assertion, note that

kol

-1

£ (o)
4!
k—1

—Lo(ao)] (fn<u> = folwo) -3

=1

=[fo(zo)] ™" (fo(wo)(zk: (;T>

ool (ot - -0

Il
o

J

féj)(xo)
!

(1= an) )

= go(xo) =
by (D.1)

—wkn1<u>+;(7)(gg§(§3—1)j—[fo<x >r1:f°(])(, )~ 2y
<t + () () 1) = g e )

S () ) - oot Sy

7RI PR I

p

== L (00 = au(a0) = sl = a0)) + izl
where
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24 HAN AND WELLNER

Now we calculate

/ /\I’kng )dudv
lT,T0 o

. .
2n 2k+1 u - ’ gn(u) >] uav
2t uglnpxo ) + Z: < j ) /ln . /:v (90(900) dud
k— 1fj
— [fo(zo)]™ 1 / / u— x0) dudv

’ﬂ (EO
k
_ -1 - 90 / )7
=o0p(r, ) + u— xp)’ dudv
o7 Z(J )(90 > Lieg a0 )

1
o)+ () () [ [ s

(D or

J

=2
v i
X /ln,zo . ; (?) (6n (w) — go(0) — gb(wo) (u — 0))' (w — o) ~Hgh(w0)} dudv)
=op(ry, ) +(2) + (1

Consider (1): for each (7,1) satisfying 1 <1< j <k and j > 2, we have

/ / gn(u) = go(z0) — go(wo)(u — xo))l(u — 20) g (20)) " dudv

7110
- k=14 (1)
_ TLQkk_:—Ql -O(n~ 2k+1) - Op(n~ Q’ilrl) : Op(n_zjkﬁ> = Op(n_T-HJ) = op(1).
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SUPPLEMENT: S-CONCAVE ESTIMATION 25

Consider (2) as follows:

(2) = <_]:>< )k/lo/ (4 — 0)* dudw

k
, tk+27“_1
(k+1 )k +2) k go e

Hence we have

o [ L oot () (B5) o0

Note by definition we have

Yloc
(D.2) yloemod () — /l /xym )dudw.
nzo

o

Let n — oo, by the same calculation in the proof of Theorem 6.2 Groene-
boom, Jongbloed and Wellner (2001), we have

onmod (t) —5y

1 t
V folzo) /0 Wis) ds
@) 1 Y\ ( gb(x0) \ ] ks
- {(k +2)!fo(xo) (B+1)(k+2) ( k > <90(3?0)> ]t ’
1 ! rgs?(20)  io
= V@) /0 W) ds = e+ 21t

where the last line follows from Lemma D.4. Now we turn to the second
assertion. It is easy to check by the definition of Wy, o(-) that

(D.3) Fioemed (1) = Hloc / / By o(w)dud
. n kn, 2 udav.
ln ,zg Y X0

On the other hand, simple calculation yields that Y)°¢(£)—HI®(t) = ry, (Hyp (zo+
snt) — Hy(z0 + snt)) > 0 where the inequality follows from Theorem 2.12.
Combined with (D.2) and (D.3) we have shown the second assertion. Finally
we show tightness of {A,} and {B,}. By Theorem D.2, we can find M > 0
and 7 € §(§p,) such that 0 < 7 — ¢ < Mn~1/(2k+1) with large probability.
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26 HAN AND WELLNER

Now note
]An < rnsn | (Eu(@o) — Bn(r)) — (Fu(ao0) —Fn(r))( T”Tf"
T k=1 (),
< 7r,8n /xo (fn(u) — 2 Jo j(! 0) (u— ZL‘())]> du
Tkl () '
+ rpsn /xo (jz::ooj(!o)(u —x0) — fo(u)> du

Frs, —k/(2k+1)

/ d(Fn — F(]) +n
x0
=t Apy + Apo + Apz + n /@D,

We calculate three terms respectively.
T k
-r 96(5U0)> k
T u— x9)" du
[ e (7)) (25 ) (=0
= Op(Tnsn - S 1o (T Sn, - 87124-1) = 0p(1), by Lemma D.6

An2 < TnSn / fDTxo(u - wo)k du / (U — :I:o)ken(u) du
o ' T

0

+ TnSn

Ay < Tsn / én(u) du

0

+ TnsSn

= O0p(1), since [leyloc =p 0 as xzg—7 —p 0.

