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Abstract Bounds for the bracketing entropy of the classes of bounded k-monotone functions on
[0, A] are obtained under both the Hellinger distance and the LP(Q) distance, where 1 < p < co and @
is a probability measure on [0, A]. The result is then applied to obtain the rate of convergence of the
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1 Introduction

A function on (0, 00) is called k-monotone if (—1)7 fU)(z) is non-negative, non-increasing, and
convex for 0 < j < k—2if k > 2, and f is non-negative, non-increasing if £ = 1. These functions
fill the gap between monotone functions and completely monotone functions. They appear very
commonly in nonparametric estimation, such as the Maximum Likelihood Estimator (MLE) in
statistics via renewal theory and mixing of uniform distributions. Indeed, k-monotone functions
have been studied since at least the 1950s; for example, Williamson!!! gave a characterization
of m-monotone functions on (0,00) in 1956. In recent years, there has been some interest in
statistics regarding this class of functions. We refer to [2] and the references therein for recent
results and their statistical applications.

Note that a k-monotone function may not be bounded near ¢ = 0. In order to study the
metric entropy, we restrict ourselves to the subclass that consists of only the functions that
are continuous at ¢ = 0. We refer to this subclass as the class of k-monotone functions on
[0,00). We denote by My, (I) the class of k-monotone functions on I, and by Fy(I) the class of
probability densities on I that are k-monotone.

For statistical applications, we wish to estimate the bracketing entropy of Fi(R*) and
Mp(R1) under all LP(Q) distances, where 1 < p < oo and @ is any probability measure
on RT, and under the Hellinger distance h which is defined by

h(f,9) = (/[W— \/Q(T)]de)l/2~ (1)

Received December 01, 2005; accepted July 10, 2006

DOI: 0.1007/s11425-009-0102-y

T Corresponding author

This work was supported by National Science Foundation of USA (Grant No. DMS-0405855, DMS-0804587).

Citation: Gao F C, Wellner J A. On the rate of convergence of the maximum likelihood estimator of a k-monotone
density. Sci China Ser A, 2009, 52(7): 1-14, DOI: 10.1007/s11425-009-0102-y




2 Gao F C & Wellner J A

Recall that the bracketing metric entropy of a function class F under distance p is defined as
log Nij(g, F, p), where Ni(, F, p) is defined by

N[‘](€7F7p):min{n:zlflaflv"'7fnf s.t. p(fka Ufkvfk}

where
[fofil={oeF:f <g<fi}
It is easy to see that both Fj(RT) and M(R*) are bounded under the Hellinger distance.

However, they are not compact. Indeed, for any 6 < /2, we can find infinitely many functions
in Fi(RT) with mutual Hellinger distance at least §. In fact, for any a > 0, the functions
pu(t) = 272"t are clearly in Fj,(Rt). For m > n,

/ [\/pn(t)—\/pm(t)Pdt:Q—/ 2v/2natmae= (222 gy
0 0

\/9nat+ma 9—(m—n)a/2
=2 -4— =92 4
ona 4 9ma 1+ 2—(m—n)a
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2 — 42
Note that the sequence {p,(t)}n>1 is unbounded near the origin. This suggests us that for
the Hellinger distance, we need to restrict ourselves to k-monotone functions whose values are
bounded near the origin. However, the sequence {p,(t)}n<o is uniformly bounded by 1. Thus,
this example also indicates that the non-compactness of F(R™) under the Hellinger distance is
partly due to the fact that the interval is unbounded. Hence, we should also restrict ourselves
to bounded intervals. Therefore, in what follows, we consider the subclasses F2([0, A]) and
ME ([0, A)) instead, where F(I) and MP(I) denote the classes of functions that are bounded
by B and belong to F(I) and My (I) respectively.

By changing variables, it is easy to see that

Nyj(e, F2([0, A]), h) = Nij(e, FiP([0,1]), h),
Niy(e, ME([0, A]), h) = Nijy(, M2 ([0,1]), h).

Hence, we only need to consider the case A = 1.

