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We introduce new goodness-of-fit tests and corresponding confidence
bands for distribution functions. They are inspired by multiscale methods of
testing and based on refined laws of the iterated logarithm for the normalized
uniform empirical process Uy (t)/+/t(1 — t) and its natural limiting process,
the normalized Brownian bridge process U(t)/+/t (1 — t). The new tests and
confidence bands refine the procedures of Berk and Jones (1979) and Owen
(1995). Roughly speaking, the high power and accuracy of the latter meth-
ods in the tail regions of distributions are essentially preserved while gaining
considerably in the central region. The goodness-of-fit tests perform well in
signal detection problems involving sparsity, as in Ingster (1997), Donoho
and Jin (2004) and Jager and Wellner (2007), but also under contiguous alter-
natives. Our analysis of the confidence bands sheds new light on the influence
of the underlying ¢-divergences.

1. Introduction and motivations.

1.1. Some well-known facts. LetF, be the empirical distribution function of independent
random variables X, X2, ..., X,, with unknown distribution function F on the real line. The
main topic of the present paper is to construct a confidence band (A, o, By ) for F with given
confidence level 1 —a € (0, 1). Thatis, A, o = Apo (-, (X;)7_)) and By o = By o (-, (Xi)7_))
are data-driven functions on the real line such that for any true distribution function F,

(1.1) Pr(Apg <F <ByoonR)>1—a.

Let us recall some well-known facts about I, (cf. [30, 31]). The stochastic process
(F,,(x))xer has the same distribution as (G, (F (x)))yer, Where G, is the empirical distri-
bution of independent random variables &1, &3, ..., &, with uniform distribution on [0, 1].
This enables the well-known Kolmogorov—Smirnov confidence bands: let

Un () := v/n(Gu(1) — 1),

and let IC be the (1 —a)-quantile of [|Up ||loo := sup;¢o 1 |[U (t)|. Then the confidence band
(AKS BKS) with AKS :=max(F, — n~"2%cX5,0) and BXS := min(F, +n~1/2cX5 1) sat-

n,o’ n,o n a’ l’l a’
isfies (1. 1) with equality if F' is continuous. Since U, converges in distribution in Zoo([O, 1])
to standard Brownian bridge U, KcKS converges to the (1 — «)-quantile KKS of |U|leo. In

n,a
AKS

particular, the width B,E of the Kolmogorov—Smirnov band is bounded uniformly

by 2n~!/ ZK,IZ((SI =0mn1?). (Throughout this paper, asymptotic statements refer to n — oo,
unless stated otherwise.) On the other hand, it is well known that Kolmogorov—Smirnov con-

fidence bands give little or no information in the tails of the distribution F'; see, for example,
[22], [19] and [20], Chapter 14, for a useful summary.
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1.2. Confidence bands by inversion of tests. In general, confidence bands can be ob-
tained by inverting goodness-of-fit tests. For a given continuous distribution function Fy, let
T, (Fo) = T, (Fo, (X;)}_,) be some test statistic for the null hypothesis that ' = Fy. Suppose
that for any test level o € (0, 1), the (1 — a)-quantile «, o of T, (Fp) under the null hypoth-
esis does not depend on Fy. Then a (1 — «)-confidence band (A, «, By,«) for a continuous
distribution function F' is given by

Apa(x) = 1nf{F(x) T,(F) < Kn,a}, By o(x) = SUP{F(X)3 T,(F) < Kn,a}-

Depending on the specific choice of T, these functions A, and B, can be computed
explicitly, and the constraint (1.1) is even satisfied for arbitrary, possibly noncontinuous dis-
tribution functions F; see Section S.6 for further details.

Since (A,Ifz, B,Ifg) corresponds to TnKS(Fo) = /n||F,, — Fy|l 0o, One possibility to enhance
precision in the tails is to consider weighted supremum norms such as

\/EHFH - FO|

(12) Tn(F()) = sup (x)
x:0<Fyx)<1  w(Fop)
or
I’l|F - F0|
(1.3) T, (Fp) := sup \/_”7()()’
XE[Xp:1. Xn:n) U)(Fn)
where X1 < X2 < -+ < X,y are the order statistics of X1, X2, ..., X,. Here, w : (0, 1) —>

(0, 00) is some continuous weight function such that w(l —¢) = w(t) for 0 < < 1 and
w(t) — 0 ast — 0. Specific proposals include

w(t) = Vil — Dh(r),

where h = 1; see [17] and [11], or k() — oo sufficiently fast as + — 0, see [24] or [5].
Specifically, Stepanova and Pavlenko [32] propose to construct confidence bands with the
test statistic (1.3) and A (¢) :=loglog(1/[¢(1 — ¢)]). The latter choice is motivated by the law
of the iterated logarithm (LIL) for the Brownian bridge process U, stating that

| v U0) _
A9 TGP aregtoarn A VAT =D loglog(/T=1)

almost surely.

1.3. The tests of Berk and Jones and Owen’s bands. Another goodness-of-fit test, pro-
posed by Berk and Jones [3], uses the test statistic
(1.5) TB(Fp):=n sup  K(F,(x), Fo(x)),
x: 0<Fy(x)<l1
where
u 1—u
K(u,t):= ulog(;) + (1 —u) log<ﬁ>
for u € [0, 1] and ¢ € (0, 1). Note that K (u, ¢) is the Kullback—Leibler divergence between
the Bernoulli(x) and Bernoulli(#) distributions. Owen [25] proposed and analyzed confidence

bands for F based on this test statistic. As noted by [18], the test statistic TnBJ (Fp) can be
embedded into a general family of test statistics Tn]?g (Fo), s € R. Let

sup  nKy(F,(x), Fo(x)) ifs>0,

1.6 TBJ Fo) = x: 0<Fy(x)<l1
( ) n,s( 0) sup nKs(]Fn(x), F()(X)) if s <0,
X€[Xn:1,Xnm)
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with the following divergence function Kj: for #, u € (0, 1):

(tw/t) + (1 =] —uw)/(1 =] = 1)/[s¢s = D] s#0,1,
(7 Ky, t)={ulogu/t) + (1 —u)log[(1 —u)/(1 — 1)] s=1,
t1og(t/u) + (1 — 1) log[(1 — 1) /(1 — u)] s =0.

(An alternative representation of K is given in (3.5).) Moreover, for fixed ¢ € (0, 1) and
u € {0, 1}, the limit K (u, 1) := lim,_,, Ks(u', t) equals oo if s < 0 and exists in (0, 00)
otherwise. A detailed discussion of these divergences is given in Section S.3 of the online
supplement A. At present, it suffices to note that for any fixed ¢ € (0, 1), K;(u, t) is strictly
convex in u# with unique minimum 0 at ¥ = ¢ and second derivative [#(1 — )]~ ! there. Inter-

esting special cases are K = K1, Kj2(u,t) =4(1 — Jut — /(A —u)(1I —1)) and

(u—1)? (u—1)?

KZ(M,[)Zm, K_l(u,t)Zm.

Consequently, if w(z) := /(1 — 1), then the test statistic Tf%(Fo) coincides with 0.5 times
the square of T}, (Fp) in (1.2), and Tn]?J_ 1 (Fo) equals 0.5 times the square of (1.3). As shown by
[18], for any s € [—1, 2], the null distribution of Tn]?g(Fo) has the same asymptotic behavior,

and the corresponding (1 — &)-quantiles x> , satisfy
(1.8) K,]ii’a = loglogn 4+ 2~ 'logloglogn + O(1).

From this, one can deduce that the resulting confidence band (AB’C | BBIO  for F satisfies

n,s,a’ “n,s,a

BPIO, (x) — AP, (1) < 2/2yuFu(1 — ) (x) + 4,

n,s,o n,s,o

where y,, := n~ 1Bl — (1+ 0(1))n_1 loglogn; see Lemma S.12 in Section S.3. Hence, the

n,s,o

band (A,]ffs(?a, B,]ijsf)a) is substantially more accurate than (AKX B,Eg) in the tail regions. But
in the central region, that is, when I, (x) is bounded away from O and 1, they are of width

O(n_l/z(loglogn)l/z) rather than O (n—1/2).

1.4. Goals revisited. The goal of Berk and Jones [3] was to find goodness-of-fit tests
with optimal Bahadur efficiencies. They interpret their test statistic 7,2’ (Fp) also as a union-
intersection test statistic, where n K (IF, (x), Fp(x)) is the negative likelihood ratio statistic
for the null hypothesis that F'(x) = Fy(x), based on the binomial distribution of nlF, (x). The
union-intersection and related paradigms for the present goodness-of-fit testing problem have
been treated in more generality by [14].

