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1. Introduction

Statistical methods based on shape constraints have been developing rapidly during the past 15-20 years. From the
classical univariate methods based on monotonicity going back to the work of Grenander (1956) and van Eeden (1956)
in the 1950s and 1960s, research has progressed to consideration of convexity type constraints in a variety of problems
including estimation of density functions, regression functions, and other “nonparametric” functions such as hazard (rate)
functions. See Samworth and Sen (2018) for a summary and overview of some of this recent activity.

One very appealing shape constraint is log-concavity: a (density) function f : R? — [0, oo] is log-concave if logf is
concave (with log0 = —o0). See Samworth (2018) for a recent review of the properties of log-concave densities and their
relevance for statistical applications. While much of the current literature has focused on point estimation, our main focus
here will be on inference for one-dimensional distribution functions and especially on (honest, exact) confidence bands
for distribution functions which take advantage of shape constraints.

To this end, Diimbgen et al. (2017) introduced the class of bi-log-concave distribution functions defined as follows:
a distribution function F on R is bi-log-concave if both F and 1 — F are log-concave. They provided several different
equivalent characterizations of this property, and noted (the previously known fact) that if f is a log-concave density,
then the corresponding distribution function F and survival function 1—F are both log-concave. But the converse is false:
there are many bi-log-concave distribution functions F with density f which fail to be log-concave; see Section 2 for an
explicit example. Diimbgen et al. (2017) also showed how to construct confidence bands which exploit the bi-log-concave
shape constraint and thereby obtain narrower bands, especially in the tails, with correct coverage when the bi-log-concave
assumption holds.
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However, a difficulty with the assumption of bi-log-concavity is that the corresponding density functions inherit the
requirement of exponentially decaying tails of the class of log-concave densities, and this rules out distribution functions
F with tails decaying more slowly than exponentially. Here we introduce new shape-constrained families of distribution
functions F, which we call the bi-s*-concave distributions, with tails possibly decaying more slowly (or more rapidly)
than exponentially. As the name indicates, these families involve a parameter s* € (—oo, 1] which allows heavier
than exponential tails when s* < 0, lighter than exponential tails when s* > 0, and which correspond to exactly the
bi-log-concave class introduced by Diimbgen et al. (2017) when s* = 0.

Here is an outline of the rest of the paper. In Section 2 we give careful definitions of the new classes of bi-s*-concave
distributions. We also present several helpful examples and discuss some basic properties of the new classes and their
connections to the classes of s-concave densities studied by Borell (1975), Brascamp and Lieb (1976), and Rinott (1976).
(See also Dharmadhikari and Joag-Dev (1988), and Gardner (2002).) Section 3 contains the main theoretical results of
the paper. The connection between the bi-s*-concave class and a key condition in the theory of quantile processes, the
Csorg6-Révész condition, is discussed in Corollary 4. Finally, we give two tail bounds for distribution functions F € Psx,
see Corollary 5.

In Section 4 we first introduce the new confidence bands for a distribution function F € Pg assuming s* is known.
We also discuss some of their theoretical properties: the consistency of confidence bands is discussed in Theorem 7, and
Theorem 9 provides a rate of convergence for linear functionals of bi-s*-distribution functions contained in the bands. This
extends Theorem 5 of Diimbgen et al. (2017). We then briefly discuss the algorithms used to compute the new bands, and
illustrate the new bands with real and artificial data. Section 5 gives a brief summary and statements of further problems.
An especially important remaining problem concerns construction of confidence bands when s* is unknown. The proofs
for all the results in Sections 2, 3, and 4 are given in Sections 6 and Appendix.

We conclude this section with some notation which will be used throughout the rest of the paper. The supremum
norm of a function h : R — R is denoted by |||l = sup,er [h(X)], and for K C R we write ||h||gx o0 = Supye |h(x)]. For a
function x — f(x),

ooy — i J (X HA) —F(X) ooy — i X A) —F(X)
fix) = 15?3 — ;- amd = ‘i?& —
fx+) = lyiﬁlf(y), and f(x—) = lyig}f(J/),

assuming that the indicated limits exist. In general, we use F and f to denote a distribution function and the corresponding
density function with respect to Lebesgue measure, and we set J(F) = {x e R: 0 < F(x) < 1}.

2. Definitions, examples, and first properties

As we discussed above, for distribution functions F on R, Diimbgen et al. (2017) introduced a shape constraint they
called bi-log-concavity by requiring that both F and 1 — F be log-concave.

In this paper, we generalize the bi-log-concave distribution functions by introducing and studying bi-s*-concave
distributions defined as follows.

Definition 1. For —co < s* < 0, a distribution function F is bi-s*-concave if both x — F*"(x) and x — (1 — F(x))s* are
convex functions from R to [0, co].

For s* = 0, a distribution function F is bi-s*-concave (or bi-log-concave) if both x — log(F(x)) and x > log (1 — F(x))
are concave functions from R to [—oo, 0].

For 0 < s* < 1, a distribution function F is bi-s*-concave if x — F* (x) is concave from (inf J(F), co) to [0, 1] and
x> (1— F(x))s* is concave from (—oo, sup J(F)) to [0, 1].

The class of bi-s*-concave distribution functions is denoted by Py, i.e.

Ps = {F : F is bi-s*-concave}.

Definition 2 (Alternative to Definition 1). A distribution function F is bi-s*-concave if it is continuous on R and satisfies
the following properties on J(F):

e For —oo < s* < 0, both x — F5"(x) and x — (1 — F(x))s* are convex functions on J(F).

e For s* = 0, both x — log(F(x)) and x — log (1 — F(x)) are concave functions on J(F).

e For 0 < s* < 1, both x — F*'(x) and x —~ (1 — F(x))s* are concave functions on J(F).

See the Appendix, Appendix, for a proof of the equivalence of Definitions 1 and 2. The main benefit of the second
definition is that it is immediately clear that any bi-s*-concave distribution function F is continuous since continuity of
F is explicitly required in Definition 2. Moreover, to verify F € Ps+ we only need to verify the convexity or concavity of
F or (1— F)s* on the same interval J(F).

Recall that a density function f is s-concave if f* is convex for s < 0, f° is concave for s > 0, and logf is concave
for s = 0. Two basic properties linking s-concave densities and bi-s*-concave distribution functions are given in the
following two propositions. Proposition 1 generalizes the case s = 0 as noted above, while Proposition 2 generalizes the
corresponding nestedness property of the classes of s-concave densities; see e.g. Dharmadhikari and Joag-Dev (1988),
page 86, and Borell (1975), page 111.
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Proposition 1. Suppose a density function f is s-concave with s € (—1, co). Then the corresponding distribution function F
is bi-s*-concave for all s* < s/(1+ s).

Proposition 2. The bi-s*-concave classes are nested in the following sense:
Pex C Pex,  whenever t* <s* < 1. (1)

Moreover, the bi-s*-concave classes are continuous at s* = 0 in the following sense:

U Pex = Po = ﬂ P (2)

s*>0 s*<0
In view of the nesting property (1), for each F € Py for some s* we define
so(F) = sup{s* : F is bi-s*-concave}.
Similarly if f is s-concave for some s we define
So(f) = sup{s : f is s-concave}.

We often drop the subscript 0 if the meaning is clear. For other basic properties of s-concave densities and bi-s*-concave
distribution functions, including results concerning closure under convolution, see Borell (1975), Dharmadhikari and
Joag-Dev (1988), and Saumard (2019).

Now we introduce two important parameters, one of which will appear in connection with our characterization of the
class of bi-s*-concave distribution functions in the next section and in our examples below. The Csérgé-Révész constant
of a bi-log-concave distribution function F, denoted by ¥ (F), is given by

~ IF"()l
y(F) = ess sup F(x)(1 — F(x)) ,
xeJ(F) fZ(x)
provided that F is differentiable on J(F) = {x € R : 0 < F(x) < 1} with derivative f = F’ and f is differentiable
almost everywhere on J(F) with derivative f* = F”. Here the essential supremum is with respect to Lebesgue measure.
Alternatively (and suited for our characterization Theorem 3),

!’
V(F) = ess sup {F(x) A (1 — F(x))} sz(x) 5
xeJ(F) f2(x)
Note that since u A (1 —u) < 2u(1 — u) < 2{u A (1 — u)} it follows that 2~ 'y(F) < ¥(F) < y(F), and hence finiteness
of y(F) is equivalent to finiteness of y(F). The Csorgé-Révész constant y(F) arises in the study of quantile processes
and transportation distances between empirical distributions and true distributions on R: see Csorgé and Révész (1978),
Shorack and Wellner (2009), Barrio et al. (2005), and Bobkov and Ledoux (2019). It follows from the characterization
Theorem 1(iv) of DKW (2017) that F is bi-log-concave if and only if (F) < 1. We will define y(F) > y(F) and generalize
this to the classes of bi-s*-concave distribution functions in Section 3.
Now we consider several examples of s-concave densities and bi-s*-concave distribution functions.

(3)

(4)

Example 1 (Student-t). Suppose x — f.(x) is the density function of the Student-t distribution with r degrees of freedom
defined as follows:

) —(r+1)/2
fr(x) = T(r+1)/2) (1 + X—) for x € R.

T J/n(r)2) r
It is well-known (see e.g. Borell (1975)) that f; is s-concave fog any s < —1/£1 + 1) = so(f;). Note that s takes values in
(—1,0) since r € (0, oo). It follows from Proposition 1 that F{" and (1 — F)* are convex for s* = s/(1+5s) = —1/r =

sg(Fr) < 0, and hence F; is bi-s*-concave for all 0 < r < oo. Direct calculation shows that the Csérg6-Révész constant
y(F)=1—-s"=14+(1/r)e(1,00) for 0 <r < oo.

In particular, this yields y(F;) = y(Cauchy) = 2. And it suggests that y(F) < 1/(1+s) = 1 — s* for all bi-s*-concave
distribution functions F where 1/(1 + s) varies from 1 to oo as s varies from 0 to —1. This is one of the characterizations
of the bi-s*-concave class that we will prove in Section 3.

Example 2 (F, ). Suppose that f;; is the family of F—distributions with “degrees of freedom" a > 0 and b > 0. (In
statistical practice, if T has the density f; 5, this would usually be denoted by T ~ F, ;, where a is the “numerator degrees
of freedom" and b is the “denominator degrees of freedom".) The density is given by

yb/2-1

(a + bx)@tb)/2

(In fact, C(a,b) = a“?b"?Beta(a/2,b/2), and fp(x) — g(x) as @ — oo where g, is the Gamma density with
parameters b/2 and b/2.) It is well-known (see e.g. Borell (1975)) that f; », belongs to the class of s-concave densities, if

fap(X) = Cap

for x > 0.
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s < —1/(1+a/2) = so(fo,p) when a > 2 and b > 2. This implies that s € [-1/2, 0), and the resulting s§ = s/(1+s) = —2/a
is in [—1, 0). By Proposition 1, it follows that F** and (1 — F)*" are convex; i.e. F is bi-s*-concave.