For Ang, we follow the lines of Lemma 4.1 Balabdaoui, Rufibach and Wellner
(2009) again to conclude. Fix R > 0, and consider the function class F, r :=
Liwoy * o <y < z0 + R}. Then Fy r(2) := 1 20+r)(2) is an envelop
function for F,, g, and IEFQC2 R= fxﬁR dz = R. Now let s = k,d = 1 in
Lemma 4.1 Balabdaoui, Rufibach and Wellner (2009), we have

A = < |r — zo[Ft + op(1)n—2’2*£1 = 0,(1).

[ aE - re)

0

This completes the proof for tightness for {4, }. {B,} follows from similar
argument so we omit the details. O

APPENDIX E: AUXILIARY RESULTS
E.1. Proosf of Lemmas B.1 and B.2.
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SUPPLEMENT: S-CONCAVE ESTIMATION 27

LEMMA E.1. Let v be a probability measure with s-concave density f,
and g, ...,xq € R be d + 1 points such that A := conv({xo,...,xq}) is

non-void. If f(zo) < (3 Zle fs(xi))l/s, then

where g := 52?:1 fo(x;).

Proor oF LEMMA E.1. For any point x € A, we can find some u =
(u1, ... uq) € Ag = {u: S0 u; < 1} such that z(u) = Z?:o u;x;. Here
ug == 1 — Ele u; > 0. We use the following representation of integration
on the unit simplex Ag: For any measurable function h : Ay — [0,00), we

have [y h(u) du = FEh(By,..., By), where B; = E;/ >°7_ Ej with inde-
pendent standard exponentially distributed random variables Ey, ..., Ey.

v(A) 1

(D)~ Ma(Ag) /Ad gla(w) " du =Fg < Zd: Bjxj) :

i=0
> E(éng(l"j))_r = E<Bogo +(1— Bo)géig(%)) —’“’

where B; = E;/ Z;l 1 Ej for 1 < i < d. Following Cule and Dﬁmbgen
(2008), it is known that By and {B;}?, are independent, and E[B;] = 1/d.

Hence it follows from Jensen’s inequality that

By

d .
>E E<Bogo+(1—Bo ZB' évi))

=1

1< -
E(Bogo—l— 1_30829 >

=1

= E (Bogo + (1 — Bo)g) -

:/1d(1 ) (tgo + (1 —t)g) " dt
0

e (3-3)
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28 HAN AND WELLNER

where

1
Jus(y) = / d(1— )91(1 — syt)!/ dt.
0
We claim that

1
d
Jis(y) > | d(1 =841 —t)¥dt = ——,
d,(y)—/0< )1 =) ity

holds for s < 0,4 > 0. To see this, we write (1 — syt)'/* = (1 4+ yt/r)~"/¥)y,
Then we only have to show (1 + yt/r)_r/y > (1=t for0 <t <
equivalently (1 + bt) < (1 —t)~" where we let b = y/r. Let g(t) :=

)70 — (1 +bt). Tt is easy to verify that g(0) = 0, ¢/(t) = b(1 —)70"1 —b
with ¢’(0) = 0, and ¢”(t) = b(b + 1)(1 — t)~"=2 > 0. Integrating ¢" twice

yields g(t) > 0, and hence we have verified the claim. Now we proceed with
the calculation

w2 (5 ) 2 ey

g

Solving for gy and replacing —1/s = r proves the desired inequality. O
PRrOOF OF LEMMA B.1. For fixed j € {0,...,d}, note [det(x; — ;) : i # j| =

|det X | where X = 3?10 371d . Also for each y € R? since A =

conv ({xo, . id

..,Zq}) is non-void, y must be in the affine hull of A and hence
we can write y = > 7 A\ix; with Z?:o Ai = 1 (not necessary non-negative),
Le. A=X"1(¥). Let Aj(y) := conv({z; : i # j} U {y}). Then