In view of the previous considerations, the confidence band (A,Sfa, B,?f;) of [32], based on
the test statistic

(1.9) TSP(Fo):=  sup VlEs = Fol

X€[Xn:1, Xn:n) \/]Fn(l - Fﬂ)h(]Fl’l)

with h(¢) :=loglog(1/[t(1 —t)]), provides a trade-off between tail behavior and behavior in
the center of the distribution. Previous proposals for the same purpose include [21] and [27].
But we shall demonstrate later that with purely multiplicative correction factors as in (1.9),
the tail regions are asymptotically underemphasized in comparison with the new methods
presented here.
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1.5. Our new test statistics and confidence bands. To obtain a better compromise be-
tween the Kolmogorov—Smirnov and Berk—Jones tests, we propose a refined adjustment
of F,,(x) involving a pointwise standardization together with a pointwise additive correc-
tion, where the latter takes into account whether x is in the center or in the tails of Fy
or [,. Only after standardization and additive correction, we take a supremum over x.
This approach of pointwise standardization plus additive correction before taking a supre-
mum has been developed in the context of multiscale testing and has proved quite success-
ful there; see, for example, [7], [8], [29] and [28]. In the present setting, pointwise stan-
dardization means that we consider n K (I, (x), Fo(x)), which behaves asymptotically like
U(Fy(x))? /[2Fp(x)(1 — Fo(x))] under the null hypothesis, that is, a squared standard Gaus-
sian random variable times 0.5. To identify an appropriate additive correction term, we utilize
a refinement of the LIL (1.4), based on Kolmogorov’s upper class test (cf. [12], or [16], Chap-
ter 1.8). For r € (0, 1), define

C(r) :=loglog ﬁ;l) =log(l —log(1 — (2t — 1)?)) > 0,

D(z) :=log(1 + C(t)%) € [0, min{C (1), C(1)*}].
Then, for any fixed v > 3/4,

U(r)?

(1.10) T, := sup <2t(1 =5

— C,,(t)) < o0
te(0,1)
almost surely, where C,, := C + vD. Note that C(t) = C(1 —¢t), D(t) = D(1 —t), and as

1\ 0,
C(t) =loglog(l/1) + O((log(l/t))_l),
D(t) =2logloglog(1/t) + 0((loglog(1/t))_1).

This indicates why (1.10) follows from Kolmogorov’s test (see Section S.1), and shows the
connection between (1.10) and (1.4). On (0, 1/2], both functions C and D are decreasing
with C(1/2) = D(1/2) =0 and
C() , D(1)
im ———— = lim ————=1.
122t — 1)2 5122t — D*
Consequently, we propose the following test statistics:

sup  [nK(F,(x), Fo(x)) — C,(F,(x), Fo(x))] ifs >0,

LD Ty (Fo) = | *F 0<fot<l
( ) n,s,v (F0) sup [nKs (Fn(x), Fo(x)) — CU(Fn(x), Fo(x))] if s <0,
X€[Xp:1, Xnm)

where for ¢, u € [0, 1],

Cy(min(u,t)) if min(u,t) > 1/2,
Co(u,t):= min Cy(v) = Cy(max(u,t)) if max(u,t) <1/2,

min(u,t)<v<max(u,t)
0 else,

with C(0), C(1), D(0), D(1) := oo. As seen later, using this bivariate version C, (IF, (x),
Fp(x)) instead of C,(Fp(x)) or Cy,(F,(x)) has computational advantages and increases
power. The additive correction term C, (IF,(x), Fo(x)) is large only if x is far in the tails

of IF,, and of Fy.
The remainder of this paper is organized as follows:
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e In Section 2, we show that under the null hypothesis, the test statistics 7}, 5, (Fp) in (1.11)
converge in distribution to 7), in (1.10) for any fixed value of s € R.

e Section 3 discusses statistical implications of this finding. As explained in Section 3.1,
goodness-of-fit tests based on 7}, 5., (Fp) have desirable asymptotic power. In particular,
they are shown to attain a detection boundary of Ingster [15] for Gaussian mixture models.
Moreover, even under contiguous alternatives they have nontrivial asymptotic power as
opposed to goodness-of-fit tests based on Tn]?g in (1.6).

e In Section 3.2, we analyze the confidence bands (A s v.a» Bn.s.v.o) resulting from inver-
sion of the tests T}, 5, (-). It will be shown that these bands have similar accuracy as those of
Owen [25] and the bands (AE’JS%, B,]ii.?a) based on 7, ,Eg(-) in the tail regions while achiev-
ing the usual root-n consistency everywhere. In addition, we compare our bands with the
confidence bands of [32], confirming our claim that a purely multiplicative adjustment of
F, — Fy is necessarily suboptimal in the tail regions.

e Our results for the confidence bands elucidate the impact of the parameter s on these bands
for large sample sizes. These considerations are based on new inequalities and expansions

for the divergences K, which are of independent interest.

All proofs and auxiliary results are deferred to Sections 4, 5 and an online supplement A.
References to the latter start with ‘S.” or ‘(S.’. Essential ingredients for the proofs in Sec-
tion 4 are tools and techniques of Csorg6 et al. [S]. A first version of this paper used a differ-
ent, more self-contained approach, which is probably of independent interest and outlined in
Section S.2. This also includes an alternative proof of (1.10).

2. Limit distributions under the null hypothesis. Recall the uniform empirical process
G, mentioned in the Introduction. Under the null hypothesis that F = Fp, the test statistic
T,,.s.v(Fp) has the same distribution as

sup [nK(Gy (1), 1) — Cy(Gu(2), )] ifs >0,

2.1 Ts =1 €OV
@D oy sup  [nK(Gy(1), 1) — Cy(Gy(1),1)] ifs <0,
t€l&n:1.6nm)
where &,.; < --- < &,., are the order statistics of the uniform sample &, ..., §,. In particu-

lar, the (1 — «)-quantile of T}, 5., (Fp) under the null hypothesis coincides with the (1 — «)-
quantile k 5.y, Of Ty 5,». Here is our main result for 7,, 5, and &y, 5, v.o-

THEOREM 2.1. Forallv >3/4 and s € R,
Tn,s,v —>aTy.
Moreover, ky s.v.q = Kv.a > 0 for any fixed test level a € (0, 1), where k, o is the (1 — a)-

quantile of T,,.

A key step along the way to proving Theorem 2.1 will be to consider the case s =2 and
prove the following theorem for the uniform empirical process U, = /n(G, — I), where [
denotes the distribution function of the uniform distribution on [0, 1].

THEOREM 2.2. Forallv > 3/4,

- Un (1)
Tn’v = Ssup <m

- Cv(t)> —>a Ty
1€(0,1)
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REMARK 2.3 (The impact of s and the definition of 7}, ;,). Note that the parameter s
could be an arbitrary real number. However, numerical experiments indicate that the conver-
gence to the asymptotic distribution is very slow if, say, s < —0.5 or s > 1.5. More precisely,
Monte Carlo experiments show that for parameters s ¢ [—0.5, 1.5] the test statistics T s,
are mainly influenced by just a few very small or very large order statistics. Moreover, if
s € (0, 0.5], one should redefine 7, 5., as a supremum over [&,.1, &§,.,) rather than (0, 1). As
shown in our proof of Theorem 2.1, this modification does not alter the asymptotic distribu-
tion, but for realistic sample sizes n, taking the supremum over the full set (0, 1) for small
parameters s > 0 leads to distributions, which are mainly influenced by &,.;.

Tables S.1 and S.2 provide exact critical values « ¢,y o for various sample sizes n, s €
{j/10: =10 < j <20},v=1and « =0.5,0.1,0.05, 0.01.

Similar discrepancies between asymptotic theory and finite sample behavior can be ob-
served for the Berk—Jones quantiles kBl if s ¢ [—0.5, 1.5]; see Tables S.3 and S.4.

n,s,o

3. Statistical implications.

3.1. Goodness-of-fit tests. As explained in the Introduction, we can reject the null hy-
pothesis that F is a given continuous distribution function Fj at level « if the test statistic
T, 5.0 (Fp), defined in (1.11), exceeds the (1 — «)-quantile «;, 5 .o Of T, 5,». The test statis-
tics 7,5, and T, 5, (Fp) can be represented as the maximum of at most 2n terms: with
un,; ‘=1i/n, the statistic 7, s, equals

max max{nKs (”n,i—l, Eni) — Cv(un,i—l, &n:i), nK; (un,i, En:i) — Gy (un,is Snl)}

1<i<n

if s > 0, and

max max{nKs (un,i, Eni) — Cu(un,h €n:i), nKy (un,i’ Eniiv1) — Cy (Mﬂ,ia én:i—i—l)}

1<i<n

if s < 0. The statistic T}, s,, (Fp) can be represented analogously with Fo(X ;) in place of §,;.
These formulae follow from the fact that for fixed u € (0, 1), the function ¢t — nK(u,t) —
Cy(u, t) is continuous on (0, 1), increasing on [, 1) and decreasing on (0, u]. For K (u,t) =
Ki_s(t,u) is convex in ¢t with minimum at ¢t = u (see (S.12) in Section S.3), and C, (u, 1) is
increasing in ¢t € (0, ] and decreasing in ¢ € [u, 1). If s > 0, these monotonicities are also
true for u € {0, 1}, precisely,

—log(1 —1) ifs=1,
(1= —1)/(s¢s = 1) ifs#]1,
while C,(1,1) = C,(0, 1 — 1) and Ky (1,1) = K,(0, 1 —1).

Cy(0,7) = Cy(min(z,1/2)) and K (0,t) = :

3.1.1. Noncontiguous alternatives. Now suppose that the true distribution function of the
observations X; is a continuous distribution function F, such that {x e R: 0 < F,(x) < 1} C
{x e R:0 < Fy(x) < 1}. A first question is: under what conditions on the sequence (F}),
does our goodness-of-fit test have asymptotic power one for any fixed test level o € (0, 1).
Since Ky 5, v, = Kvo < 00, this goal is equivalent to

(3.1) Pg, (Th.5,0(Fo) > k) = 1 for any fixed « > 0.
To verify this property, the following function A, : R — [0, co) plays a key role:

_ nlFy - K 1+C@)
" min{H,(F,), Hy(Fo)} Vn
for ¢ € [0, 1] with the conventions C(¢) := oo and C(t)t(1 —t) :=0 fort € {0, 1}.

with H, (1) := /(1 + C())t (1 — 1) +



266 L. DUMBGEN AND J. A. WELLNER

THEOREM 3.1. Suppose that the sequence (Fy,), satisfies the condition
(3.2) sup A, (x) — oo.
xeR
Then (3.1) holds true for any s € [—1, 2].