Example 3 (Pareto). Suppose that f,, = (a/b)(x/b)~ "+1)1[b 0)(X), the Pareto distribution with parameters a > 0 and
b > 0. In this case, f,  is s-concave for each s < —1/(1 4+ a) by notlng the convexity of f, /""" = (x/b) - (b/a)/0+9),

Thus we take s = —1/(1+a) € (—1, 0) for a € (0, co) and hence s* =s/(1+5s) equals —1/a Furthermore, it is easily
seen that

—f'(x)
f2(x)
(CRg(-) represents the Csorg6-Révész function in the right tail.)

Thus the Pareto distribution is analogous to the exponential distribution in the log-concave case in the sense that
X > f5(x) = cx (with ¢ = b~1(b/a)/(1+9) is linear.

CRg(x)

(1= F(x))

=1-s"*=1+1/aforall x > b.

Example 4 (Symmetrized Beta). Suppose that
Fx) ==X /P15 ),

where
G =I(3+1)/2)/(Warr(14r/2))

and r € (0, co). Note that f; is an s-concave density with s = 2/r € (0, oo) since
200 = (=1 s s

is concave and hence the corresponding distribution function F; is bi-s*-concave with s* = s/(1 +s) = 2/(2 4+ r). As
r — oo it is easily seen that

frx) = (2)" 2 exp(—x*/2),

the standard normal density. Thus r = oo corresponds to s = 0 and s* = 0. On the other hand,
& (X) = VI (Vrx) = VrG(1 = X*) P12y (%) = 27 1y q(x)

as r — 0. Thus r = 0 corresponds to s = co and s* = 1.

Note that just as the class of bi-log-concave distributions is considerably larger than the class of log-concave
distributions (as shown by Diimbgen et al. (2017)), the class of bi-s*-concave distributions is considerably larger than
the class of s-concave distributions. In particular, multimodal distributions are allowed in both the bi-log-concave and
the bi-s*-concave classes.

Example 5 (Exponential Family; exponential tilt of U(0, 1)). Suppose that
fe(x) = exp(tx — K(t))1j0,1)(x)

where
log(et — 1) —logt, t>0,
K(t) = 0, t=0, (5)
log(1 — €*) — log(—t), t <0,

for —oo < t < oo with K(0) = 0, and further define F,(x) = fo fily

One can verify that f; is s-concave only for s < 0 and hence F; is b1 -s*-concave for s* < s/(14s) < 0 by Proposition 1.
However, this might not be optimal; i.e. there remains the possibility that F € Ps for some s* > 0. In fact, by Theorem 3(iv)
it follows that F; € Py with s* = e~ !l. (For an example involving a power-tilt of U(0, 1), see Dharmadhikari and Joag-Dev
(1988) (iv), page 95.) This also implies that the converse of Proposition 1 does not hold here or in general. The following
two examples also illustrate this point.

Example 6 (Mixture of Gaussians Shifted Diimbgen et al., 2017, page 2-3). Suppose that f;5 is the mixture (1/2)N(-§, 1) +
(1/2)N(8, 1) with § > 0. It is well-known that fs is bimodal if § > 1. Since all s-concave densities are unimodal (see
e.g. Dharmadhikari and Joag-Dev (1988) page 86), it follows that f is not s-concave for any § > 1. Diimbgen et al. (2017)
showed (numerically) that the corresponding distribution Fs is bi-log-concave for § < 1.34 but not for § > 1.35. With
6 = 1.8 this example also shows that strict inequality can occur in the second inequality in Corollary 4.

Example 7 (Mixture of Shifted Student-t). Now suppose that f is the mixture (1/2)t;(-—8)+(1/2)t1(-+8) with § > 0 where
t, is the standard Student-t density with r degrees of freedom as in Example 1. Since f is bimodal if § > o &~ 0.6 and all
s-concave densities are unimodal, it follows that f5 is not s-concave for any § > Jy. For values of § < &g, fs is s-concave
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Table 1
Summary of Examples 1-8.
Name Example Density d.f. s s*=s/(1+5s) y(F)=1-s5s"
F
Student-t 1 fr,r>0 F, —1/(1+71) —1/r 1+ (1/r)
Fap 2 fap.a,b>0 Fap —-1/(14+a/2) —2/a 1+2/a
Pareto(a, b) 3 fap, a,b>0 Fab —1/(1+a) —1/a 1+ 1/a
Symmetric Beta 4 fr,r>0 F; 2/r 2/(r+2) 1/(1+2/r)=r1/(r+2)
Expo family Tilted U(0, 1) 5 fi,teR F; 0 et 1—elt
Mixture, 6 fs F;s Not s-concave 0 for 1
N(8, 1), N(=5, 1) for 6 > 1 0<8<134 0<8<134
Mixture, 7 fs Fs Not s-concave bi-s*-concave, some s* 2
T(8,1), T(=35,1) §>.6 0<é<o0 § small
Lévy a = 1/2 8 fa Fa —2/3 -2 3
with s = —1/2, so Proposition 1 applies and shows that Fs is bi-s*-concave with s* = —1. By numerical calculation, for

8 > §&p the distribution functions Fs are bi-s*-concave for some s* = s*(§) € (—oo, 1] which decreases (approximately
linearly) for large 6.

Example 8 (Lévy with « = 1/2). This example is the completely asymmetric a-stable (or Lévy) law with « = 1/2. It gives
the first passage time to the level a > 0 for a standard Brownian motion B (started at 0 and with no drift). See e.g. Durrett
(2019), pages 372-374. The density is given by

fa(t) =

exp(—a®/2t)1(g c0)(t),
2mt3

and the distribution function Fy(t) = 2P(B; > a) = 2(1 — ®(a/+/t)). It is easily seen that f, is s-concave with s = —2/3,
and hence F; is bi-s*-concave with s* = —2. Thus y(F) = 3.

Table 1 summarizes the examples:
Example 5 shows that strict inequality can hold in the inequality y(F) < y(F)

3. Main theoretical results

Here is our theorem characterizing bi-s*-concave distribution functions.
Theorem 3. Let s* < 1. For a non-degenerate distribution function F, the following statements are equivalent:
(i) F is bi-s*-concave.

(ii) F is continuous on R and differentiable on J(F) with derivative f = F'.
Moreover, for s* # 0,

< F(x)- (1 +s5 i - X))l/s
F(y) + s (6)
= 1= (1= F0)- (1= 550 - 0) |
while for s* =
< F(x) - exp (F5 (v — %)
F(y) (50 —) i (7)
= 1= (1= F(x) - exp (— 7355 v — )

forall x,y € J(F).
(iii) F is continuous on R and differentiable on J(F) with derivative f = F’ such that the s*-hazard function f /(1 — F)'=*" is
non-decreasing on J(F), and the reverse s*-hazard function f /F'=" is non-increasing on J(F).
(iv) F is continuous on R and differentiable on J(F) with bounded and strictly positive derivative f = F'. Furthermore, f is
differentiable almost everywhere on J(F) with derivative f’ = F” satisfying
f? f?
—-(1- 5*)ﬁ <f <(1- s*)F almost everywhere on J(F). (8)

The following two remarks are immediately consequences of Theorem 3. See Section 6 for a proof of Remark 1.
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Remark 1. (i) The proof of Theorem 3(iv) implies that if s* > 1, then not both F** and (1 — F)*" can be concave.
(ii) If F is a bi-s*-concave distribution function for 0 < s* < 1, then inf J(F) > —o0 and sup J(F) < oo.
(iii) If F is a bi-s*-concave distribution function for s* < 0, then it follows that

(0, T(F)) C {t eR": / |X|rdF(X) < OO} s (9)
with
| if inf J(F) > —oo and sup J(F) < oo,
T(F) = {_51* otherwise. (10)

Remark 2. Suppose that F is a bi-s*-concave distribution function, and define

T,(F) = sup (x), and To(F) = sup

— ——(X).
xej(F) F17° xe(Fy (1 — F)1=s

Since f/F'~5" is monotonically non-increasing on J(F), it follows that for any x, xo € J(F) with x < xq,

1 ps* 1 ps*
=F — <F
f )3 (%) — =F* (x0)
F1-s X — Xo
and hence
. f >
T(F) = —x)= 1 ’ e .
1(F) XSEIJJ(E)Fl—S* ) x—)ilnrfr}(F)Fl_S* (x) =o0 if infJ(F) > —o0.

Analogously one can show that

> 0,
To(F) {: oo if sup J(F) < oo.
Corollary 4 (Connection with the Csorgé-Révész Constant). Suppose F is a bi-s*-concave distribution function for s* < 1. Then
with y(F) and y(F) as defined in (3) and (4), we have

1 - _
EV(F)SV(F)SV(F)SV(F)S1—5*, (11)

where

C72(F) = ess sup FOIF(x)

xe)F)  (F/(x)?
and

{F(x) A (1 = F)}F" ()] {F(x) A (1 = FCORF ()1

y(F) = esssup = esssup
xel(F) (F'(x))? xeJ(F) (f(x)?

Remark 3. By Theorem 3, one can verify that a?(F ) is well-defined for any F € P+. Note that

- F(x)(—F"(x))
CR(F) = —_
(F) = €58 o Fi)?

The first two inequalities in Corollary 4 follow (as we noted before) from 2= {u A (1 —u)} < u(1—u) < u A (1 —u) for
0 < u < 1. Thus finiteness of y(F) implies finiteness of y(F) and vice-versa. Examples show that strict inequality may
hold in the inner inequalities in (11). On the other hand, if f is non-decreasing on (a, F~'(1/2)) and f is non-increasing
on (F~1(1/2), b) where J(F) = (a, b), then y = ¥ by inspection of the proof of y(F) < ¥(F).
Corollary 5 (Bounds for F € Ps, where s* # 0). For any s* € (—oo, 0) U (0, 1] and F € Psx,

Fi(x) < F(x) < Fy(x), (12)
where Fi(x) = L (FS'(x) — (1 —s*)) and Fy(x) = £ (1 —(1=Fx)").

Moreover, Fy(x) is a convex function on J(F), and F.(x) is a concave function on J(F). For s* = 0 and F € Py, (12) holds
with Fi(x) = 1+ log F(x) and Fy(x) = —log(1 — F(x)).
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4. Confidence bands for bi-s*-concave distribution functions

Our goal in this section is to define confidence bands for F which exploit the shape constraint F € Pgx. We start with
some known unconstrained nonparametric bands and define new bands under the assumption that the true distribution
function F satisfies the shape constraint F € Pg; where sg is known.

4.1. Definitions and basic properties

Let X1, ..., X, be i.i.d. random variables with continuous distribution function F. A (1—«)-confidence band, denoted by
(Ln, Uy), for F means that both L,, and U,, are monotonically non-decreasing functions on R depending on « and Xy, ..., X,
only, moreover, L, and U, have to satisfy L, < 1, U, > 0 and

P (Ly(x) < F(x) < Uy(x) forallx e R) = 1 — .

The following two bands are discussed in Diimbgen et al. (2017) and we briefly restate them here.