) _l o ... Tj-1 Y Tj41 ... T4
Mal&iW) =3 det(l o111

1
= il ldet X| = Dyl Aa(A),

Hence,

(Y
Orgjaécdkd(Aj(y)) > Aa(A) mjaX’)‘j' = Aa(A) X <1> o

> a2 (1)

> Aa(A)(d+ 1) 2oman(X) 1L+ y1H)2 = O+ [y

Now the conclusion follows from Lemma E.1 by noting

. d  dXa(d;()g; "\ " d d, NN
f(y)ﬁgj (1_T+7°I/(Aj(y))J) Sfmax(l_r+rfm1nc(1+‘|y|| ) > ’
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SUPPLEMENT: S-CONCAVE ESTIMATION 29

since g;T = (é Zi;éj fs(a;i))l/s and hence fpin < gj*’” < fmax, and the index
j is chosen such that Ag(A;(y)) is maximized. O

PRrROOF OF LEMMA B.2. The key point that for any point = € B(y, &)
B(ty,d:) C (1 —¢)B(0,0) + tx

can be shown in the same way as in the proof of Lemma 4.2 Schuhmacher,
Hiisler and Diimbgen (2011). Namely, pick any w € B(ty, ), let v := (1 —
t)~Y(w — tx), then since

ol = (1=8) " Hlw—tzl| = (1=t) " lw—ty+tly—2)| < (1—t)""(§+t5) =,
and hence v € B(0,6). This implies that w = (1—t)v+txz € (1—t)B(0,0)+tz,
as desired. By s-concavity of f, we have
fw) = (=0 f @) +tf@))"
> (1= 0)J5 +tf(2)")"/°

i ()

Averaging over w € B(ty, d;) yields

Solving for f(x) completes the proof. O
E.2. Auxiliary convex analysis.

LEMMA E.2 (Lemma 4.3, Diimbgen, Samworth and Schuhmacher (2011)).
For any ¢(-) € G with non-empty domain, and € > 0, define

0 (x) == sup(vTz +¢)
(v,c)

where the supremum is taken over all pairs of (v,c) € RY x R such that

Lol < &
2. o(y) > vTy + ¢ holds for all y € R?,

Then go(ﬁ) € G with Lipschitz constant % Furthermore,

0 S o, as e \0,

where the convergence is pointwise for all x € RY.
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LEMMA E.3 (Lemma 2.13, Diimbgen, Samworth and Schuhmacher (2011)).
Given Q € Qq, a point x € R? is an interior point of csupp(Q) if and only

if
h(Q, ) = sup{Q(C) : C C R? closed and convez,z ¢ int(C)} < 1.

Moreover, if {Qn} C Q converges weakly to @, then

limsup A(Qp, x) < h(Q, )

n—o0

holds for all x € RY.

LEMMA EA4. Ifg € G, then there exists a,b > 0 such that for all z € RY,
9(z) > al[z| - b.

PROOF. The proof is essentially the same as for Lemma 1, Cule and
Samworth (2010), so we shall omit it. O

Consider the class of functions

QM:—{gEQ:/gﬁdng}.

LEMMA E.5.  For a given g € Gy, denote D, := D(g,r) := {g < r} to
be the level set of g(+) at level r, and € := inf g. Then for r > €, we have
M(=s)(r — )
(s+1) Jy “vi(v+e)l/s dv’

r) =

where B =1+1/s, and —1 < s < 0.
PROOF. For u € [e, 7], by convexity of g(-), we have

u—e€

A(Dy) > ( >d)\(DT).

r—e
This can be seen as follows: Consider the epigraph I'y of g(-), where I'y =
{(t,z) € RE xR : 2 > g(t)}. Let 29 € R? be a minimizer of g. Consider
the convex set C, = conv(I'y N {g =}, (zo,€)) C Iy N {g < r}. where the
inclusion follows from the convexity of I'y as a subset of R The claimed
inequality follows from

d
Aa(Du) = Aa(ma(Tyn{g = u})) > Aa(ma(Con{g = u})) = <“ - 6) Ma(Dy),
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SUPPLEMENT: S-CONCAVE ESTIMATION 31

where 74 : R? x R — R? is the natural projection onto the first component.
Now we do the calculation as follows:

' (s4+1) [ (u— €)%/ du
(=s)(r —e)¢

By a change of variable in the integral we get the desired inequality. O

LEMMA E.6. Let G be a convex set in R? with non-empty interior,
and a sequence {yptnen with |yn|]| — o0 as n — oo. Then there exists
{z1,...,24} C G such that

)\d(conv (:I:1, -y Xd, yn(k)) ) — 00,
as k — oo where {y, k) tren is a suitable subsequence of {yn}nen-

Proor. Without loss of generality we assume 0 € int(dom(G)), and we
first choose a convergent subsequence {y, ) }ren from {yn/|ynll }nen. Now
if we let a := limg 00 Yn(k)/l|Yn(k)ll, then [la|| = 1. Since G' has non-empty
interior, {a’'z = 0} NG has non-empty relative interior. Thus we can choose
r1,...,09 C {a’z = 0} NG such that \g_1(K) = A\g_1 (conv (21, .. .,xd)) >
0. Note that

dist (Y k), aff (K)) = dist (yn(xy, {a” = = 0}) = Gngrys @) = 1Y) | @) /Y|l a) = o0,

as k — oo. Since

)\d(conv (:L’l, e, Xy, yn(k)) ) = )\d(conv (K, yn(k)) ) = cAg—1(K)-dist (yn(k), aff(K)) ,

for some constant ¢ = ¢(d) > 0, the proof is complete as we let k — oco. [
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32 HAN AND WELLNER

LEMMA E.7 (Lemma 4.2, Diimbgen, Samworth and Schuhmacher (2011)).
Let g and { gy }nen be functions in G such that g, > g, for alln € N. Suppose
the set C := {x € R : limsup,,_,,, gn(x) < oo} is non-empty. Then there
exist a subsequence {gn(k) ken of {gntnen, and a function g € G such that
C C dom(g) and

Lm gn (@) = g(y),  for ally & int(dom(g)),
(E.l) —00,T—Y
liminf g, (%) > g(y), forallye R

k—00,x—y
LEMMA E.8. Let {gn} be a sequence of non-negative conver functions
satisfying the following conditions:

(A1). There exists a convex set G with non-empty interior such that for all
xo € int(G), we have sup,cy gn(xo) < 0.

(A2). There exists some M > 0 such that sup,,cy [ (gn(:c))’g dz < M < 0.
Then there exists a,b > 0 such that for all x € R? and k € N

In(k)(x) = allz]| = b,
where {gn k) tren is a suitable subsequence of {gn}nen-

ProOOF. Without loss of generality we may assume G is contained in all
int(dom(gy,)). We first note (A1)-(A2) implies that {Z,, € Argmin,cpa gn(x)}0>;
is a bounded sequence, i.e.

(E.2) sup||Z,|| < oo,
neN

Suppose not, then without loss of generality we may assume ||Z,| — oo
as n — oo. By Lemma E.6, we can choose {z1,...,z4} C G such that
Ad(conv (z1,. .., %4, Tp)) ) — 00, as k — oo for some subsequence {Z, ()} C
{Z,,}. For simplicity of notation we think of {Z,,} as such an appropriate sub-
sequence. Denote €, := inf cpa gn(x), and My := sup,,cy €n < SUpP,en gn (o) <

oo by (Al). Again by (A1) and convexity we may assume that

sup gn(z) < My,

zeconv(x1,...,T4,Tn)

holds for some M; > 0 and all n € N. This implies that

/gﬁ(m) dz > Mlﬁ)\d(conv (T1,...,%a,&n) ) — 00,
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SUPPLEMENT: S-CONCAVE ESTIMATION 33

as n — oo, which gives a contradiction to (A2). This shows (E.2).