It follows immediately from this theorem that (3.1) is satisfied whenever F,, = F, for all
sample sizes n, where F, # Fp.

As a litmus test for our procedures and Theorem 3.1, we consider a testing problem studied
in detail by [15]. The null hypothesis is given by Fy = &, the standard Gaussian distribution
function, whereas

Fo(x) =1 —€)P(x) + €, P(x — up),

for certain numbers €, € (0,1) and p, > 0. By means of Theorem 3.1, one can derive the
following result.

COROLLARY 3.2.

(a) Suppose that €, = n—Pto) for some fixed B € (1/2,1). Furthermore, let |, =
«/2rlogn for some r € (0, 1). Then (3.1) is satisfied for any s € [—1, 2] if

B—1/2 if pe(1/2,3/4],
r >
(1—J1=p8)% ifBe[3/41).

(b) Suppose that €, = n='?T°W gych that 7, := /ne, — 0. Then (3.1) is satisfied for
any s € [—1, 2] if u, = «/2Alog(1/my,) for some A > 1.

As explained by [15], any goodness-of-fit test at fixed level @ € (0, 1) has trivial asymptotic
power o whenever €, = n~# for some g € (1/2, 1) and u,, = «/2r logn with

Iﬂ—l/z if B e (1/2,3/4],
r <

(1—1=p8)% ifpe[3/41).

Thus, part (a) of the previous corollary shows that our new family of tests achieves this
detection boundary, as do the goodness-of-fit tests of [6], [18] and [14].

A connection between parts (a) and (b) of Corollary 3.2 can be seen as follows: let €, =
n~# for some fixed g € (1/2,3/4], and u, = +/2r log(n) for some r > f — 1/2. Then r =
A(B — 1/2) for some A > 1, and with 7, = \/ne, = n'/>~#, we may write \/2rlog(n) =
V21 Tog(1/my).

3.1.2. Contiguous alternatives. Suppose that the distribution functions Fy and F,, have
densities fy and f;,, respectively, with respect to some continuous measure A on R such that,
for some function a,

(3.3) (£ = 1) =27 laf i LA,

Then it follows easily that a € Ly (Fp), [ad Fp =0 and

t
Jn(F, — Fy)(t) — A(t) :=/ adFy uniformly in ¢ € R.
—00

Furthermore, since fioo adFy = [p(1jx<s — Fo(t))a(x)d Fy(x), the Cauchy—Schwarz in-
equality yields that

(3.4) A®)] < Fo) (1 = Fo))llall (k-
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LEMMA 3.3 (Power of “tail-dominated” tests under contiguous alternatives). Let (¢,)n
be a sequence of tests with the following two properties:

(i) For a fixed level o € (0, 1),
Eron(X1,..., Xy) = «a.

(ii) For any fixed 0 < p <1/2 and x, := Fo_l(p), Vp i= Fo_l(l — p), there exists a test
¢n,p depending only on (F, () xglxp.v,] such that
PFO((Pn #* (Pn,p) — 0.

Then under assumption (3.3),

limsup Ef, ¢, (X1, ..., X,) <.

n—oo

Note that the Berk—Jones tests with Tn}?g (Fp) satisfy the assumptions of Lemma 3.3, if
tuned to have asymptotic level «. For all of them involve a test statistic of the type,

T,(Fp) = Sullé Iy (Fn (x))a

with a function ', : R — [0, oco] such that under the null hypothesis,

sup [ (Fp(x)) = 00,

xeR

but for any 0 < p < 1/2,

sup  [p(F,(x)) = 0p(1).

X€[xp,¥p]

Hence, T;,(Fp) equals

TP (Fo):= sup Ty(F,(x))
X¢[xp,¥p]

with asymptotic probability one. Thus, we may replace the test statistic 75, (Fp) with Tn('o ) (Fo)
while keeping the critical value.

By way of contrast, the goodness-of-fit test based on 7}, 5, (Fp) has nontrivial asymptotic
power in the present setting.

THEOREM 3.4 (Power of new tests under contiguous alternatives). In the setting (3.3),
the test statistic T, s, (Fp) converges in distribution to

((U(r) + A(Fy H(1))?

T,(A) := sup (=0

te(0,1)

— Cv(t)).

In particular,
PF,, [Tn,s,v(FO) > Kn,s,v,ot] - P[TV(A) = KV,O{] = .

Concerning the impact of A,

AFy ')l )
P[T,(A) > ko] =1 as t:g)Pl)(im VC(t) ) — oo.
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3.2. Confidence bands. The confidence bands of [25], defined in terms of K = K|, may
be generalized to arbitrary fixed s € [—1, 2], but we restrict our attention to s € (0, 2],
because for s < 0 and a large range of sample sizes n, the resulting bands would fo-
cus mainly on small regions in the tails and be rather wide elsewhere. With confidence
1 — o we may claim that sup, . 0<F(x)<l nK;(F,(x), F(x)) does not exceed the (1 — «)-
quantile K,EL o« Of sup,c 0.1y nKs(Gy (1), 1). As explained in Section S.6, inverting the inequal-
ity nKs(F, (x), F(x)) < K,Ei,a for fixed x with respect to F'(x) reveals that for 0 <i < and
Xni <X < Xpiit1s

F(x) c [ABJO (x)’ BBJO (X)] — [aBJO bBJO ],

n,s,a n,s,o n,s,o,i’ “n,s,o,i
where affv?a’i <up,; < b,]ffga’i are given by a,]ffs(’)a’o =0, b,]iJs(’)a’n :=1landfor0<i <n,
b,l?i(’)a’,- :=max{t € (up,i, 11: nKs(un,;, 1) < K,I?’La},
ar]?,‘L(?a,n—i =1- br]?fv?a,i'
Thus, computing the confidence band (AE’JS(’)O,, B,]i{v(’)a) boils down to determining the 2(n + 1)

BJO BJO .
numbers Ay i and bn,s,a’i, 0<i<n.

Our new method is analogous: with confidence 1 —«, for 0 <i <mand X,.; <x < Xp:i+1,
the value F (x) is contained in

[An,s,v,ot(x)a Bn,s,v,tx(x)] = [an,s,v,a,ia bn,s,v,a,i]’
where a, 5.1.4,0 : =0, by svan:=1landfor0<i <n,
bn,s,v,(x,i = max{t c (un,,-, 1] :nK(un,,', 1) — Cu(un,i, 1) < Kn,s,v,ot}a
ap sv,an—i +— 1— bn,s,v,a,i-

To understand the asymptotic performance of these confidence bands properly, we need
auxiliary functions ay, by : [0, c0) — [0, 00). Note first that for any s € [—1, 2], K(u, t) in
(1.7) may be represented as

(3.5) Ky(u, 1) =tds(u/t) + (1 = )gs[(1 —u) /(1 = 1)],
where
(x* —sx+s—1)/[s¢s—1] s#0,1,
(3.6) Ps(x) ={xlogx —x+1 s=1,
x—1—logx s =0,

for x € (0, 00), and ¢ (0) := lim,\ 0 ¢ (x) equals 1/sT. If u and ¢t are close to 0, one may
approximate K (u,t) by

Hy(u,t) :=tos(u/t).

The properties of H; : [0, co) x (0, o0) — [0, oo] are treated in Lemma S.13. In particular, it
is shown that

0 ifx=0,
ag(x) :=1.

inf{y € (0,x) : Hy(x,y) <1} else,

st ifx =0,
by (x) =

max{y > x : Hy(x,y) <1} else,

define continuous functions ay, by : [0, 00) — [0, 00), where a; is convex with a;(0) =0 =
a;(0), as(x) =0if and only if x < (1 — s)T, and by is concave. Moreover, a,; (x) = x —/2x +
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H
oo n
(S04, ]

co-==N

FI1G. 1. The auxiliary functions as (below diagonal), bg (above diagonal) for s € {0,0.5,1,1.5,2}.

O(1) and by (x) = x + +/2x + O(1) as x — oo. Finally, for fixed x > 0, a;(x) and bg(x) are
nondecreasing in s € [—1, 2] with a5(x) < x < bs(x). Figure 1 depicts these functions ay, by
on the interval [0, 3] for s € {0, 0.5, 1, 1.5, 2}.

Our first result shows that the confidence bands (AE,JSO,O[’ B,]ijs?a) and (Ay 5,v.a5 Bn.s,v.a) are
asymptotically equivalent in the tail regions, that is, for [F,,(x) close to zero or close to one.
Moreover, the test level « is asymptotically irrelevant there, but the parameter s does play a

role when min{F,(x), 1 —F,(x)} < O(n~"'loglogn).

THEOREM 3.5. Let y, :=n"'loglogn. For any fixed s € (0,2], v>3/4 and § € (0, 1),

BJO
n,s,o,l

bé‘;g” ~ Gnsvi = vu(i/loglogn — as(i /loglogn))(1 + o(1))

n,s,a,n—i Un,n—i

Up;—da

bn,s,v,a,n—i — Un,n—i

and

BJO

n,s,a,l

bs,v.ai si0™ Y =1u(bs(i/loglogn) — i /loglogn)(1 + o(1)),

Unn—i — an,s,a,n—i

—Un,i

Un.n—i — An,s,v,a,n—i

uniformly ini € {0, 1, ...,n} N[0, n°].