Example (Kolmogorov-Smirnov Band). A Kolmogorov-Smirnov band (L,, Uy,) is given by

s ks
n ,n
[La(x), Up(x)] = | Fu(x) — %7 Fn(x) + :;ﬁ N[o, 1],
where F, is the empirical distribution function and «5 denotes the (1 — «)-quantile of sup,.g n'/?[Fy(x) — F(x)|,
see Shorack and Wellner (2009) Note that /< ./log(2/a)/2 by Massart’s (1990) inequality, see Massart (1990).

a,n —

Example (Weighted Kolmogorov-Smirnov Band). A Weighted Kolmogorov-Smirnov band (L,, Uy) is as follows: for any
y €10,1/2),

S WKS
[La(x), Un(x)] = | t; — j/% (&1 =), tiy1 + %(EH(] — tiy1))” | N0, 1],
fori € {0,1,...,n} and x € [X;), X(i+1)), where {X(3}i; denotes the order statistics of {Xi}{_;, X(0) = —00, X(z+1) = 0,
ti=i/(n+1)fori=1,...,n and «}'§> denotes the (1 — «)-quantile of the following test statistics

i=1,..n (t(1 =)
Note that «}'% = 0(1).

A further example of a nonparametric confidence band due to Owen (1995) and refined by Diimbgen and Wellner
(2014) was considered by Diimbgen et al. (2017). We will not consider this third possibility further here due to space
constraints.

Now we turn to confidence bands for bi-s*-distribution functions. Our approach will be to refine the three uncon-
strained bands given in the three examples.

Suppose F is a bi-s*-concave distribution function. A nonparametric (1 — «) confidence band (L,, U,) for F may be
refined as follows:

L2(x) = inf{G(X) : G € Pe, Ly < G < Uy},
Up(x) = sup{G(x): G € P+, L <G < Up}.

If there is no bi-s*-concave distribution function F fitting into the band (L, U,), we set L) = 1 and U? = 0 and we
conclude with confidence 1 — « that F is not bi-s*-concave. But in the case of F € Ps+, this happens with probability at
most «.

The following lemma implies two properties of our shape-constrained band (L}, U?). The first one is that both LY and
U? are Lipschitz continuous on R, unless inf{x € R : L,(x) > 0} > sup{x € R : Up(x) < 1}. The second one is that
L?(x) converges polynomially fast to 0 as x — —oo and Up(x) converges polynomially fast to 1 as x — oo as long as
limy 00 Ln(X) > limy—, —oo Un(X).

Lemma 6. For real numbersa < b, 0 <u <v < 1and s* € (—oo, 0) U (0, 1], define

(0 —u) F (1= —(1—uy)
=\ @ 7 _ s
= b—a and yz = b—a ’

(i) If Ly(a) > u and U,(b) < v, then L and U} are Lipschitz-continuous on R with Lipschitz constant max{y, y2}.
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(ii) If Up(a) < u and Ly(b) > v, then
" 1/s*
Up(x) < (us + s*yi(x — a)) forx <a,
+

1/s*

1-19(x) < ((1 o S stk — b)) forx > b.
+

The following theorem implies the consistency of our proposed confidence band (L), U?).

Theorem 7. Suppose that the original confidence band (L,, U,) is consistent in the sense that for any fixed x € R, both L,(x)
and Uy(x) tend to F(x) in probability.

(i) Suppose that F ¢ Ps. Then P(L < U?) — 0.

(ii) Suppose that F € P with s* # 0. Then P(L) < UJ) > 1 —«, and

sup  [[G=Fllc =5 0, (13)
GePgr:Ln<G=<Up

where sup(@) = 0. Moreover, for any compact interval K C J(F),
sup lhc — hrllk,co = O, (14)
GePyr Ln<G=<Up
where h¢ stands for any of the three functions G/, (GS*)/, and ((1— G)S*)/. Finally, for any fixed x; € J(F) and 0 < by <
FE)/F' (),
p (U,‘,’(x) < (Uﬁ*(xl) +sbi(x — X'))

l £
’ forx <x < xl) — 1, (15)
+
while for any fixed x, € J(F) and 0 < b, < f(x;)/(1 — F(x2))'~",
1/s*

p (1 100 < ((1 LX) = s*hy(x — x’)) forx>x > xz) 1 (16)
+

The following result provides the consistency of confidence bands for functionals f ¢dF of F with well-behaved
integrands ¢ : R — R.

Corollary 8. Suppose that the original confidence band (L,, U,) is consistent, and let F € P with s* < 0. Let ¢ : R — R
be absolutely continuous with a continuous derivative ¢’ satisfying the following constraint: there exist constants a > 0 and
k < —1/s* such that

l¢'(x)] < alx|*".

[(j)dG—/d)dF‘ —, 0.

The following theorem provides rates of convergence, with the following condition on the original confidence band
(Ln, Up):

Condition (*): For certain constants y € [0, 1/2) and «, A > 0,
max{F, — L,, Uy, — Fy} < kn~1/2 (Fn(1 —TFp))

on the interval {An="2=2V) < F, <1 — an~V2-2r)},

As stated in Diimbgen et al. (2017), this condition is satisfied with y = 0 in the case of the Kolmogorov-Smirnov band.
In the case of the weighted Kolmogorov-Smirnov band, it is satisfied for the given value of y € [0, 1/2). For the refined
version of Owen’s band, it is satisfied for any fixed number y € (0, 1/2).

Then

sup
G:19<G=U?

Theorem 9. Suppose that F € P with s* < 0 and let (L,, U,) satisfy Condition (*). Let ¢ : R — R be absolutely continuous
with a continuous derivative ¢'.
Suppose that |¢'(x)] = O(]x|*"1) as |x| — oo for some numbers k < —1/s*. Then

/(bdG—/(bdF' =0, <n’%(1A"§*jy1)>. (17)

—1/2

sup
G:L9<G=U?

Remark. (i) From (17), one can verify that the convergence rate is n as long as*k < y/(—s*).
(ii) From (17), one can verify that when y = 0, the convergence rate is n~'/2**/(=") and we have a “power deficit" (or
“polynomial rate deficit") relative to n=1/2,
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4.2. Implementation and illustration of the confidence bands

In this section, we discuss the implementation of confidence bands for bi-s*-concave distribution functions. This
extends the treatment of Diimbgen et al. (2017) from s* = 0 to general values s* € (—oo, 1].

Recall the procedure Conclnt(-, -) developed in Diimbgen et al. (2017). Given any finite set 7 = {to, ..., ty} of real
numbers ty < t; < --- < t;; and any pair (I, u) of functions [, u : 7 — [—o0, 00) with | < u pointwise and [(t) > —oo for
at least two different points t € 7, this procedure computes the pair (I°, u®) where

I°(x) = inf{g(x): gis concaveon R, | <g <uonT},
u°(x) = sup{g(x): gisconcaveonR, [<g <uonT}.

First note that [° is the smallest concave majorant of [ on 7; thus it may be computed by a version of the pool-adjacent-
violators algorithm; see for example (Robertson et al., 1988). Then we obtain indices 0 < j(0) < j(1) < --- < j(b) < m
such that

= —oo on R\[£j0), i)l
I° 4 is linear on [tjg—1), tj] for 1 <a < b,
change slope at tjq) if 1 <a <b.

With [° in hand, we then check to see if I° < u on 7. If this fails, then there is no concave function lying between [ and
u, and the procedure returns an error message. If this test succeeds, then we compute u°(x) as

u(s) — I(r)

min {u(s) +
s—r

(x—s):re%,r<s§xorx§s<r},
where 7, = {tjo), tj1), - - - » tjw)}. (The rest of the description of the procedure ConcInt(-, -) is just as in Diimbgen et al.
(2017).)

When s* < 0, let g(v; s*) = g(v) = —v° and h(v; s*) = h(v) = (—v)"/*". (This is the most important new case. When
s = s* = 0, g(v) = log(v), h(v) = exp(v). When s* > 0, g(v) = v* and h(v) = v'/*".) Here is pseudocode for the
computation of (L%, U?).

(Ly, Up) <= (Lo, Up)
(I°, u®) < ConcInt(g(L?), g(Uy))
(L5, U3) < (h(I°), h(u®))
(l0 ) < Conclnt(g(1 — ) g(1— L"))
(12, U%) « (1 — h(u°), 1 — h(I°))
while (I%, U°) # (L2, U?) do
(13, U2) < (@.T9)
(I°, u®) < Conclnt(g(L?), g(U?))
(T, U7 < (h(e), hu')) .
(I°, u®) < ConcInt(g(1 — UY), g(1—L?))
(L5, U2) < (1= h(u®), 1 — h(I"))
end while.

Illustration of the confidence bands

To get some feeling for the new confidence bands in a setting in which sj is known, we generated a sample of size
n = 100 from the Student-t distribution with r = 1 degrees of freedom. This distribution belongs to Py for every
s* < —1 = s. We constructed Kolmogorov-Smirnov (KS) and weighted Kolmogorov-Smirnov (WKS) bands with y = 0.4
as the initial starting bands (L,, U,). We then computed and plotted our shape constrained confidence bands (L2, U?)
under the (correct) assumption that s* = —1 and the (incorrect) assumption that s* = 0 for both the KS and WKS bands
as initial nonparametric bands with for @« = 0.05; see Figs. 1 and 2. To see the components of Figs. 1 and 2 separately,
see the Supplementary file, Figures 1-2 and 3-4 respectively.

Note that when s* = 0, s* is miss-specified and the resulting bands are not guaranteed to have coverage probability
.95. An indication of this is that the shape constrained bands computed under the assumption s* = 0 do not contain the
empirical distribution.

From these two plots, an immediate observation is that the confidence bands for smaller s* are wider than those with
larger s*. This is a direct consequence of the nested property of the bi-s*-concave classes; see Proposition 2. Also note

that the shape constrained band with s* = —1 does improve on the KS band, especially in the tail (see Fig. 3).
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Fig. 1. Confidence bands for bi-s*-concave distribution functions based on KS bands. The black curve is the distribution function of the Student-t
distribution with 1 degree of freedom. The two gray-black lines give the KS band and lines in other colors are refined confidence bands under the
bi-s*-concave assumption. The step function in the middle is the empirical distribution function. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Confidence bands for bi-s*-concave distribution functions based on WKS bands. The black curve is the distribution function of the Student-t
distribution with 1 degree of freedom. The two gray-black lines give the WKS band and lines in other colors are refined confidence bands under
the bi-s*-concave assumption. The step function in the middle is the empirical distribution function. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Confidence Bands for bi-s*-concave distribution functions from KS bands based on a sample of size 1000 from the Student-t distribution
with 1 degree of freedom. The two gray-black lines give the initial bands, lines in other colors are refined confidence bands under the bi-s*-concave
assumption. The step function (black) in the middle is the empirical distribution function. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

An Application

Diimbgen et al. (2017) gave an application of bi-log-concave confidence bands to a dataset from Woolridge (2000). It
contains approximate annual salaries of the CEOs of 177 randomly chosen companies in the U.S. The salary is rounded
to multiples of 1000 USD. We denote the ith observed approximate salary by Y; r4,,. Diimbgen et al. (2017) assume that
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Fig. 4. Confidence Bands for bi-s*-concave distribution functions from WKS bands based on a sample of size 1000 from the Student-t distribution
with one degree of freedom. The two gray-black lines give the initial bands, lines in other colors are refined confidence bands under the bi-s*-concave
assumption. The step function (black) in the middle is the empirical distribution function. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

the unobserved true salary Y; g lies within (Y; ;g — 1, Yi rqw + 1). Let us assume that Gy is the unknown distribution of
Ytrue. For income data it is sometimes assumed that logq, Yre is Gaussian (see Kleiber and Kotz (2003)). Since Gaussian
densities are all log-concave and hence have bi-log-concave distribution functions (by Proposition 1), it is natural to
consider replacing the Gaussian assumption by the assumption of bi-log-concavity. Diimbgen et al. (2017) therefore
assumed that X = log,q Yire is bi-log-concave and constructed 95% confidence bands (L,, U,) (see Fig. 4 of Diimbgen
et al. (2017)) where L, is computed with the empirical distribution of log;o(Yi qw — 1)i_; and U, is computed with that
of IOglo(Yi,raw + 1),‘":1-

Here we assume that the distribution of X is bi-s*-concave for some s* and compute confidence bands for different
values of s*. Now we are confronted with the issue of choosing s*: if we want narrower confidence bands we would
assume some value of s* € (0, 1], while if we are not willing to assume s* = 0 (the choice made by Diimbgen et al.
(2017), then we would assume some value of s* < 0 (leading to the larger classes Ps+ with s* < 0. It is of some interest to
know if the CEO data could be modeled by use of the bi-s* classes with s* € (0, 1] since this would result in still narrower
confidence bands. But it is also of interest to try to use the data to choose s*.