Now we define g(-) be the convex hull of () := inf,,en gn(z), then g < g,
holds for all n € N. We claim that g(z) — oo as ||z|| — co. By Lemma E.5,
for fixed n > 1, we have B

M(—s)(nMs — en)
Ad(D(anM2)) < (s+1) Oan—En v (v + €n)V/5 du
- M (—s)(nMs)"

T (s 1) fIIMe pd(y 4 M)/ do

< 00,

where D(gn,nM2) := {gn < nMa}. Hence

(E.3) sug Ad(D(gn,nMs)) < oo.
ne

holds for every n > 1. Now combining (E.2) and (E.3), we claim that, for
fixed 7 large enough, it is possible to find R = R(n) > 0 such that

(E.4) gn(z) > nMa,

holds for all x > R(n) and n € N. If this is not true, then for all £ € N, we
can find n(k) € N and z;, € R? with ||| > k such that In(k) (Tk) < nMa.
We consider two cases to derive a contradiction.

[Case 1.] If for some ny € N there exists infinitely many k& € N with n(k) =
ng, then we may assume without loss of generality that we can find some a
sequence {T }reny With ||Z|| — oo as k — oo, and gn, (Zx) < nMas. Since the
support gn, has non-empty interior, by Lemma E.6, we can find z1,...,24 €
supp(gn,) such that )\d(conv(xl, .. .,xd,fk(j))) — 0o as j — oo holds for
some subsequence {ZTy(;j)}jen of {Zx}ren. Let M := maxi<i<d gny(2:), then
we find Aq(D(gno, M V nMa)) = oo. This contradicts with (E.3).

[Case 2.] If #{k € N : n = n(k)} < oo for all n € N, then without
loss of generality we may assume that for all k¥ € N, we can find z;, € R?
with ||Zg|| > k such that gx(xx) < nMas. Recall by assumption (A1) convex
set G has non-empty interior, and is contained in the support of g, for
all n € N. Again by Lemma E.6, we may take x1,...,x4 € C such that
/\d(conv(wl,...,xd,:ik(j))) — 00 as j — oo holds for some subsequence
{Z1(j) }jen of {Tk }ren. In view of (A1), we conclude by convexity that M :=
maxi<i<d SUPjen Ji(j) (i) < oo. This implies

)\d(D(gnk(j),M Vv 77M2)) > )\d(conv(:z:l, ce, X, Ek(j))) — 00, J — 00,
which gives a contradiction.
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34 HAN AND WELLNER

Combining these two cases we have proved (E.4). This implies that g(x) —
o0 as [|z]| — oo, whence verifying the claim that g(z) — oo as [jz] — oo.
Hence in view of Lemma E.4, we find that there exists a,b > 0 such that

gn(x) > al|z|| — b holds for all z € R? and n € N. O
LEMMA E.9.  Assume xo,...,zq € R? are in general position. If g(-) is a
non-negative function with A = conv(xg,...,xq) C dom(g), and g(xg) = 0.

Then for r > d, we have [, (9(z))” " dz = .

PROOF. We may assume without loss of generality that o = 0,2; = €; €
R?, where e; is the unit directional vector with 1 in its i-th coordinate and
0 otherwise. Then A = Ag:= {z e R*: Y% 2, <1,2; >0,Vi=1,...,d}.
Denote a; = g(z;) > 0. We may assume there is at least one a; # 0. Then
by convexity of g we find g(z) < Zle a;x; for all x € Ag. This gives

d

—r - 1
dz > ivi)  dz > d
/Ao (9(2)) T = /Ao (Za ) v /Ao (maxi—1,...qa;)" |||} )

=1

> ! / LI
- x == m?
(max;—1,_qa;)"d"/? Jo, x|}

where Cpy = {||z]2 < ﬁ} N{x; > 0,i =1,...,d}. Note we used the fact
that [|z]1 < V|| O

LEMMA E.10 (Theorem 1.11, Bhattacharya and Ranga Rao (1976)). Let
fn —a f, and D be the class of all Borel measurable, convex subsets in R?.

Then limy, o0 SUP pep UD(fn - f)‘ =0.
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