REMARK 3.6 (Choice of s). Concerning the choice of s, Theorem 3.5 shows that smaller
(resp., larger) values of s lead to better upper (resp., lower) and worse lower (resp., upper)
bounds for F(x) in the left tail and better lower (resp., upper) and worse upper (resp., lower
bounds) for F(x) in the right tail. The choice s = 1 seems to be a good compromise; see also
the numerical examples later.

The next result shows that in the central region, the parameter s is asymptotically irrel-

evant, and the width of the band (A, s.v.a5 Bn.s.v.«) 18 Of smaller order than the width of
(ABJO BBJO )

n,s,a° n,s,o
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THEOREM 3.7. For any fixed s € (0,2],v >3/4 and § € (0, 1),

__ _BJO
MI’;JZO nsai \/zynunz(l_unz)( 0(1))s
bl’lSOll n,i

Upi—a -
" e } = \/Zyn,v,(x(“n,i)un,i(l - un,i)(l + 0(1))»

bn,s,v,a,i —Un,i
uniformly in i € {0,1,...,n} N [(n®, n — n®], where Vo = n_lloglogn and Yy v.oW) =
n=H(Cy () + k0.0)-

Note that (C)(u) + ky o)u(l —u) — 0 as u — {0, 1}. Thus, one can deduce from Theo-
rems 3.5 and 3.7 that

max (b,l?JiO —Upi)= max (up,; —af’]lo) Vva/2(1+0(1)),

i=0,1,..., n ’ i=0,1,....,n

b —an i) =02
max  (bp; —up;)= max (u;—ani)=0(n ).
i=0,1,...,n i=0,1,...,n

REMARK 3.8 (Comparison with Stepanova—Pavlenko [32]). The confidence band
(An o B,?fx) of [32] with the test statistic TnSP(-) in (1.9) can be represented as follows:
for 0 <i<nand X,; <x < Xp:it+1,

[ASF, (0), BYY ()] =[aph ;. BYF, ],

I’lOll’ naz
S _ SpP SP _ SP SP .
wherea O’bnaO_bnal’an,a,n_an,a,n 1,bnom_l,andforlfz<n,

[ bSP 1= [uni £ V25 Juti (1= )R )] O[O, 1],

I’l o, i’ n,o, i
Recall that i () = loglog(1/[¢t(1 —1)]). Here, /c o 18 the (1 — a)-quantile of TS,I;(FO) in case
of F = Fy, and it converges to the (1 — a)- quantlle Ka of
U@l
Sup ————.
te(0,1) V(1 = 1)h(2)
Consequently, for fixed s € (0,2], v>3/4and § € (0, 1),

b,ff; ;= U Un,i — a,ff;’i kSR (1 +o(1))
bn,s,v,oz,z — Unp,i ' Un,i — Ans,v,a,i \/Z(Cv(un,i) + Kv,oz)
uniformly ini € {0, 1,...,n} N [n‘s, n —n®]. But
h(u) §'P > 1,
u—>{01},/2(Cv(u)—|—Kva — 00 asa \(O0,

because h(t)/loglog(1/t) and C,(¢)/loglog(1/¢) converge to 1 as ¢ N\ 0. Thus, the confi-
dence band (ASPO[, Bs ) 1s asymptotically wider than (A, s v «, Bn s,v,¢) in the tail regions
for sufficiently small a.

Note that these considerations apply to any choice of the continuous function % : (0, 1) —

(0, 00) in (1.9) as long as h(t)/loglog(1/t) — 1 as t \ 0.

REMARK 3.9 (Bahadur and Savage [2] revisited). On (—o00, X,.1], the upper confidence

bounds for F are constant bEJSOa 1 OF by s v.a,1, and this is of order O (n_1 loglogn). Likewise,

on (X, 00), the lower confidence bounds for F are constant 1 — bBJO 10t L —=bysval.
Interestingly, for any (1 — «)-confidence band for a continuous dlstrlbutlon function F,
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the upper bound has to be greater than ¢/n with asymptotic probability at least e«, and
the lower bound has to be smaller than 1 — ¢/n with asymptotic probability at least e‘w.
This follows from a quantitative version of Theorem 2 of [2], stated as Theorem 3.10 be-
low.

It is also instructive to consider Daniels’ lower confidence bound for a continuous distri-
bution function F', namely

Pp(aF,(x) < F(x) forallxeR)=1—a.

THEOREM 3.10. Let F be a family of continuous distribution functions, which is convex
and closed under translations, that is, F (- — ) € F forall F € F and n € R. Let (A, By)
be a (1 — a)-confidence band for F € F. Then, forany F € F and € € (0, 1),

Pp<inf B,(x) < e) <(1—-¢&)7"a and Pp(sup A,(x)>1-— e) <(1-¢e)"a.
xeR

xeR

In our context, F would be the family of all continuous distribution functions. But the
precision bounds in Theorem 3.10 apply to much smaller families F already, for instance, the
family of all convex combinations of F,(- — u), u € R, where F, is an arbitrary continuous
distribution function. For the reader’s convenience, a proof of Theorem 3.10 is provided in
Section S.5.

EXAMPLE 3.11 (s = 1). The left panel in Figure 2 depicts, for n = 100, the 95%-
confidence band (A, 1,1,a, Bu,1.1,«) in case of an idealized standard Gaussian sample with

order statistics X,.; = ® (i /(n 4+ 1)). In addition, one sees the Kolmogorov—Smirnov
95%-confidence band (Affx, B,Ez). In the right panel, one sees for the same setting the
centered upper bounds By, 1.1« — Fn, B,EJI(?Q — F, and B,Il(i — F,,. Note that a plot of the
centered lower bounds A, 11,4 — Fy, AEJ](?O‘ — F, and Afi — FF,, would be the reflec-
tion of the plots for the centered upper bounds with respect to the point (0, 0). The corre-

sponding critical values k. 1.1,a, K,I?Jl o and kXS have been computed numerically; see Sec-

tion S.7.

Figure 3 shows the same as the right panel in Figure 2, but with sample sizes n = 500 and
n = 4000 in the left and right panel, respectively.

In the online supplement A, these bands (A, 1.1,a,> Bn.1,1,«) are also compared with the
confidence bands of [32], confirming the purely asymptotic result in Remark 3.8.

0.15
1

...............................

0.10
1

0.05
1

0.00

T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2

FIG. 2. 95%-confidence bands for n = 100. Left panel: (A, 1,1, Bn,1,1,a) (solid) and (AKS BKE) (dashed).

n,a Pn,

Right panel: centered upper bounds By, 1,1,o — Fn (solid), pBIO _ I, (dotted) and B,‘fg — T, (dashed).

n,l,a
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FIG. 3.  Centered upper 95%-confidence bounds By, 11,4 — Fn (solid), BE]]OO( — Fy, (dotted) and B,IE‘Z -y
(dashed) for n = 500 (left panel) and n = 4000 (right panel).

EXAMPLE 3.12 (The impact of s). Figure 4 shows for an idealized Gaussian sample of
size n = 500, the centered upper 95%-confidence bounds By, 5.1, — F, for s =0.6,1,1.4
(left panel) as well as the differences By 51,0 — Bn.1,1,¢ for s = 0.6, 1.4, right panel. As
predicted by Theorem 3.5, the upper bounds Bj, 5 1(x) are increasing in s for small values of
x and decreasing in s for large values of x. The online supplement A contains further plots
illustrating the impact of s on our bands. These plots support our claim that choosing s close
to 1 is preferable. Other values of s increase the bands’ precision somewhere in the tails, but
lead to a substantial loss of precision in the central region.

REMARK 3.13 (Discontinuous distribution functions). In the previous considerations,
we focused on continuous distribution functions F', and all confidence bands (A, 4, By.o) for
F we considered are of the form

[An,Ol(x)a Bn,ot(x)] = [an,a,i» bn,a,i] forx € [X,., Xn:i+1) and0<i<n
with certain numbers a, 4.;, bn.o.i € [0, 1]. Interestingly, such a band has coverage proba-

bility at least 1 — « for arbitrary, not necessarily continuous distribution functions F; see
Section S.6.
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1
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-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

FIG. 4. Upper 95%-confidence bounds for n = 500. Left panel: centered bounds By, s 1 o — Fy for s =0.6
(dashed), s = 1.0 (solid) and s = 1.4 (dotted). Right panel: differences By, s 1,4 — Bn,1,1,« for s = 0.6 (dashed)
and s = 1.4 (dotted).
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4. Proofs for Section 2.
4.1. Proof of Theorem 2.2. The following three facts are our essential ingredients.

FACT 4.1 ([5], Theorem 2.2 and Corollary 2.1). There exist on a common probability
space a sequence of i.i.d. U (0, 1) random variables &1, &>, &3, ... and a sequence of Brownian
bridge processes UW, U U ... suchthat, forall 0 <§ < 1/4,

n° Uy (1) = U™ (@)

ol = 0,(1).
rell/n1-1/n] (€1 — 1))1/2=8 p
FAcCT 4.2 ([5], Theorem 4.4.1).
U (1)?
sup —p,1

re(0,1) 2t(1 — 1) loglogn

FAcT 4.3 ([5], Lemma 4.4.4). For any 1 <d,, <n such thatd, /n — 0 and d,, — oo,

U, (1)?
Sup —p 1
re(0.d,/m) 21(1 — 1) loglogd,

The same holds with the supremum over [1 — d,,/n, 1).

The asymptotic distribution of Tn,v will be derived from the subsequent Lemmas 4.4, 4.5
and 4.6.