Choosing s*
Since F can be a member of Py for various values of s*, each s* leads to a different set of bands. However, due to the
nesting property of Py, a larger s* always yields a narrower confidence band. Thus, it is of interest to estimate

So(F) :=sup{s® € (—oo, 1] : F € P}

since s* = s, generates the narrowest bands at a given confidence level. If F is not bi-s*-concave for any s* < 1, then
we set sj(F) = —oo. Now s is connected to the Csérgé-Révész constant since s* = s§ when ¥(F) = 1—s* and F € P}.
For example, the Student-t distribution with r “degree of freedom” has sj = —1/r. However, this connection cannot be
easily exploited for practical estimation purposes due to difficulties in estimating y(F) or y(F). So we take an alternative
route to making inference about sj.

Starting from an initial 1 — « band (L;, U,), a bound on sj is given by

s = sup{s* € (—oo, 1] : (Ln, Uy) contains some d.f. F € Py}.

Clearly, for s* > 57, there is no bi-s*-concave distribution function fitting into the band (L,, U,). Since this happens with
probability at most « € (0, 1) when the true distribution function F € P, it follows that (—oo, 57] is a confidence set for
sg with coverage probability at least 1 — «. Our simulations suggest that 5, is generally considerably larger than s}, and
hence not suitable as an estimator, especially for « = 0.05.

Instead, we propose an estimator of s based on the F, measure of the set where the empirical measure remains
between the shape-constrained band for s*. More formally, let L2(s*) and U>(s*) denote the 1 — « level bi-s*-concave
confidence bands based on the initial bands L, and U, and the assumption F € Pg. Define

o(s*) =n""! Z HL(s™)(X) < Fa(Xi) < US(s™)(X0)

LA™K < Up(s™)(Xo)}
= Fn ({L3(s") < Fu < U(s") N{LY(s") < UR(s™))) -
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Fig. 5. Confidence Bands from an initial KS band for the CEO salary data. The step function in the middle is the empirical distribution function. The
two gray-black lines give the KS band and lines in other colors are refined confidence bands under the bi-s*-concave assumption. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. Confidence Bands from an initial WKS band for the CEO salary data. The step function in the middle is the empirical distribution function.
The two gray-black lines give the WKS band and lines in other colors are refined confidence bands under the bi-s*-concave assumption. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

A higher value of w(s*) indicates that (L9(s*), UJ(s*)) contains a greater portion of F,. Since the bands (L,(s*), U,(s*))
become narrower as s* increases, w(s*) decreases in s*, and eventually becomes zero when s* > 5. A plausible estimator
of s is therefore given by

S; = min{s* € (—00,5;]: 0(s*) > p}, (18)

where p is a threshold taking values in (0, 1). The calculation of 5% thus depends on « and p.

In the case of the CEO data, S; ~ 0.23 for the KS initial band, and 5, ~ 0.18 for the WKS band. Taking & = 0.05
and p = .95, leads to 5% = 0.12, while taking « = 0.05 and p = 0.95, leads to St = .12. The resulting bands are
given in Figs. 5 and 6. Also see the Supplementary file, Figures 9-10 and Figures 11-12 for the steps in constructing
Figs. 5 and 6.

We should emphasize that our current theory says little about the coverage probabilities of the bands (L(s*), U3(s*)).

=k

Discussion of the consistency of s is beyond the scope of the present paper, but this and further issues concerning

inference for both s* and F € P; seem to be interesting directions for future research.
5. Summary and further problems

In this paper we have:

e Defined new classes of shape-constrained distribution functions, the bi-s*-classes extending the bi-log-concave class
of distribution functions defined by Diimbgen et al. (2017).

e Characterized the new classes and connected our characterization to an important parameter, the Cs6rg6-Révész
constant associated with a distribution function F.

e Used the new bi-s*-concave classes to define refined confidence bands for distribution functions which exploit the
shape constraint, thereby producing more accurate (narrower) bands with honest coverage when the shape constraint
holds.
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Thus we have shown that if we know the parameter s* € (—oo, 1] determining the class, we can construct refined
confidence bands which improve on any given nonparametric confidence bands if the given value of s* is correct. It follows
from the construction of our bands that they have conservative coverage probabilities under the (null) hypothesis that
the true distribution function is in Ps+ and that s* is correctly specified.

e What if we do not know s*? Can we estimate it from the data? As becomes clear from the discussion of the CEO
data via Figs. 5 and 6, our methods provide one-sided confidence bounds for the true s* of the form (—oo, 5;] under the
assumption that F € Py for some s*. It remains to develop inference methods for s* and (s*, F) jointly. It will also be of
interest to have a more complete understanding of the power behavior of tests related to 5, and S}

e The stable laws are known to be unimodal; see e.g. Hall (1984) for some history. In connection with Example 8 we
have the following:

Conjecture. the «-stable laws are s-concave with s = —1/(1+«) for0 < «a < 2.
6. Proofs

Proof of Theorem 3. Throughout our proof we will denote inf J(F) and sup J(F) by a and b respectively. Moreover, we
assume s* < 0 in the following proof and leave the case of s* > 0 for Appendix A. Note that the case s* = 0 is proved
by Diimbgen et al. (2017).

(i) implies (ii):

Suppose F € Pg. To prove that F is continuous on R, we first note that x — F*'(x) and x — (1 — F(x))s* (x) are
convex functions on R. By Theorem 10.1 (page 82) of Rockafellar (1970), F* and (1 — F(x))s* are continuous on any open
convex sets in their effective domains. In particular, F** and (1 — F)s* are continuous on (a, o) and (—oo, b) respectively.
This implies that F is continuous on (a, co) and (—oo, b), or equivalently, on (a, co) U (—oo, b) = (—o00, 00) since F is
non-degenerate.

To prove that F is differentiable on J(F), note that J(F) = (a, b) since F is continuous on R. By Theorem 23.1 (page
213) of Rockafellar (1970), for any x € J(F), the convexity of F* on J(F) implies the existence of (FS*)/+ (x) and (F")_ ().

Moreover, (FS*): (x) < (FS*),+ (x) by Theorem 24.1 (page 227) in Rockafellar (1970). Since F = (FS*)I/S* on J(F), the chain
rule guarantees the existence of F/ (x) and

1 o 175 =1 N
Fl(x) = — (FS ) (x+) (FS ) ).

s* +
Since F is continuous on J(F), then

Fl(x) = Sl (FS")US*_l ) (F)i ).

Hence F’ (x) > F,(x) by noting that (FS*): (x) < (F‘*):r (x) and s* < 0.
Similarly, one can prove F’ (x) < F/ (x) by the convexity of (1 — F)s* on J(F).
Thus F’ (x) = F\ (x) = F'(x) for any x € J(F), or equivalently, F is differentiable on J(F). The derivative of F is denoted

by f,ie. f=F.
To prove (6), note that the convexity of x — F5 (x) on J(F) implies that, for any x, y € J(F),

0= F @200 (F) 0=0 -0 0w

or, with x; = max{x, 0},

FS'(y) JX)
() > (1 +s F(X)(y—X)>+.

5

FS

Hence,
F(y) J®) v
o = (1 F(x)”"‘)l |
or, equivalently,
1/s*
F(y) < F(x) (1 + S*@(y - X)) .
F(x) n
Analogously, the convexity of (1 — F (x))s* on J(F) implies that
(A =Fy)" — A =FE)" = —(y —x)s" (1 — Fx)* " f(x),
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or, equivalently,

1-Fo)\~ ic)
(1—F(x>> = <]_5 1—F<x>(y_")>+’

which yields

1/s*
F(y)21—(1—F(x))<1—s* ) (y—x)) .

The proof of (6) is complete.
(ii) implies (iii):
Applying (6) yields that for any x, y € J(F) with x < y,
FS'(x) f)

145222 (x—y),
oy = Ry

and

F'(y) Lf(x)
FS*(X) Z 1+S ﬁx)(y_x)!

or, equivalently,

R 10
Pz PO+ G

(x =),

and

. f(X)
Fl—s*(X)

By defining h = f/F'~*" on J(F), it follows that
FS(x) = F(y) + s*h(y)(x — y),

F(y) > F(x) + v —x).

and

F () = F (%) + s"h(x)(y — x).
After summing up the last two inequalities, it follows that

F () + F (v) 2 F () + s"h()(x — ) + F* () + s"h(x)(y — %),
or, equivalently,

0 > s* (h(x) — h(y)) (y — x).

Hence h(x) = h(y), or equivalently, h(:) is a monotonically non-increasing function on J(F).

The proof of the monotonicity of h = f/(1 — F)!" is similar and hence is omitted.
(iii) implies (iv):

If (iii) holds, it immediately follows that f > 0 on J(F) = (a, b). If not, suppose that f(xg) = 0 for some xo € J(F).
It follows that h(xg) = f(xo)/Fl‘S*(xo) = 0. Since h is monotonically non-increasing on J(F), h(x) = 0 for all x € [xo, b),
or, equivalently, f = 0 on [xg, b). Similarly, the non-decreasing monotonicity of x — h(x) on J(F) implies that f = 0 on
(a, xo]. Then f = 0 on J(F), which violates the continuity assumption in (iii) and hence f > 0 on J(F).

To prove f is bounded on J(F), note that the monotonicities of h and h imply that for any x, xo € J(F),

F) = |F1 7 00R) = h(X) < hixo), if x > xo,
~ (1= F)'="h(x) < h(x) < h(xo), if x < xo.

Hence f(x) < max{h(xo),ﬁ(xo)} for any x, xo € J(F).