LEMMA 4.4. For any sequence of constants 1 < d, <n such that d,/n — 0 and d,, —
oo and any choice of 0 < 6 < 1/4,
Un(1)* = U™ (2)?

sup = 0,(d,°(loglogn)'/?).
t€ldy/n,1—dy /n) t(1—1)

PROOF. By Fact4.1,for0 <6 <1/4,

U (1) = U™ ()] - n’ Uy (1) U™ @)

sup <0(d?* sup — =0 d®).
teldy/n,1—dy/m) (L —1)1/2 (@ )te[l/n,l—l/n] (t(1 —1))l/2= rldi)
Together with Fact 4.2 and (1.4), this implies that
U, ()2 — U™ (1)
sup
t€ldn/n,1—dy /n] t(1—1)

- sup U (1) — U™ (@) ( [Un (0] U@ (1)) )

T reldy/nd—dyn) @(L—1)1/? Q=2 @A —1)l/?

= 0,(d,°(loglogn)'/?). O

LEMMA 4.5. Forallv >0,
U, (1)?
sup (L — C,,(t)) —p —00.
te(On—logn] N2 (1 —1)

The same holds with the supremum over (0, n~"logn] replaced by [1 —n~'logn, 1).
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PROOF. Note that with d,, = logn,

( Uy ()?

(41) sup m

te(0,d, /n]

( U, (1)?

—Cv(t)> < sup 2d—1

- C(dn/n))
1€(0,dy /n]

since C), > C and C is nonincreasing. By Fact 4.3,

U (0)?]
sup
t€(0,d,/n] 2t (1 — 1) logloglogn

p

while

C(d,/n) (1+o0(1))loglogn
= — OO
logloglogn logloglogn

Thus, the right-hand side of (4.1) can be written as

( Uy (1) lonlonl oy ))
sup -logloglogn — n
1€(0,dy/n] \2t (1 — 1) logloglogn n
( U, (1) C(dy/n) )
= su - logloglogn
1€(0,d,/n] \2t (1 —t)logloglogn  logloglogn

LEMMA 4.6. For any fixed v > 3 /4,

U(r)?
sup (— —Cy(t) | > —oo almost surely as p \{ 0.
1€(0,plul1—p, ) \ 2t (1 — 1)
PROOF. Recall that
T, ( u®? C@) D(t))
= sup [ ———— — -V
’ te(OI,)l) 2t(1—1)

is finite almost surely for any v > 3/4. If we choose V' € (3/4, v) and write vD () = V' D(t) +
(v —v)D(t), then we see that for any p € (0, 1/2],

< U(r)?

P 21 —1)

—C@) — vD(t)) < sup (Ty — (v—=12")D(1))
te(0,p]U[1—p,1)

te(0,p]U[1—p,1)
=T, — (v—v)D(p).

because D(-) is symmetric around 1/2 and monotone decreasing on (0, 1/2]. Now the claim
follows from 7,y < oo almost surely and D(p) — coas p \(0. U

Now we can complete the proof of Theorem 2.2. According to Lemmas 4.5 and 4.6, with

d, :=logn,
Ty 1 U, (1)?
L S . — —Cy(1)
T, } te[dn/n,lp—dn/n] (2t(1 —1) { U@)? '

with asymptotic probability one. If we replace the Brownian bridge U with the Brownian
bridge U™ then Lemma 4.4 ir{lplies that the latter two suprema over [d,/n, 1 — d,, /n] differ
only by 0, (1). Consequently, 7}, , converges in distribution to 7).
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4.2. Proof of Theorem 2.1. Note first that in case of s > 0,
sup (nKs(Gn(t)v t) - Cv(Gn(t)a t)) =nK;(0,&,.1) — Cu(min(fi:n:l’ 1/2)) —p —0OQ,
1‘6(0,&:1)
because K (0,¢t) =t/s+o(t) ast \(Oand E(&,.1) =1/(n+1). Since K;(1,¢) = Ks(0,1 —
1), Co(t) = Cy(1 = 1) and &ry £ 1 — &y,

sup (nKs(Gn(t)’ t) - Cv(Gn(t)v t)) =nK;(1,&,.,) — Cv(max(‘i:n:na 1/2)) —>p —OQ.

t€l&nn, 1)

Consequently, it suffices to verify Theorem 2.1 with the modified test statistic

Tysvi= sup (nKs(Gn(t)»t) _Cv(Gn(t),l))a
te[%_nzlwén:n)

provided that we can show that the latter converges in distribution.

In what follows, we show that replacing s with 2 and C,, (G, (¢), t) with C,,(¢) has no effect
asymptotically. For these tasks, the following two facts are useful.

FACT 4.7 (Linear bounds for G,,).

A. By inequality 1, [30, 31], page 415,

sup =0,(1) and sup R —, (1).
i<t Ga(@®) 7 O<i<tyn | = Gu() 7
B. From Daniels’ theorem (Theorem 2, [30, 31], p. 341),
G (¢ 1 -G,
p n(0) _ O,(1) and sup 1=6.0) _ 0,(1).
O<t<l 0<t<l 1 -

FACT 4.8. For any sequence of constants d,, with 1 <d, < n such that d,,/n — 0 and
d, — 00,
Gu(t) —1t
dy/n<t<l1 1
and
Gp(t) —t
sup  en® =11 0,(d"17?)
O<t<l—dy/n 1—1
([34], Lemma 3 and Theorem 1S; [30, 31], Chapter 10, Section 5, p. 424). In fact,
Gu(t) —1t
Q2 gy GOt

n

d sup [W()],

dy/n<t<1 14 0<t<1

where W is a standard Brownian motion; see [26].

A particular consequence of Fact 4.7 is that

(4.2) My1:= sup [logit(G, (1)) — logit(r)| = O, (1),
le[fn:lsfn:n)

where logit(¢) :=log(¢/(1 — t)), and Fact 4.8 implies that

(43) Myo:= sup |logit(G, (1)) — logit(t)| = O,((logn)~/?),

te[n—llogn,1—n—1logn]

with the conventions that logit(0) := —oo and logit(1) := co. This leads to the following
useful bounds.
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LEMMA 4.9. For any fixed s € R,
Ks(Gn(1),1)
———————— =0,(1) and sup  (Cy(t) — Cy (G, (1), 1)) = O,(1),
IE[Sn:laSn:n) KZ(G” (t)’ t) g te[‘i:n:ls%_n:n)( ’ v( ! )) i
where K(t,t)/K>(t,t) := 1. Moreover,

K Gu(0).1)

_ —1)2
G (). 1) 1| = 0,((logn) ) and

sup
te[n=1logn,1—n~1logn]

sup (Co(1) = Co(Gr (1), 1)) = 0, ((logn)~1/?),

te[n—logn,1—n—1logn]

where Ks(0,1) = K;(1,¢) := o0 in case of s < 1.

PROOF. With the auxiliary quantities M,, 1 in (4.2) and M}, » in (4.3), it follows from the
inequalities (S.14) and Lemma S.10 that for &,,.1 <t < &5,

Ks(Gn(t),t) B
TG 1y S P(s =2IMy 1) = 0,(1)  and

0<Cy(t) — Cy(Gu(r), 1) < (1 + V)M, 1 = Op(1).
Moreover, for n~! logn <t <1- n-! logn,
Ky (Gy(1), 1) —1,2
1 —2|M, —1=0,(1 d
K2(Gp (). 1) = exp(|s | n,2) p(( ogn) )) an
0<Cy(t) = Cy(Gu (1), 1) < (1 +v)My 2 = Op((logn)~'7?)).

(Note that M, = o0 ift <&y ort > &) U

Now the statement about the (modified) test statistic 7}, 5., is an immediate consequence
of Theorem 2.2 and the following lemma.

LEMMA 4.10. Forv > 3/4 and any s € R,
Thsv= fn,v + Op(l)-

PROOF. With d,, :=logn, we know that &,., > 1 — d,/n with asymptotic probability

one, and thus it follows from Fact 4.3 and Lemma 4.9 that

sup  nK (G, (1), 1)

te[én:l,dn/n]
Ks(Gy(2), 1)
< sup —————— sup nKx(G,(),t) = 0,(logloglogn).
telén,1—dn/n] K2(Gn (1), 1) 1e(0,d,/n] (G ) b

On the other hand,

min  Cy(Gp(1). 1) = C(dy/n) + 0,(1) = (1 + o(1)) loglogn.
t€[&n:1,dn/n]

Hence,

sup  (nK(Ga(0).1) = Co(Gu(0). 1)) = —00.
t€léy.1,dy /0]

and for symmetry reasons,

sup (nKs(Gn(l‘),f)—Cv(Gn(t)’t)) —p —.
te[l—dn/n,%.n:n]
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Since Tn,v is equal to

T = sup (K2 (Gu(1), 1) — Cy(0))
teldy/n,1—d, /n]

with asymptotic probability one, it suffices to show that
%= sup (nKs(Gu(0),1) — Co(Gu(0), 1)) = TS + 0, (1).
. t€ldy/n,1—dy/n] ’

To this end, note that f,{f’jtr —4 T, implies that

sup nK>(G,(t),1) < Cy(dp/n) + 0p(1) = (14 0p,(1))loglogn.
teld, /n,1—d, /n]

Consequently,
restr Frestr
|Tn,s,v - Tn,v

= Sup InKs(Gp(1), 1) —nKa(G,(2), 1)| + 0p((10gn)_1/2))
t€ldn/n,1—dy/n]

K (G (1), 1) ~1,2
< su —_— — sup nKy(Gy,(t),t) + O,((logn) )
teldy/n,1—dy/n)l K2(Gn(2), 1) teldy/n,1—dy /n (C ) ol )

= 0,((ogn)™?)(1 40, (1)) loglogn = 0, (1). 0

It remains to prove the claim that «;, 5 .o = kv, > 0. But this follows immediately from
the following lemma.