To prove that f is differentiable on J(F) almost everywhere, we first prove that f is Lipschitz continuous on (c, d) for
any ¢, d € J(F) with ¢ < d.

By the non-increasing monotonicity of h on J(F), the following arguments yield an upper bound of (f(y) — f(x)) /(y —x)
for any x,y € (c, d):

fO) = f) _ F5 (h(y) = F'~ (x)h(x)

y—X y—X
1—s* _ pl=s* _
PPN el ) Rl ) BN OO B 1
y—X y—X
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1—s* _ pl-=s*
- h(y)F (y)—F 7 (x)
y—X

= h(y)X1 —s")f(2)F* (2),

where the last equality follows from the mean value theorem and z is between x and y.
Since —s* > 0, it follows that F~** < 1 and hence

% < (1=s"f(2h(y) < (1—s*)max{h(xo), h(xo)}h(c)

for x,y € (c, d).
Similar arguments imply that

fO) —fx) _ F0h(y) — F (x)h(x)

y—Xx y—x
E1—s* _ pl-s* T _ T
_ ﬁ(y)F W —-F~ X N Fl—S*(x)h(y) h(x)
y—X y—Xx
rl—s* _ pl=s*
. ?i(y)F W) —F = (x)
y—X

—h(y)X1 = s*)F ' (2)f(2)
—(1 — s*) max{h(xo), h(xo)}h(d).

v

Hence

f) —f(x)
y—X

< (1 = s*)max{h(xo), h(xo)} max{h(c), h(d)}.

The last display shows that f is Lipschitz continuous on (c, d).

By Proposition 4.1(iii) of Shorack (2017), page 82, f is absolutely continuous on (c, d), and hence f is differentiable on
(c, d) almost everywhere.

Since (c, d) is an arbitrary interval in (a, b), the differentiability of f on (c, d) implies the differentiability of f on (a, b)
and hence f is differentiable on (a, b) with f’ = F” almost everywhere.

Since f is differentiable almost everywhere, the non-increasing monotonicity of h on J(F) implies that

h'(x) < 0 almost everywhere on J(F),
or, equivalently,
log(h)'(x) < 0 almost everywhere on J(F).

Straight-forward calculation yields that the last display is equivalent to

f— —(1-— s*)jF: < 0 almost everywhere on J(F),

f
or,

2
ff<(@- s*)fF almost everywhere on J(F),

which is the right hand side of (8).

Similarly, the non-decreasing monotonicity of I implies the left hand side of (8).
(iv) implies (i):

Since F is continuous on R, it suffices to prove that FS* is convex on J(F) by Definition 2. Since we assume that F is
differentiable on J(F) with derivative f = F’, the convexity of F*" on J(F) can be proved by the increasing monotonicity
of the first derivative of F* on J(F). Since f is differentiable almost everywhere on J(F), the increasing monotonicity of
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(FS*), on J(F) can be proved by the non-negativity of (FS*)” on J(F) almost everywhere, which follows from

" 2
(F) o=5F"t0 (—(1 - s*)% +f’(x)) >0,

where f = F/, f' = F”. The last inequality follows from the right hand side of (8).
Similarly, the convexity of (1 — F(x))*, or F**, on J(F) can be proved by the following arguments:

f2(x)

(F) w=sF""0 (—(1 -0 —f/(X)) >0,

where the last inequality follows from the left part of (8). O
Proof of Proposition 1. First some background and definitions:
e Leta,b>0and 6 € (0, 1). The generalized mean of order s € R is defined by

(1=0)a* +6b)*, if +5€ (0, 00),

oy Ja o, if s =0,
Ms(a, b; 0) = max{a, b}, if s = o0,
min{a, b}, if s = —o0,

e Let (M, d) be a metric space with Borel o-field M. A measure © on M is called t-concave if for nonempty sets
A,Be Mand 0 < 6 < 1 we have

My (1= 0)A+6B) = M; (u4(A), u+(B); 0)

where i, is the inner measure corresponding to u (which is needed in general in view of examples noted by Erdés
and Stone (1970)).
e A non-negative real-valued function h on (M, d) is called s-concave if for x,y € M and 0 < 6 < 1 we have

h((1—6)x+ 0y) = M; (h(x), h(y); 0) .

See Chapter 3.3 in Dharmadhikari and Joag-Dev (1988) for more details of the definitions of My(a, b; 6), t-concave
and s-concave.

e Suppose (M, d) = (R, |-]), k—dimensional Euclidean space with the usual Euclidean metric and suppose that f is an
s-concave density function with respect to Lebesgue measure A on By, and consider the probability measure x on
By defined by

u(B) = ffdx for all B € By.
B

Then by a theorem of Borell (1975), Brascamp and Lieb (1976) and Rinott (1976), the measure u is s*-concave where
s*=1/(14+ks)ifs € (—1/k,00) and s* =0 if s = 0.

e Here we are in the case k = 1. Thus for s € (—1, co) the measure u is s* concave: for s € (—1, 00), A, B € By, and
0<6 <1,

ps (1= 0)A+60B) > My («(A), 14(B); 6) (19)
here u, denotes inner measure corresponding to i.
With this preparation we can give our proof of Proposition 1: if A = (—o0, x] and B = (—o0, y] for x, y € J(F), it is easily
seen that
(1—0)A+60B={(1—-0X +0y :x¥ <x,y <y}
c{1—=0X 40y :(1—0)x +6y <(1—60)x+ 0y}
= (—o0, (1 —=0)x+0y].
Therefore, with the second inequality follows from (19),

F((1-0x+0y) = pn(—o0,(1—0x+06yl)
= (1 —0)(—00,x] + 6(—00,y])

i.e. F is s*-concave. Similarly, taking A = (x, co) and B = (y, oo) it follows that 1 — F is s*-concave.
Note that this argument contains the case s* = 0. O

\Y
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Proof of Proposition 2. By Theorem 3, for any F € Ps, F is continuous on R and differentiable on J(F) with derivative
f = F'. Furthermore, f is differentiable almost everywhere on J(F) with derivative f* = F” satisfying (8).

For any t* < s*, by noting that 1 —s* < 1 —t* and —(1 — s*) > —(1 — t*), it follows that

f? f? , f? f?
—(1—t* —(1-5 <f'<(- 1-—t*
(=) = —(1 =) < = (1=s0% (1 -1,

almost everywhere on J(F). Hence F € P; by Theorem 3. This proves (1).

To prove (2), note that for any F € Us«-¢Ps+, F is continuous on R and differentiable on J(F) with derivative f = F'.
Furthermore, f is differentiable almost everywhere on J(F) with derivative f’ = F” satisfying (8), i.e.

2 2
—(1— s*)1f7F <f'<(1- s*)fF almost everywhere on J(F),
for all s* > 0. By taking s* — 0, it follows that
f? f?
—(1-— 0)1 <f'<(1- O)F almost everywhere on J(F).

The last display is equivalent to F € Py by Theorem 3. This proves that the left hand side of (2) holds. Similarly, one can
prove the right hand side of (2); the details are omitted. O

Proof of Corollary 4. To prove the right part of (11), note that (8) implies that
Ff’ (1-F)’

1-s">=and1-s">
f? f?
almost everywhere on J(F), or equivalently,
1—s* > max {ess sup i; ess sup — (1_21:)]”} .
xeJ(F) f xeJ(F) f

Replacing ess sup Ff’/f? and ess sup — (1 =F)'/f? by CNR(F) and C~R(f), it follows that

xeJ(F) x€J(F)
1—5"> max{CR(F) CR( )} = y(F).
One can prove the left two inequalities of (11) by the following arguments:

7(F) = max{CR(F), CR(F)}

= max j ess sup F(x)f’(x)’ ess sup — “_I:(X))f/(x)}
x€J(F) fx? xeJ(F) f(x?

= max j ess sup Flr x )1[f(x)>0], ess sup - wlvmm]}
xejr)  f(X)? xeJ(F) fxy

= max | ess sup For ol 1if/(x)=01, €SS sup (= Fe () 1Ucr(x)<oj}
xeJ(F) f(x? B xeJ(F) f(x? -

> max {ess sup %M 1 (x=015
xeJ(F)

e S

—ess S‘upF(X) A (A = FROF ()

xeJ(F) f(X)2
=y(F) = y(F)

where the last inequality holds since u A (1 —u)>u(l1—u)for0<u<1. O

Proof of Corollary 5. Note that for s* < 0 and y > —1, we have (1+y)* > 1+s*y. Replacing y by —F(x), where x € J(F),
it follows that

(1-FR)) = 1—sF(x),
or, by rearranging,

1 *
FO) < < (1- (1= F0)™) = Ful),
N
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where Fy is a convex function on J(F) if F € Ps+. This proves the right hand side of (12) for s* < 0. Similarly, replacing y
by —(1 — F(x)), where x € J(F), by rearranging terms, it follows that

1 "
Fo = < (F/0—(1=5)) = R,
which proves the left hand side of (12) for s* < 0. X
Similarly, for 1 > s* > 0and y > —1, we have (14+y)* < 1+s*y. Replacing y by —F(x), where x € J(F), it follows that
(1-F(x))" <1-5Fx),

or, by rearranging,

1 «
F) = — (1= 1= F)™) = Fu(x),
S

where Fy is a convex function on J(F) if F € Ps+. This proves the right hand side of (12) for s* > 0.
Similarly, replacing y by —(1 — F(x)), where x € J(F), by rearranging terms, it follows that

1 "
FOO = < (F/ 00— (1-5) = R
which proves the left hand side of (12) for s* > 0.

Proof of Lemma 6. If there is no G € P fitting in between L, and Uy, it follows that L) = 1 and U = 0 and assertions
in both (i) and (ii) are trivial. In the following proof, we let G € Pg such that L, < G < U,.
(i) It suffices to prove that for any x € J(G) the density function g = G’ satisfies g(x) < max{y;, y»}, because this is
equivalent to Lipschitz-continuity of G with the latter constant, and this property carries over to the pointwise infimum
L? and supremum U;.

To prove g(x) < max{yy, y»}, note that g/GFS* is monotonically non-increasing on J(G) (see Theorem 3(iii)), it follows
that forx > b

g(x) gb) (1 &\
() = G (b) (s*G ) ®)
167 (b) - 267 (a)
b—a
l* s*_us*
< % = .

The last inequality follows from noting that x — (1 /s*)xs* is a monotonically non-decreasing function for all s* # 0,
G(b) < Uy(b) < v and G(a) > L,(a) > u. Hence

=

g(x) < G (X)y1 <y forx > b.
Similarly, by noting that g/(1 — G)'=*" is monotonically non-decreasing on J(G) (see Theorem 3(iii)), it follows that for
x<a
g(x) - g(a)
(1—Gx)1=s* ~ (1—Gla)—*

(ij - G)S*) (@)
N

F(1=Gb) - F(1-Ga)”
b—a
_Ewaow)
- b—a
The last inequality follows from noting that x — —(1/s*)(1 — x)*" is a monotonically non-decreasing function for all
s* £ 0, G(b) < v and G(a) > u. Hence

gX) <(1 -Gy <pforx<a.

<

For a < x < b, analogously, we get two following inequalities

gx) = GI’“(X)%
1 s*y) - Los*
- cl—S*(x)S*G (x:_::G (a)
11 DU
- o — (G(x) — ¢ (a)G! (x))
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and
o 1= 8(X)
glx) = (1= 6™ = iys

e T = G — (1 - Gy

*

< (1-G) -
1 1 s* —s*
= S (160 - (= avy - ) ).

The former inequality times (x — a) plus the latter inequality times (b — x) yields
11-G (@G () = (1= G(b) (1 -Gx)' _ h(Gx)

g(X)fs* b—a “b-a’
where
1 £ k * *
hy) = < (1- 6 (@y'™ =1 =GB (1-)'~") fory € (0, 1)
Since

W) =0 -5 (¢ @y + (- o) (1 -9 ) 20

it follows that h(y) is convex on (0, 1) and hence

()< max hly) max h(G(a)) h(G(b))
& ~ yelGlacby b—a b—a’ b—a |’
Note that
=11 _ ¢ —=1¢1 _ 5*
hlgG(a)) — (1 ) T (1—-G(b)) = (1 —G(a)) <
—a b—a
and
h(G(b)) o %G () — £G(a)
b—a ) b—a =n

Hence g(x) < max{y, y»} fora < x < b.
(ii) By Theorem 3(ii), it follows that for x < a

L8(a) . ., g v
G(x) < G(a) (1 +s @(X - a)>+ = (G (a)+s Glfs*(a)(x — a))+ .

By Theorem 3(iii), the non-increasing monotonicity of g/G]*‘* implies that

0 _ (167 gz 2EOZ20W =

(@  \s b—a =" p—a
The last inequality follows from noting that G(a) < U,(a) < u and G(b) > L,(b) > v. Since x — a < 0, it follows that
. g(a) E
Gx) < |G (a)+s"——(x—a
(>_( (@+5" Gy ))+

1/s*

= (C@+snx-a)

s* % 1/s*
< (u +s y](x—a))Jr .

The last inequality follows from noting that G(a) < u.
On the other hand, by Theorem 3(ii), it follows that for x > b

1/s*
1-G(x) < (1—G(b) (1 _ e 80 b))

1/s*
- <(1 — Gy — S*L)_(X - b))

< ((1—v)5* —s*%(x—b))
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The last ineciuality follows from noting that 1 — G(b) < 1 — v. By Theorem 3(iii), the non-decreasing monotonicity of
g/(1 —G)'5" implies that

g(b) -1

g~ 1m0

(1= Gb)Y — Z(1 - Gla)y

5

>
- b—a
_ #((1=6@)y” —(1-ab))
N b—a
_ (O -w —a—vy)
- b—a
=02
The last inequality follows from noting that G(a) < U,(a) < u and G(b) > L,(b) > v. Since x — b > 0, it follows that
1/s*

1-6(x) < ((1 o) — sk — b))+ O

Proof of Theorem 7. The following proof is analogous to the proof of Theorem 3 in Diimbgen et al. (2017), in which they
proved the result in the case s* = 0. In the following proof we assume that s* # 0.

(i) Suppose s* > 0. Since F is not bi-s*-concave, it follows that FS* or (1—F)*" is not concave. Without loss of generality, we
assume that FS" is not concave and hence there exist real numbers X, < X; < X, such that F5"(x;) < (1—=A)F" (xo)+AFS (x3),
where A = (x; — xo)/(x2 — %) € (0, 1). By the consistency of L, and Uy, it follows that, with probability tending to one,
U (x1) < (1= A)LS (Xo) + ALS (x2) and hence

G (x1) < (1= 1)G (%) + AG* (x2),

for any G such that L, < G < U,. Therefore, there are no bi-s*-concave distribution functions fitting between L, and U,
and hence L = 1 and U; = 0 with probability tending to one.

The proof of the case s* < 0 is similar and hence is omitted.
(ii) Suppose F € Ps«. Note that since (L,, Uy) is a (1 — «) confidence band for F, it follows that P(L} < U?) > P(L, < F <
Uy)>1—0.

If {G e Pe : L, < G < Uy} is empty, it follows that LY = 1 and Uy = 0 and hence the assertions are trivial. In the
following proof, we assume that {G € Ps : L, < G < Uy} is not empty.

To prove (13), we first prove that |L, — Fllcc —p 0 and ||U, — F|loc =, O. By the continuity of F, for any m € N*

with m > 2, there exist real numbers {x,-},f’;‘l1 such that F(x;) =i/m,i=1,..., m — 1. Furthermore, define xo = —oc and
Xm = 00.
By the non-decreasing monotonicity of L, and F, it follows that for x € [x;_1, X;]

1 1
Ln(x) = F(x) = Ln(%i) = F(Xi-1) = Ln(xi) — (F(xi) = —) = Ln(%i) — F(xi) + —.

and
Ly(x) — F(x) > Ly(xi—1) — F(x;)
1 1
= La(xi—1) — (F(Xi—1) + =) = La(xi—1) — F(xi—1) — —.
m m
Hence
1
ILn(x) — F(x) < max |Ln(x;) — F(x:)| + —
i=1,....,m—1 m
for x € [x;_1, x;]. Note that

ILn — Flleo = sup [Ly(x) — F(x)] = max  sup [La(x)— F(x)|,

xeR I=1,..m xe[xi_1.%]
it follows that
1
”Ln_F”oo < max |L,,(X,*)—F(X,')|+f,
1 -1 m

1=1,....m

and hence pointwise convergence implies uniform convergence. An analogous proof shows that ||U, — F|l.c —p 0 and is
omitted.
Combining ||L, — Flloc —p 0 and ||U, — F|l«c —p 0 implies that
sup IG—Flloo < I|ILn — Flloo + [1lUn — Fllo —p 0.
GePgx:Ln<G=<Up
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To prove (14) in the case that hg = (GS*)/, it suffices to prove that

% / * !’
(GS /S*) _ (FS /S*)

Note that hg/s* = G'/G'~*". Since K is a compact interval in J(F) and hp/s* = f/F'~" is continuous and non-increasing
on J(F), for any fixed € > O there exist points @y < a; < -+ < @y < Gpy1 in J(F) such that K C [a4, ap] and

sup
GePgr:Ln<G=<Un

—, 0. (20)

K,00

1 1
0 < —hp(ai1) — —he(@) <efor1 <i<m+ 1
s* s*

For G € P+ with L, < G < Uy, for any x € K it follows from the monotonicity of hg/s* and h¢g/s* that

1 1 1 1
SUp(s**hG(X)_S**hF(X))f max <s**hc(ai)_ hF(ai+1)>

xek i=1,....m—1 STk
K *
- max +G(a;) — G (ai-1)
T i=1,..,m-1 a; — Qj—1
1
—thf(aiﬂ))
* *
- max LU (@) — L5 (ai-1)
T i=1,..,m-1 a; — i
1
—S**hf(aiﬂ))
* *
- max FF (@) — SF (ai-1)
- i=1,...,m-1 a; — aj—q

1
—thF(aiJrl)) +0,(1)

IA

1 1
_ max (jhf(ai—l) - *hF(aH—l))
i=1,...m—1 \ S N

+Op(1)
2€ +0,(1).

IA

Analogously,
1 1 1 1
sup (th(X) - *hc(x)> = max (th(ai) - *hF(aH—Z)) + 0p(1)
xek \ S N i=1,...m—1 \ § N
< 2e +0p(1).
Since € > 0 is arbitrarily small, this shows that (20) holds.
The proof of (14) in the case that hg = ((1 - G)S*), is similar and hence is omitted.
Since G’ = G'" (G /s*)/, it follows from (20) that (14) holds in the case that hg = G'.
Finally, let x; < sup J(F) and by < f(xl)/Fl‘s* (x1). As in the proof of Lemma 6(ii) an analogous argument implies that
for any x| > x, X; € J(F),

*

* 1/s
. L) — Lust(x
Ud(x) < (uf, (X)+s"2 n ‘? =i ( 1)(x—x’)
X —X1

+

for all x < x' < x;.
Note that by the consistency of L, and U, and letting x] | x;, it follows that.

1 5s%/y/ 1 pys* 1 ps*ry/ 1 ps*
L (X)) — =U; (x1) SF (X)) — =F (%1)
St EA 5 B =, 2 L 2> by

/ /
X —X1 X1 —X1

Hence with probability tending to one,
N 1/s*
Uso = (U5 0) + s°ba(x—x)
+
for all x < X' < x;. The proof of (16) is similar and hence is omitted. O
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Proof of Remark 1. (i) By Theorem 3(ii), if s* > 0 and inf J(F) = —o0, it follows that for arbitrary x € J(F),

S v
HWSF@%<1+SRBU—X0 =0

+
for small enough y such that
f(x)
14+s"—=(y — 0.
+s F(x)(y X) <
This violates the assumption that inf J(F) = —oo and hence inf J(F) > —oo.

The finiteness of sup J(F) can be proved similarly and hence is omitted.
(ii) We first note that (9) holds automatically if inf J(F) > —oo and sup J(F) < oo.

In the following proof, we focus on the case that inf J(F) = —o0 and sup J(F) < oo. To prove (9), it suffices to show
that [ |x|'dF(x) is finite for t € (0, (—1)/s*).

Note that

/|x|tdF(x) = E|X|* :/ P(IX|' > a)da :/ P(IX| > a'/*)da
0 0
=/ ta'”~'P(|X| > a)da
0

= / ta""'P(X > a)da +/ ta"'P(X < —a)da.
0 0

Since sup J(F) is finite, the first term of the last display is finite and hence it suffices to prove that ta''P(X < —a) is
integrable for t < (—1)/s*.
It follows from Theorem 3(ii) that for any a large enough and x € J(F),

sf—a—x)\"" _ —sf()a+x)\ "
Thus ta*~'P(X < —a) is integrable for t < (—1)/s*, since
e 1/s*
ta"'P(X < —a) < tF(x)a"! (] + —Sfxa+x) +x)>
F(x) n
B —sf\" Fx) "
= tF(x)( Fx) ) a (a + x4+ —s*f(x)>+
=N e

for a large enough and a't'/s"~1 is integrable for t < (—1)/s*.
For other cases, the proof is similar and hence is omitted. O

Proof of Corollary 8. Suppose that Xy is a point in J(F). Notice that for any z € R,

¢(Z) - d’(XO) = f (][x05x<z] - 1[z§x<x0]) ¢/(X)dX,
R

and hence by Fubini’s theorem, it follows that

f $dG = ¢(xo) + f ¢'(%) (1pxzrg) — G¥)) dx, (21)
R R

provided that

/ |6/ (O)| [T1xzx0) — G(X)] dx < 0.
R

To prove the last display, note that for any by € (0, T;(F)) and b, € (0, To(F)), there exist points x1,x, € J(F) with
X1 < Xp < X, and

f f
1:17—5*(}{1) > by, m

Then it follows from Theorem 7(ii) that with probability tending to one,

(Xz) > b,.