LEMMA 4.11. Let G(r) := P(T, <r). Then G(0) =0, and G is continuous and strictly
increasing on [0, 00).

To prove this lemma and other results, we make use of the following well-known result.

FACT 4.12 ([4], Corollary 2.1; [13], Lemma 1.1). The distribution Q of U is a log-
concave measure on C[0, 1]. That means, for Borel sets By, 81 C C[0, 1] and A € (0, 1),

log Qu((1 =) Bo +AB1) = (1 — 1) Q(Bo) +10(By),

where Q. stands for the inner measure induced by Q, and (1 —A)By + AB; :={(1 — A)go +
Ag1:go € Bo, g1 € B},

From this fact, one can deduce the following properties of U.

PROPOSITION 4.13.  For arbitrary functions h : [0, 1] — [0, 0o) and h, : [0, 1] = R,
G1(x) := P(|xh, +U| < h)
is an even, log-concave function of x € R. Furthermore, if h, > 0, then
Ga(x) = P(|U| < Vh + xh,)
is a nondecreasing and log-concave function of x > 0.
Let W be a standard Brownian motion process on [0, 1]. Then it is well known that U(¢) :=

W) — tW(1) defines a Brownian bridge process on [0, 1]. The following self-similarity
property of the Brownian bridge process U seems to be less well known.
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PROPOSITION 4.14. For fixed numbers 0 < a < b <1, define a stochastic process Zq p
on [0, 1] as follows:

Zap(v) :=U((1 —v)a + vb) — (1 —v)U(a) — vU(D),

that is, Zq , describes the interpolation error when replacing U on [a, b] with its linear
interpolation there. Then the two processes (U(t))ie[0,1\(a,p) and Zqp are stochastically
independent, and

Proofs of Propositions 4.13 and 4.14 are provided in Section S.4.

PROOF OF LEMMA 4.11. Note first that the distribution function r — G (r) coincides
with the function G, in Proposition 4.13, where h(t) :=2¢(1—1)C, (¢) and h,(t) :=2t (1 —1¢).
In particular, G(r) < P(|U(1/2)| < +/r/2), and the latter bound equals O for » = 0 and is
strictly smaller than 1 for any r > 0.

By Proposition 4.13, G : [0,00) — [0, 1] is log-concave, and since G(r) < 1 =
lims_, 5, G(s) for all r > 0O, this implies that G is continuous and strictly increasing on
(70, 00), where r, :=inf{r > 0: G(r) > 0}. If we can show that r, = 0, then we know that G
is, in fact, continuous and strictly increasing on [0, 00).

To show that G(r) > O for any r > 0, we pick a number p € (0, 1/2) and write T;, as the
maximum of the three random variables:

TPD = max (U@)?/[2t(1 —1)] = Cu(0)),
telp,1—p]

702D = max (U@)?/[2t(1 — 1] - Co(t)).
1€(0,p]

TP2R = max (U@t)*/[2t(1 —1)] — Cy(1)).
re[l1—p,1)

Then we can write

G(r)=P(TPD <r, 7P2D <p, 1P2B <)

> P( max |U(r)| <8, TP <0, 7/P-2R SO>
telp,1-p]

with § :=+4/2p(1 — p)r > 0.

According to Lemma 4.6, we may choose p such that P(T,)(p’z’L) <0)= P(Tv(p’z’R) <
0) > 1/2. Now we apply Proposition 4.14 twice, first with [a, b] = [0, p], and then with
[a,b] =[1— p, 1]. This shows that U may be rewritten on [0, p] and on [1 — p, 1] as follows:
for v € [0, 1],

U(pv) = vU(p) + /pUP (v),
U1 — pv) =vU(1 — p) + /pUR (),
where U, U, UR) are independent Brownian bridge processes. In particular,

P(Tv(pyz’L) = Ol([U(t))te[p,l—p])

= P(|vU(p) + /UL ()| < v2pv(1 — pv)C, (pv) for all v € [0, HIU®),e1p.1-p))
= P(|U(p)v//p + TP ()| < 20(1 — pv)C,(pv) for all v € [0, HIU®),ep1—p)
=G1(U(p)),
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where G1(x) := P(|xh, + U| < h) with h,(v) :=v/,/p and h(v) := J2v(1 — pv)Cy(pv)
for v € [0, 1]. Analogously,

P(TP2R) < 0|([U(t))t€[p’l_p]) =G1(U(1 — p)).

According to Proposition 4.13, G is an even, log-concave function on R. Since 1/2 <

P(T" > < 0) = E[G|(U(p))], there exists a 8, > 0 such that G(x) > 1/2 for all
x € [—,, 8,]. Consequently,

G(r) > E(1uj<s on [p.1-p11G1(U(0)) G1 (U1 — p)))
> 471 P(||U||oo < min(s, 8,)) > 0.

That P(||U||cc < X) > 0 for any A > O follows, for instance, from the expansion

2

21 T
PV =) = 7 exp( - 15

see [23] or [31], pages 526-527. Alternatively, one could use Proposition 4.13 and separabil-
ity of C[0, 1]. O

)(1 +o(1)) asA\0;

5. Proofs for Section 3.

5.1. Proofs for Section 3.1. PROOF OF THEOREM 3.1. Let (x,), be a sequence in R
such that A, (x,) — oo. Then, for any fixed « > 0,

PF,, [Tn,s,v(FO) =< K] = PF,, [xn & [ Xn:1, Xnn)]
(5.1) + Pr, [n K (Fn(xn), Fo(xn))
=< Cv(Fn(xn), FO(xn)) + K],

where K (u, ) :=o0if s <0and u € {0, 1}.

To ensure that the first summand on the right-hand side of (5.1) converges to 0, we show
that x,, may be chosen such that d,/n < F,,(x,) <1 — d,,/n, where d,, := loglogn. To this
end, we have to analyze the auxiliary function H,, in more detail. Elementary calculus reveals
that for ¢ € [0, 1], (1 + C(¢))t(1 — ¢) is an increasing and 1 4+ C(¢) is a decreasing function
of t(1 —1t) €0, 1/4]. Moreover,

1+ C(dy/n)=(1+001))d, and (dy/n)(1 —dy/n)=(1+0(1))d,/n,
whence

rninl] H,(t) = (14 0(1)n~Y%d, and H,(d,/n) =2+ o())n"/?d,.

tel0
In particular,
|F — Fol(xn) = Ap(xn) (1 +0(1))dn /n.
Now suppose that F;,(x,) < d,/n. With X, := F,jl (d,/n), we may conclude that
Fy(Xn) = Fy(xn) > | Fy — Fol(xn) — dp/n > Ay (xn) (1 + 0(1))dn /n.
In particular, max{d,/n, F,,(x;,)} is of order o(F}, (%)), so

VnlF, — K G > (14 o(1)J/nF, (%)
Hy(F) = (2+o0(1)n—1/2d,

AnGn) = > (1/2+ 0(1)) Ay () — 0.
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Analogously, one can show that in case of F,(x,) > 1 — d,,/n, we may replace x, with
Xy = Fn_l(l —dy/n) at the cost of reducing A, (x,) by a factor of at most 1/2 + o(1).
It remains to show that

(5.2) Pg, [nKs(Fn(xn)» FO(xn)) = Cv(Fn(xn)v FO(xn)) +K] — 0.

By means of the second part of Lemma S.12, the inequality for K (IF, (x,), Fo(x,)) implies
that

ViFy — Fol(in) < /2(Cy (Fy, Fo) + &) min{F,y (1 — F,), Fo(l — Fo)} (xa)
+ 2(Cv(Fn, Fy) + K)(xn)/\/ﬁ
<2max(l + v, k) min{ H, (), Hy(Fo)} (xn).

because C,(IF,,, Fy) < min{C, (IF,), C,(Fp)}, and for the univariate function C,, it follows
from D < C that C, + k¥ < max(l + v, «)(1 + C). Moreover, the assumption that d,,/n <
F,(x;) <1 —d,/n implies that

h(¥y)
H(Ey) (xn) =>p 1 forh(@)=t,1+C(),t(1 —1).
Consequently, (5.2) would be a consequence of
(5.3) Pr,[v/n|F, — Fol(xn) < Op(1) min{ Hy, (Fy), Hy(Fo)}(xx)] = 0.
To bound the left-hand side of (5.3), we consider the quantity
Fo(1 — F F,(1 —F,
M, = maX{ ol = o) Xn)s N ")(xn)} > 1
Fo(1 = Fy) Fo(l — Fp)
and distinguish two cases. Suppose first that M,, < A,(x,). Since
14+ C(F, F,(1-F
+—(”)(xn) <1< M(xn) <M, or
1+ C(Fo) Fo(1 — Fo)
F,(1 - F 14+ C(F,
u(xn) = 1 = +7(n)(xn) = 1 +10gMn,
Fo(1 — Fo) 1+ C(Fo)

the definition of H,, implies that

H, (Fy)
H, (Fop)

Then it follows from /n(IF,, — F,,)(x,) = OP(\/M()C")) = O, (H,(Fy(x,))) that
P, [v/n[F, — Fol(xn) < O, (1) min{H,, (F,), Hy(Fo) }(x,)]
< Pr,[VnlFy — Fol(x) < 0, () min{ H, (Fy), Hy(Fo)} () + O (Hy (F(x)))]
< Pr,[V/nlFy — Fol(xn) < Op(An(xn)'?) min{ H, (Fy), Hy(Fo)} ()]
= Pr,[An(xn) < Op(An(xn)"/?)] — 0.