N 1/s*
Upx) < (U5 o)+ 5bale—x)) - forx < xi,
+
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and
" 1/s*
1-12() < ((1 — Ly(x,)) — s*by(x — xz)) for x > Xp.
+

Hence for any ¢ > max{|x1], |x2|}, it follows that

/ 1600 [Niorg) — 600 dx = / ¢ Gx)dx

—00 —00

< / i |¢'(x)| US(x)dx

_:1076 N 1/5*
< / |¢'(x)] (Ufl (x1) + 5"b1(x — X4 ))+ dx

X1—C N 1/s*
=/ |¢'(x)|(u,§ (x1)+s*b1(x—x1)) dx.

—00

Since |¢'(x)| < a|x|*~", it follows that the last display is no larger than

X1—C " l/s*
/ alx|*! (U; (X1)+S*b1(X—X1)) dx,

—00

which is finite by noting that k — 1 4+ 1/s* < —1. Analogously, one can prove that for ¢ > max{|x4|, |x2|},

/ |6/ (%)| [1xzx0) — G(X)| dx < f |¢'(x)] |1 = La(x)| dx < occ.
Xy+cC X2+c

2

Since ¢’ is continuous on R, it follows that for any ¢ > max{|x1], |x2|},
X2+cC
/ 16/09)] | 1mng) — Gx)| dx < 00
X1—C
and hence
/ |6/ ()| [T1xzx01 — G(X)] dx < 0.
R
By (21), it follows that

/d)dG—/d)dF‘: sup
G:LH<G<U?

which is not larger than

sup
G:LH<G<U?

)

f & (O — G)(x)dx

Xp+cC
sup ”G_F”oo/ |¢(x)|dx
X

G:Ly<G=<Uy 1—¢C
+ / U GOICE + UDYdx + / 60011 — F + 1 — L2)(x)dx
—00 X2+C
< 0,(1)+2 / 16/ (OIS (X)dx + 2 / 6001 — L2(0)dx.
—00 X2+C

Note that the last two terms go to zero as ¢ goes to infinity by their integrability and hence

sup /¢dG—/¢dF =0,(1). O

G:Ly<G=<UQ

Proof of Theorem 9. It follows from the proof of Corollary 8 that

sup /q)dG—/qbdF = sup
G:Ly<G=<UQ G:L)<G=<UQ

/ & (O — G)(x)dx

and hence
sup / $dG — / ¢dF| < sup f |¢'(x)] 1(G — F)(x)| dx.
G:LH<G<U? G:Ly<G<U?

It suffices to bound |G — F| on R, where G is between LY and U;.
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It follows from G < U? < U, and Condition (*) that on the interval {An=Y@=2") < F, <1 —An~V2=21)}
G—F<U)—F<Uy—F <Uy—Fy+Fp—F <ien” V2 (Fy (1 = Fp))” + [Fy — F|
To bound |F,, — F|, it follows from Theorem 3.7.1, page 141, Shorack and Wellner (2009) that
Jn(Fy—F)—UoF
—, 0
(F(1 —F))”
by verifying that q(t) = (t(1 — t))” with 0 < y < 1/2 is monotonically increasing on [0, 1/2], symmetric about 1/2 and

fol q~%(t)dt < oo, where U is Brownian bridge on [0, 1].
Hence for any fixed € € (0, 1) there exists a constant k. > 0 such that with probability at least 1 — ¢,

|Fy — F| < ken™ "2 (F(1 — F))”

on R. Thus, it follows that on the interval {An~"/?=2Y) < F, < 1 — An~V/(2=2r)},
G—F<kn V2 @F, (1 =TFp)) 4+« V2 (FQ1—F)”.
To bound F, (1 — F,) by F(1 — F), note that

Fo(1=TFy) = —F+F)(—F+F—TF,)
= (Fy—F)(1=F)+F(1—F)— (F, —F)> = F (F, — F)
= F(1—F)+ (Fy — F) (1 = 2F) — (F, — F)*

< F(1=F)+ |Fy — F||1 = 2F| + |F, — F|?
< F(1—=F)+|F, —F| +|F, — F|
2|F, — F|
=F1-F)-(1+=—"——
(=h ( * F(1—F))
4|F, — F
<F(1-F)- 1+.|”7|
min{F, 1 — F}
since F(1 — F) > min{F, 1 — F}/2,
dicen~V2 (F(1 = F))”
fF(]—F)-<1+ Kell (F( )))

min{F, 1 — F}

For a constant A, > 0 to be specified later, it follows from A.n~"/?=2") < F <1 —An~Y?=2") and y € [0, 1/2) that

—F)
M = Fy71(1 — F)V < )\Zflnf(yfl)/(zfzy) _ )»anm
and
F(1—-F))Y
% = FY(1— Fy'~! < AV~ lp=r=0/2=20) — r=1p172,
Hence

Fp(1—TFy) <F(1—F)- (14 4ken™ 2077 'n'?) = F(1 — F)(1 + 4k A2 7).
Thus, on the interval

{}Ln—l/(2—2y) <F,<1-— )Ln*1/(2*21/)} N {)Lenfl/(272y) <F<1- }Len*U(Z*ZV)},

G—-F

IA

k™2 (F(1 = F)(1 + 4! ™) +ken™ "2 (F(1 = F))”
= ven 2 (F(1=F))”,
where v, = (1 + 4k A1 + k..

The following arguments show that for a large enough A, the interval {A.n="?=2") < F < 1—x.n~"C=2)} is a subset
of {An~1/(2=2Y) < F, < 1 — An~"(2=2Y)} To see this, note that

F, =F+4+F,—F

> <1_|FH_F|>F
F

> (1—ken V2P N1 —FY)F
> (1 _ Ksn_l/zkg_1n1/2) ken—l/(Z—Zy)

= ()"E - Ke)\.z) n—]/(Z—Zy)
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and analogously,
1—Fp = (he — kMY )0~ V2720,

it follows that by choosing a A. large enough such that A, — x.A) > A, the interval {A.n~"/C=2") < F <1 —A.n~1/(2=27)}
is a subset of {An~2=2) < F, <1 — An~/2=2r)} and hence on the interval

{kenfl/(Z*ZV) <F<1-— )\gnf1/(2*23/)}7
G—F <van V2 (F1=F).

Define x,; and Xm, such that F(x,;) = An~Y?=2Y) and F(xp) = 1 — A.n~/2=2Y), Analogously, one can prove that
F—G<vn 2 (F(1—F))” on [Xn, X:2] and hence

|G —F| < ven™ V2 (F(1 - F))” (22)

on [Xu1, Xp2]. Thus for G between L9 and Uy,

sup
G:Ly<G=<UQ

/qbdG F‘: sup

G:L)<G=<U?

/ &0 (F(X) — G(x)) dx

IA

ven 12 / 00| 0001 — ooy

4 f " 16/00] (FG) + U%(x))dx

—0o0

+ f |¢/(x)] (2 — F(x) — L3(x))dx.

Xn2

From here, we can see that if F € P with s* > 0, it follows from Remark 1(i) that J(F) is bounded and hence
/ ¢d(G —F) ‘ Op(n~'"?)

as long as ¢’ is bounded on J(F).

The similar argument works if F € P with s* < 0 and J(F) is bounded. In the following proof, we get back to our
case that F € P+ with s* < 0 and without loss of generality, we assume J(F) = (—o0, 00).

As in the proof of Corollary 8, for xo € J(F), by € (0, T1(F)) and b, € (0, T5(F)), there exist points x1, X, € J(F) with
X1 < Xg < X such that f(x; )/F“S*(xl) > by and f(xy)/(1 — F(x,))'5" > b,. Then it follows from Theorem 7(ii) that with
asymptotic probability one,

sup
G:Ly<G=<Uf

% 1/s*
U = (U5 )+ Drlx = x1)) |

1
Us(x1)

n

1/s*
= Un(x1) (1 + (x — Xl)) for x < x1, (23)

and

" 1/s*
1= 100 = (1= Lalxa))” = $"balx = x2))

S*bz st
= (1= Ly(x2)) <1 - m(x — x2)> for x > x,.

Similarly, it follows from Theorem 3(ii) that

1/s*
F(x)sf(x1)(1 ) m)

F(Xl) +
S*b] 1/s
< F(x1) (1 + FS*(xl)(X — X1 )) for x < x4, (24)

and

1/s*
1= F(x) < (1 - F(x2)) (1 _s*lfLZ))(x_XZQ

— F(x; +
< (1= F(x)) (1 - ﬁ(x—x )>1/S* for x > x
B ’ A-Fe) -
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For large enough n, one can have [x1, x2] C [xn1, Xn2] and hence

/ ¢d(G —F)
where

Inp = ven™ /2 / A |¢'(x)] F (x)(1 — F(x))" dx,

sup
G:Ly<G=<UQ

=< InO + In] + I,/ﬂ + In2 + 11,127

Iy = ven™ /2 /xl |¢'(x)| F” (x)(1 — F(x))" dx,
xn1

Inp = ven™ /2 / ()| F (x)(1 — F(x)) dx,
I = f " |00] (F) + U (x))dx,

o0

I, = / |¢'(x)] (2 = F(x) — LY(x))dx.
Xn2

Note that I,y < ven~/2 [72 |¢ x)| dx = O(n="/2). For the other terms, first note that F(x,;) = Acn~"/?-2) and hence it

follows from (24) that

*

Xo1 > X — F (x1) LR s _ oy 4 e s,

s*b, s*bq s*bq
Analogously, one can prove that
(1 — F(xZ))S* )Li* —s*/(2—2 )\‘5* _¢* /(2
Xy <Xp ———— =2 € pn V)=01+ fns/(ZZV)'
n2 =72 S*bz S*bz ( ) S*b]

Thus, it follows from (24) and the upper bound of |¢’| that

X1
by < ven 72 / 16/00)| FY (x)dx
*b y/s*
< *1/2/ ( 75 Lx—x ) dx
= ( FS*(Xl)( 1)
nst2-20) .
—s*h v/s
< -172 / /x ( + f lx)
< ( Wl (14 550
O /(2— 2y)
- O( n~1/2 / /(x)|x”/5*dx)
0
0 _s*/(2— 21/)
< O( n~1/2 / X lxr /st dx)
0

-0 (nq/z —(kty /5%)s5* /(2— Zy))

- O(n 2(11“7)).

Analogously, one could show that

I, <0 (n ;(1]+s’}‘/k)> .

To bound I}, note that for x < x4, it follows from an analogous proof of (24) that

" 1/s* " " 1/s*
FOO = (F7 0o+ ba(e—xm) - = (370777272 457y (x = )

Analogously, it follows that for x < x,1,

* 1/s*
Uo(x) < (u; (Xa1) + $¥by (x — an))
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Note that it follows from (22) that

Un(xnl) = Un(xnl) - F(an) + F(an)

Ve (F(xu (1 = F(xa1)))” + F(xa1)
Vsn_l/sz(xnl) + F(Xrll)

(verd + AoV

=
=<

and hence for x < x,1,

* £ 1/5
Uo(x) < ((ug T S gt (x — x,ﬂ)) .