(xn) < Ay (xn)l/z-

Now suppose that M,, > An(xn)l/Z. Then

F, — F{ F, — F,

| n 0|(x”)21_| n n|(xﬂ)

| Fn — Fol |Fy — Fol
|Fn_Fn|

>1-
|Fn(l = Fy) — Fo(1 — Fo)|

(xp) =1+ Op(pn)
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with
V(1 - Fy)
(xn)
VnlFu(1 = Fy) — Fo(1 — Fo)|
F,(1 = Fy) (6 < M,
T (L= Fp)|Fa(1 — Fy) — Fo(1 — Fo)l =10 (D)Vdn (M, — 1)
Consequently,

Pr, [y — Fol(xn) < O, (1) min{ Hy (Fy), Hy(Fo)}(xn)]

< Pp, [\/an - FOl(xn)(l + Op(l)) = Op(l)min{Hn(Fn)a Hn(FO)}(xn)]
< Pp, [An(xn) = Op(l)] — 0. 0

Pn =

— 0.

PROOF OF COROLLARY 3.2. Since || F,, — Follco < &, — 0, it suffices to show that (3.2)
is satisfied. In what follows, we use frequently the elementary inequalities

¢(x) ¢ (x)

< (- )<— forx >0,
x+1

where ¢ (x) := ®'(x) = exp(—x2/2)/«/ﬂ. In particular, as x — oo,
d(—x) = exp(—x2/2 + O(logx)) and
C(®(x)) =log(O(1) +log(l/®(—x))) =2log(x) — log(2) + o(1).

Now consider two sequences (xy), and (u,), tending to co, and let Fp =&, F,, = (1 —
&n)® + €, P(- — ). Then the inequalities (5.4) imply that

[1+ C(Fo(xn))]Fo(xn)(1 — Fo(xn)) = [2log(x,) + O(1)]P(—x,)(1 + 0o(1))
= exp[—x2/2 + O (log(x,))].

5.4

Moreover,
Fo(xn) — Fu(xn) = &n(P(tn — xn) — P (=xn)) = ea P (n — x) (1 +0(1)),
because @ (—x,) < ¢ (x,)/x, while
1/2 if wy > xp,

®(n = Xn) Z ) 0t — pn) _ ¢ () exp(4/2)

if .
1 X, + 1 MUn < Xp

Consequently, A, (x,) — oo if

nen @ (Un — xn)
nl/2exp[—x3/4 + O (log(x,))] + 0(10g(xn))

In part (a) with &, = n—PF+o) and B € (1/2,1), we imitate the arguments of [6] and

consider
=,/2rlog(n) and x, =,/2qlog(n)

with 0 <r < g < 1. Then by (5.4),
nen® (n — Xp) = nl=B=(a—VD o)),

(5.5)

n'/? exp[—x,f/4 + O(log(xy))] = nl/2=a/2+o()

O (log(x,)) = n°D,
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so the left-hand side of (5.5) equals

W —B=(Ja—VP) o) 1/2-B+q/2—(JG—P)Fo(1)  1/2=B+2/F/G—" [2—r+o(1)
n1/2=q/2+0(1) 4 po(h) — 1 + n@=D/2+o(D) - 1 + n@=D/2+o(D)

The exponent in the enumerator is maximal in ¢ € (r, 1] if \/g = min{2,/r, 1}, that is, g =
min{4r, 1}, and this leads to

1/2—B+r ifr <1/4,
1—B—(1—=+r?* ifr>1/4.

Thus, when g8 € (1/2,3/4) we should choose 8 — 1/2 <r < 1/4 and ¢ = 4r. When 8 €
[3/4, 1), we should choose (1 — /T— )2 <r <landg=1.

As to part (b), we consider the more general setting that &, = n~#T°() for some g €
[1/2,3/4), where m, = /ne, — 0. Note that this scenario covers also a part of part (a), so
we establish a connection between the two parts. The constraint that 7r,, — 0 is trivial when
B > 1/2 but relevant when 8 = 1/2. Now we consider

Un :=+/211og(1/m,) and x, :=,/2qlog(1/my,)
with arbitrary constants 0 < A < g. Now
nen®(Upn — xp) = nl/znnq)(ﬂn — Xn)

1 —V)+o(l
_ 2 Ve Vi to( ),

n'/? exp(—x; /4 + O (log(xy))) = n' 2 /200
O (log(xy)) = 70D,
so the left-hand side of (5.5) equals

12 14+(/g—v2)*+o(1) 1+q/2-2/G/k+r+o(1) 1+q/2-2/g~/A+r+o(1)
n'°my, Ty TTn

120720 oD = T T —a/2 e T T 4= 17241720 /240D

The exponent of 7, becomes minimal in g € (A, 00) if ¢ = 4A. Then we obtain

1-A 1 1-A+o(1
Ao o)

1+ n-1/24@p—Dito) | 4 JrB- DA

and this converges to oo if the limiting exponents of 7, and 4/n are negative. This is the case
ifl <A<1/(4B —2). (Note that 48 — 2 < 1 because 8 <3/4.) U

PROOF OF LEMMA 3.3. Standard LAN theory implies that Pg, (S,) — O for arbi-
trary events S, € 0 (X1, ..., X;) such that Pg,(S,) — 0. Thus, for any fixed 0 < p < 1/2,
on (X1, ..., Xn) # ¢n,p(X1,..., X,) with asymptotic probability zero, both under the null
and under the alternative hypothesis. Hence, it suffices to show that

limsuplimsup EF, @, p (X1, ..., X,) <ca.
p_)() n—oo

But Eg, ¢, (X1, ..., X,) does not change if we replace f,, with the modified density

Jn(x) ifx ¢ [Xp, ¥pls
Cnpfo(x) ifx €lxp, ypl,

fn,p(x) = {
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with
- Fn()’p) - Fn(xp)
Cn,p 1= T .
0
This follows from the fact that the distribution function F;, , of f, , satisfies F}, ,(x) = Fj(x)

for x ¢ [x,, ypl, so the distribution of {IF,(x)) : x ¢ [x,, y,1} under the alternative hypothesis
remains unchanged if we replace f, with f, ,. But

Vi(enp —1) =8, = %ﬁp(w’

SO
172 1 12 .
[( 1/2 f/) 2 pfo/ in Ly(2)
with

ap(x) _ a(x) %fx ¢ [Xp, ¥pl,
3p if x € [xp, ypl.

Hence, the asymptotic power of the test ¢, , under the alternative is bounded by the asymp-
totic power of the optimal test of Fy versus F), , at level , so

limsup EF,@n.p(X1, ..., Xp) < ©(@7 (@) + llapll Ly (Ry))-

n—oo

But

lapll7 () = / a*dFy+ (1-2p)s)
(—=00,xp)U(yp,00)

A —A 2
_ azdFo—i—( ()’p) (xp))
(—00,x)U(y,,00) (I-=2p)

converges to 0 as p \, 0, so (P~ () + lapllL,(Fy)) = cas p 0. 0

PROOF OF THEOREM 3.4. Let p € (0,1/2) be fixed. The test statistic 7, ¢, for the
uniform empirical process may be written as the maximum of Tn(f;’,‘l)) and T,,(ﬁii), where

T D= sup  (nKg(Gu(0).1) — Cy(Ga(1), 1)),
t€Tn,sNlp,1—p]
T = sup (0K, (Ca(0),1) = Co(Ga(0), 1)),

1€Tn,s\lp,1—p]
Here, 7, := (0, 1) if s > 0 and 7, := [&,:1, &n:) if s < 0. A supremum over the empty set is
defined to be —oo. The proofs of Theorems 2.2 and 2.1 can be easily adapted to show that

TOD Sy TPD and T 4 TOD = max (102D, 792 R),

where Tv(p ’1), Tv(p 2L and Tu(p 2R) are defined as in the proof of Lemma 4.11. In particular,
since C,,(1/2) =0 and U(1/2) # 0 almost surely,

hmmfP(T("’ S 0)=1,

n—o00o

limsup P(T%2) > 0) < mo(p) := P(T? > 0).

n—oo

Note that mo(p) — 0 as p — 0 by virtue of Lemma 4.6.
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Now we consider the goodness-of-fit test statistic 7 s ,(Fp). It is the maximum of
Tn(f;’,},)(Fo) and T,,(f;’,,z,)(Fo). Here, T,,(,’;’,{;)(Fo) is defined as T,fﬁ:{;), where t € T, is re-
placed with x € R if s > 0 and x € [Xp.1, Xp) if s <0, [p,1 — p] is replaced with
[xp, Yol = [Fy ' (p), Fy '(1 — p)], and (G, (), 1) is replaced with (I, (x), Fo(x)). Under the

null hypothesis, Tn(f;’,{,)(Fo) has the same distribution as Tn(f;j{;) for j =1, 2. This convergence

and standard LAN theory imply that under the alternative hypothesis,
liminf Pr, (T (Fp) > 0) =1,
n—oo

n,s,v

limsup Pr, (T2 (Fo) > 0) < 7a(p) := ®(®~ " (70(0)) + llall ,(y))-

n—oo

With standard empirical process theory one can show that under the alternative hypothesis,
JnF, —Fy) >4 Uo Fy+ A

in the space £°°(R) of bounded functions on R, equipped with the supremum norm | - ||sc.
Moreover, for arbitrary bounded functions /4, A, on R such that ||h, — k||cc — O,

nKy(Fo+n""?h,, Fo) — Cy(Fo +n="?hy,, Fo) — h*/[2Fy(1 — Fo)] — Cy(Fo)

uniformly on [x,, y,]. By virtue of an extended continuous mapping theorem, for example,
[33], Theorem 1.11.1, page 67, one can conclude that

TV (Fy) =4 TPV (A),

n,s,v

where Tv(p J )(A) is defined as T,,('O D with U+ A o FO_1 in place of U. Finally, note that the
distribution Q4 of U+ A o FO_l is absolutely continuous with respect to the distribution Qg
of U, where log(d Q4/d Qo) has distribution N(—||a||%2(FO)/2, ||a||%2(FO)) under Qg. This
follows from [31] (Section 4.1 and especially Theorem 4.1.5, p. 157), or [33] (Section 3.10).
Consequently,

P(T"?(A) > 0) < ma(p).
All in all, we may conclude that
Pr, (T.5,0(Fo) <0) < Pr, (T2} (Fp) <0) — 0,

and for fixed r > 0,

limsup Pg, (T, 5.v(Fo) <r) < limsup PF, (T(p’l)(Fo) <r)

m Su, m Su, n,s,v
< P(1;"V(4) <r)
< P(Ty(A) <r)+ P(T*P(A) > r)
< P(Ty(A) <r)+malp),

limsup Pg, (7.5, (Fo) > r) < limsup PFn(T(p’l)(Fo) <r)

n,s,v
n—o00 n—oo
+ limsup Pp, (Tn(f;”%) (Fo) >r)
n—oo

< P(T"V(A) > r) + 7alp)
< P(T,(A) >r)+ma(p).

Since mwa(p) — 0 as p \( O, this proves that T, s, (Fp) converges in distribution to 7;,(A)
under the alternative hypothesis.
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The convergence claimed in the second part of the theorem follows from the first part
together with convergence of the critical values «, 5,.¢ t0 k) o. The inequality claimed in
the second part is a consequence of Anderson’s [1] inequality or Proposition 4.13 with &, :=
Ao Fy ' and h(t) := /2t (1 — 0)(Cy () + kv.)-

The third part of the theorem follows from the fact that for any ¢ € (0, 1),

(U4 Ao FyH2()
2t(1 —1)

JAF )l
o — V260 + 260
¢<M VECW ~ bya(®)).

V(1 —
where b, o := (2vD + 2k,,4)/(/2C +2vD + 2k, 4 + +/2C) is bounded on (0, 1). O

P(T)(A) > Kkya) > P( > Cy(t) + Kv,a)

v

5.2. Proofs for Section 3.2. For notational convenience, we suppress the dependence of
the confidence bounds on s, v and « and just write a,]lgjl.o, an.i, bEJI.O and by, ;.

PROOF OF THEOREM 3.5. Note first that Hy(u,t) =y Hs(u/y,t/y) for arbitrary u > 0,
t>0andy > 0.

Now we prove the claim for the upper bounds b,]fjio =1- ,]?Jno ;and by =1 —ay ;.

For any integer i € [0, n°], let
Xn,i =Uni/yn =1/loglogn.
For fixed A > 0, let
bui = ttni + *Yn(Bs(Xn.i) — Xn.i) = Y (Xn.i + A(Bs(Xn.i) — Xn.i)) > tn.i-
It follows from x + s < Bs(x) < x + 1 + +/2x + 1 that
ASYn < by.i < hyuBy(n®/loglogn) = (A +o(1))n’~!
On the one hand, if A > 1, then it follows from the first inequality in (S.15) that
K i, bni) = nHs i, bui) = nyn Hy (¥ni, Xn i + A(Bs(ni) = Xn i) = nynh,

because Hg(Xp i, Xn,; + t(Bs(xn,i) — Xx,,;)) is convex in ¢ with values O for r =0 and 1 for
t =1. And if A < 1, the second inequality in (S.15) implies that

nKyn,i,bni) <nHy(ni bpi)/(1—bin)*
= nynHs (¥n,i Xn,i + M(Bs (i) = xni)) /(1 = bn,i)
<nypr/(1 = (A +0(1)n°~") = nyu(h + o).
On the other hand, B! = (1 + o(1))ny, and

15,0
Co (Wi, bin) + K s..0 = Co(Bin) + Kn5,0.
: < Co(hs¥n) + Knsva = (1 +0(D)ny,
> Cy(A+ o)) + ki sva = (1 4+ 0(1))ny,.
Consequently, for any fixed A > 1 and sufficiently large n,

~ T BJ
nkg (un,i, bn,i) > max{CV (ul’l,iv bn,i) + Kn,s,v,05 Kn,s,tx}’
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and thus

max{by}?:lio — Un,i, bn,i - un,i} =< )\Vn(Bs (xn,i) - xn,i)

for all integers i € [0, n%]. Likewise, for any fixed A € (0, 1) and sufficiently large n,

T . T BJ
nk; (un,i’ bn,i) < mm{cv(un,h bn,i) + Kn,s,v,a Kn,s,oz}’

and thus
BJO
bn,i

min{ —Un,i, bpi — Mn,i} > A¥n (BS(xn,i) - xn,i)

for all integers i € [0, nl.

The differences u, ; — aB’0 = pBIO .

n.i non—i — Un.n—i and u,; — an,i = bn,n—i — Up,p—i CaAN

be treated analogously. For each integer i € [1,7°] and fixed A > 0, let x,; = upn.;/yn =
i/loglogn as before and

Eln,i =up,+ )\Vn(As(xn,i) - xn,i) = Vn(xn,i + )\(As(xn,i) - xn,i)) <Up,-
On the one hand, if > 1 and a, ; > 0, then A;(x;,) > 0 and
nk; (“n,i» &n,i) > nHg (un,ia &n,i) =ny, Hy (xn,iaxn,i + )L(As (xn,i) - xn,i)) > nyph,

because Hy(xy i, Xn,i +1(As(xy,i) —xp,i)) 1s convex in t € [0, A] with values O for # = 0 and
1fort=1.Andif A <1, then

nKs(un,ia &n,i) = an(un,i’ &n,i)/(l — Uin)
=ny, Hy (xn,iaxn,i + )L(As(xn,i) - xn,i))/(l - ”n,i)
<nypr/(1—n®7Y).

On the other hand, «}, , = (14 o(1))ny, and

C, (”i,n, Eli,n) + Kn,s,v,0 = C, (Mi,n) + Kn,s,v,a0

<Co(n™") + ks = (14 0(1))nyn,
= Cv(min{n(s*l, 1/2}) + Kn,s,v,0 = (1 + 0(1))71)/,,.
Consequently, for any fixed A > 1 and sufficiently large n,

max{uy i —apr, tn,i — n,i} < Ay (Xni — As(Xn,i))

for all integers i € [1, n®]. Likewise, for any fixed A € (0, 1) and sufficiently large n,

minf{u, ; — a,]iJiO, Uni = ni} = Myn(Xni — As (i)

for all integers i € [1,n%]. O

PROOF OF THEOREM 3.7. We only prove the bounds for a,; and b, ;. The bounds
for aEJI.O and bEJiO can be derived analogously with obvious modifications. Moreover, since
Un,i . ani= bn:n,,- — Up n—i, it suffices to prove the bounds for b, ; only. For a fixed factor
A > 0 and any integer i € [n?, n —n’], let

Bui 1= i+ 2 29 ()it i (1 = 0 5).
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Note that
0< bn,i — Unp,i
un,i(l - un,i)
< A\/Zn_l(CV(n‘S_l) + Ky o) (1 — 11‘3_1)_1
= 0(n**(loglogn)'/?),
whence
cpi= max [logit(by ;) — logit(u, ;)| = o(1).
né<i<n—n’

8 8

On the one hand, the inequalities (S.14) imply that uniformly in n° <i <n —n°,

nkK; (un,iv En,i) =nKi_g (Eﬂ,iv un,i)
= (1+0(0)nKa(bn,i, un.i)
= (1 + 0(1)))\2(Cv(”n,i) + Kv,a)-
On the other hand, Lemma S.10 and Theorem 2.1 imply that uniformly in n
|Cv(un,i, Bn,i) + Knsv,a — Cv(”n,i) - KV,O{| =< (1 + V)Cn + |Kn,s,v,a - Kv,a| = 0(1)-
Consequently, for fixed A > 1 and sufficiently large n,
nKs(un,iv Bn,i) > Cv(un,iv En,i) + Kn,s,v,a5

) 8

<i<n-—n°,

and thus

Bi = ttn.i < ) 2 Gt )it i (1 =t 1)
for all integers i € [n‘s, n—nd ]. Likewise, for fixed A € (0, 1) and sufficiently large #,
K (tnis bni) < CoGutn,is bp,i) +kns,v.as
and thus

Bui = tni 2 |2 Gt )it i (1=t 1)

for all integers i € n®, n—ndl. O
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SUPPLEMENTARY MATERIAL

Supplement A to: “A new approach to tests and confidence bands for distribution
functions” (DOI: 10.1214/22-A0S2249SUPPA; .pdf). Further technical details and proofs;
additional numerical examples [9].

Supplement B to: “A new approach to tests and confidence bands for distribution
functions” (DOI: 10.1214/22-A0S2249SUPPB; .zip). Details and implementation of the
new bands: zipped arxiv with R files [10].
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