Thus,

L = / n |¢'(X)|(F(X)+U,?(X))dx

" 1/s*
ool (e st ) o)

o

. 1/s*
|¢ (X + Xa1)| ( $/e=2) S*b1X> dx)
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" 1/s*
=0(n Ve ZV) |x+xn1|k 1 (1 +5*bix/n~* /(2_2V)) dx)

— o(n-1e- zwnfs*/(z 2)

k—1

/ ‘X =/@-20) |y
—00

-0 (,,—1/(2—2y>n—s*/<2—2y)

o0
0
-0 (n—l/(Z—Zy)nfks*/Qny)/ |X|k—1|x|l/s*dx)
—00
-0 (nf(ks*+1)/(272y)) '
Analogously, one could show that

I, <0 (nf(k5*+l)/(272y)) )

Hence
sup /(pd(c - F)‘ =< InO + Inl + 11;1 + In2 + Ir,lz
G:Ly<G=<UQ
<om " +0 (n—(ks*+1)/(2—2y)) O
Acknowledgments

" 1/s*
0 ( X + Xpp <! <n’s /2=2y) 4 s*b1x) dx)

(1+ s*blx)l/s* dx)

0 y . k—1 -
/ ‘xn’s /2-27) | s /(272;/)‘ (1+5%bx)” dx)

We owe thanks to Lutz Diimbgen for several helpful discussions. We also thank two referees for their positive
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Appendix A

Proof of the equivalence between Definitions 1 and 2.
Definition 1 implies Definition 2:

For any F € Ps+, Theorem 3 shows that F is a continuous function on R. By noticing that J(F) C R, J(F) C (inf J(F), c0)

and J(F) C (—oo, sup J(F)), the convexity or concavity of F" or (1 —F)F onR, (inf J(F), 0c0) and (—

the convexity or concavity of FS or (1—F)" on J(F). Hence, Definition 1 implies Definition 2.
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Definition 2 implies Definition 1:

Suppose s* < 0. By Definition 2, for any F € Py, FS" and (1 — F)*" are convex on J(F). Moreover, F is continuous on R
and hence J(F) = (a, b) where a = inf J(F), b = sup J(F).

To prove that FS" is convex on R, by continuity of F it suffices to prove that FS* is mid-point convex: that is,

« (X Y 1 1
F (f 7) < SF(x)+ - F 25
S+5) = F W (25)
for any x, y € R. Without loss of generality, we assume that x < y.
Note that if a = —oo and b = oo, then there is nothing to prove. Without loss of generality, we assume that a > —oo
and b < oo.

Note that if x € (—oo, a], then F**(x) = oo and hence (25) holds automatically. If x € (a, b) and y € (a, b), (25) holds by
the convexity of F** on J(F). Moreover, by noticing the continuity of F** at b, (25) holds for any x € (a, b) and y € (a, b].
Since F"(y) = FS"(b) = 1 for y > b, (25) holds for any x € (a, b) and y € [b, 00). If x, y € [b, 00), (25) holds automatically
since FS"(x) = F¥'(y) = 1.

The proof of the convexity of (1 — F}" on R is similar and hence is omitted.

For the cases that s* > 0, the proof is similar and hence is omitted. O

Proof of Theorem 3 (0 < s* < 1). Recall that a = inf J(F) and b = sup J(F). Suppose 1 > s* > 0.
(i) implies (ii):

Suppose F € Ps. To prove that F is continuous on R, we first note that x F"(x) and x — (1— F(x))s* (x)
are concave functions on (a, co) and (—oo, b) respectively. By Theorem 10.1 (page 82) in Rockafellar (1970), FS" and
a- F(x))s* are continuous on any open convex sets in their effective domains. In particular, F** and (1 —F)S* are
continuous on (a, o) and (—oo, b) respectively. This yields that F is continuous on (a, co) and (—oo, b), or equivalently,
on (a, oo) U (—o0, b) = (—00, 00) since F is non-degenerate.

To prove that F is differentiable on J(F), note that J(F) = (a, b) since F is continuous on R. By Theorem 23.1 (page
213) in Rockafellar (1970), for any x € J(F), the concavity of F** on J(F) implies the existence of (Fs*),+ (x) and (F")" (x).
1/s* .

on J(F), the chain

Moreover, (FS*),_ (x) > (FS*),+ (x) by Theorem 24.1 (page 227) in Rockafellar (1970). Since F = (F*")
rule guarantees the existence of F/ (x) and

FL(x) = Sl (FS*)USM (xd) (FS*>; ).

Since F is continuous on J(F), then

Fl(x) = Sl (FS*)l/s*_l ) (FS*); (%),

Hence F’(x) > F,.(x) by (F")" (x) > (FS*):r (x).

Similarly, one can prove F’ (x) < F/ (x) by the concavity of (1 — F)S* on J(F).

Thus F’ (x) = F, (x) = F'(x) for any x € J(F), or equivalently, F is differentiable on J(F). The derivative of F is denoted
by f,ie. f=F.

To prove (6), note that the concavity of x — F*"(x) on J(F) implies that, for any x, y € J(F),

P - F 00 = -0 (F7) (0= 0= 05 F ),

or, with x; = max{x, 0},

FS'(y) JX)
F ) < (1 +s F(X)(y—X)>+.

Hence

F(y) L) =
% < (1 +s F(x)(y_X)>+ ,

or, equivalently,

1/s
F(y) < F(x) (1 + S*M(y - X)) .
F(x) N
Analogously, the convexity of (1 — F (x))s* on J(F) implies that for any x, y € J(F)
(1=Fu)™ — (1 —FE)* < —(y —x)s" (1 — Fx))* ' f(x),
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or, equivalently,

1-F)\" . fx
(1—F(x)> = (1_5 1—F(x)(y_x)>+’

which yields

ic) v
F 1-(1—-F 1—-§s5——(y—
¥ = ( (x)) < ST F(X)(y X)>+
The proof of (6) is complete.
(ii) implies (iii):
Applying (6) yields that for any x, y € J(F) with x < y,
F (%) S)

— < 1+s——(x—y),

F () F)* Y

and

F'(y) J&)
FS*(X) 5 1+S @(y_x)a

or, equivalently,

o 5 . fO)
Fx)=<F({y)+s ()

(x =),

and

FEy) < F (0 + S*%(y —x).

By defining h = f/F'~*" on J(F), it follows that
F (%) < F¥ () + s"h(y)(x — y),
and
F () < F (%) + s"h(x)(y — x).
After summing up the last two inequalities, it follows that
F(x)+ F* (v) < F () + s"h()(x — ) + F* () + s"h(x)(y — %),
or, equivalently,
0 <™ (h(x) — h(y)) (y — x).

Hence h(x) > h(y), or equivalently, h(-) is a monotonically non-increasing function on J(F).

The proof of the monotonicity of h = f/(1 — F)!5" is similar and hence is omitted.
(iii) implies (iv):

If (iii) holds, it immediately follows that f > 0 on J(F) = (a, b). If not, suppose that f(xo) = 0 for some xo € J(F).
It follows that h(xo) = f(xo)/F'~* (xo) = 0. Since h is monotonically non-increasing on J(F), h(x) = 0 for all x € [xo, b),
or, equivalently, f = 0 on [xg, b). Similarly, the non-decreasing monotonicity of x — h(x) on J(F) implies that f = 0 on
(a, xo]. Then f = 0 on J(F), which violates the continuity assumption in (iii) and hence f > 0 on J(F).

To prove f is bounded on J(F), note that the monotonicities of h and h imply that for any x, xo € J(F),

foo = [F TR0 S h) <hto), - ifx=x,
(1= Fx)'"h(x) < h(x) < h(xo), if x < xo.

Hence f(x) < max{h(xo),ﬁ(xo)} for any x, xo € J(F).

To prove that f is differentiable on J(F) almost every, we first prove that f is Lipschitz continuous on (c, d) for any
c,d e J(F)withc < d.

By noticing the non-increasing monotonicity of h on J(F), the following arguments yield an upper bound of (f(y) — f(x))
/(y —x) forx,y € (c, d):

fO) = fe) _ F" (h(y) = F'~ (0)h(x)

y—X y—X
1—s* _ pl=s* _
PPN el ) Rl ) BN OO B 1
y—X y—X
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FI™ () —F" ()
< h(y)
y—X
= h(y)(1 = s (2)F (2),
where the last equality follows from the mean value theorem and z is between x and y.
Since —s* < 0, it follows that F~5"(z) < F~5"(c) and hence
f0) =) _
y—-x -
for x,y € (c, d).
Similar arguments imply that

fW) —fx) _ F @hty) - F' (ko)

(1= s (@h(Y)F (2) < (1 — s*) max{h(xo), h(xo)}h(c)F~ (c),

y—X y—X
rl—s* _ pl=s* B oY _ T
_ ?i(y)F ) —F 7 () " F1,s*(x)h(y) h(x)
y—x y—X
rl1—s* _ pl-s*
. H(y)F ) —F~ (x)
y—x

~hy)(1 - sF@f )
—(1 = s*)ymax{h(xo), h(xo)}A(d)F " (d).

%

Hence
fO) =fx)

y—x
The last display shows that f is Lipschitz continuous on (c, d).

By Proposition 4.1(iii) of Shorack (2017), page 82, f is absolutely continuous on (c, d), and hence f is differentiable on
(c, d) almost everywhere.

Since (c, d) is an arbitrary interval in (a, b), the differentiability of f on (c, d) implies the differentiability of f on (a, b)
and hence f is differentiable on (a, b) with f’ = F” almost everywhere.

Since f is differentiable almost everywhere, the non-increasing monotonicity of h on J(F) implies that

~ ~ I

< (1 —s*)max{h(xo), h(xo)} max{h(c)F " (c), h(d)F " (d)}.

h'(x) < 0 almost everywhere on J(F),
or, equivalently,
log(h)'(x) < 0 almost everywhere on J(F).

Straight-forward calculation yields that the last display is equivalent to

/
f— —(1- s*)g < 0 almost everywhere on J(F),

f
or,
2
ff<- S*)F almost everywhere on J(F),

which is the right hand side of (8). _

Similarly, the non-decreasing monotonicity of h implies the left hand side of (8).
(iv) implies (i):

Since F is continuous on R, it suffices to prove that FS* is convex on J(F) by Definition 2. Since we assume that F is
differentiable on J(F) with derivative f = F’, the concavity of F** on J(F) can be proved by the non-increasing monotonicity
of the first derivative of F** on J(F). Since f is differentiable almost everywhere on J(F), the non-increasing monotonicity
of (FS*), on J(F) can be proved by the non-positivity of (FS*)” on J(F) almost everywhere, which follows from

s* " _ okpst—1 % fz(x)
(F ) (X) = 5°F (x)(—(l—s YFod

where f = F/, f' = F”. The last inequality follows from the right hand side of (8).
Similarly, the concavity of (1 — F(x))* , or FS", on J(F) can be proved by the following arguments:

os* ! _ kpst—1 1 *-@_ ’ )
() o=sF (x)( (1= ~10) <0

where the last inequality follows from the left part of (8). O

+f’(><)) <0,
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Appendix B. Supplementary data: additional figures, one plot at a time
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jspi.2021.03.001.
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