Let us remark that when k = 1, the problem has been studied by Van de Geerl? based on an
earlier work of Birman and Solomjak!*l. For example, it was proved that (see also [5]; Theorem
2.7.5)

log Njj(g, M{([0,1]),h) < CBe™! (2)
for some absolute constant C' > 0, and

log Np; (e, MY (RF), || - lp.) < CpBe™", (3)
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for some positive constant C}, depending only on p, where 1 < p < oo, and ) is any probability
measure on RT. For simpler proofs, see also [6,7]. In particular, the iteration method used in
[6] is useful in our argument in this paper.

For k > 1, Gaol® also established the following metric entropy bound for MkB ([0, 1]):

C1BY*e= % <log N(e, ME([0,1]), ]| - [l2) < CaBYke=1/k, (4)

The method revealed a nice connection between the metric entropy of these function classes and
the small ball probability of k-times integrated Brownian motions. However, because for k > 1
the square root of a k-monotone function may not be k-monotone, the metric entropy estimate
under L? distance does not yield an estimate under the Hellinger distance. Furthermore, that
method cannot produce any result on bracketing metric entropy. Thus, it cannot be readily
used to determine the convergence rate of the MLE of a k-monotone density.

In this paper, we directly estimate the bracketing metric entropy of these function classes
under the Hellinger distance and under all L?(Q) distances, where 1 < p < 0o, and apply these
estimates to statistical settings.

Our main tool is the following lemma, which provides a useful method to estimate bracketing

entropy. An extension to more general integral operators will appear elsewhere.

Lemma 1. Let F be a class of functions on [0,1], and G be the class of function on [0,1]
defined by G = {foa(x)f(t)dt : f € F}, where 0 < a(z) < 1 is any increasing function on [0, 1].
Iflog N (e, F,| - 1l1) < é(e), where || - |1 stands for the L' distance under the Lebesgue measure
on [0,1], then

(i) There exists a constant C' depending only on p, such that for any probability measure Q
on [0,1]

log N <¢z§>g I Ip,Q> < Cole),

where || - ||p.q is defined by

I =alhe=( [ ) - g<x>|pd@<x>)1/p.

(ii) If we further assume that for all functions in g € G, g(x) = J, then there exists a constant

C, such that
€

— @’g’h) < Cole),

log N[.] (

where h(f,g) is defined by (1).

Proof. Let {fi}, 1 < i < e?®), be an e-net for F in the L' distance under the Lebesgue
measure on [0, 1]. For each ¢, and f € F, we can write

a(x) a(x) a(x) a(x)
/0 f(t)dt = / (F(8) — fult)) it — / (Filt) — F(8)dt + / fi(b)t.

Thus, if we define

a(z)
g = {9 2g(x) :/0 (f(t) = fi®)+dt, f € F|If = fillL < 8},
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a(z)
9;={g:g<x>= [0 - s e 7 s - <e},

we have
a(z)
gcl (Qj -G; +/ fi(t)dt>.
p 0

Note that gj and G; both consist of non-negative increasing functions bounded by €. Thus,
by (3) we can find e°?(®) many /¢(e)-brackets (with respect to || - ||,.q) that cover G — G .
Say these brackets are [h; ;, h; ], 1 < j < e“?®). Then clearly the brackets

4,377

a(z) a(z) _
UO fi(t>dt+@i,j,/0 fi(t>dt+hi,j}, 1<i<e?@ 1<) <e®

cover G. Statement (i) follows by noticing that these are e/¢(e)-brackets under the || - ||,.0
distance.
To prove Statement (ii), we notice that with the additional assumption g > ¢, we have for

any gi, gz € ga 1

h(g1,92) = Vo1 = Vg2l2 < mllgl — 922

Hence,

Thus, Statement (ii) follows from Statement (i).

2 Under Hellinger distance

Note that by scaling arguments, we can easily show that

N[]({:‘,ME([O, A])> h) = N[](&M?B([Oa 1])3 h) = N[] (6/\/@7M11€([07 ]-Da h)a
Nij(e, F2([0, A]), h) = Ny (e, FHB((0,1]), h).

Hence, we only need to consider the classes M2 ([0, 1]) and FZ([0,1]).

Before we process with the detailed calculation, we make some observations that can sim-
plify the later arguments. Firstly, because k-monotone C* functions are dense in M} ([0,1])
(cf. [8]), we can and will assume that all the densities in M} ([0, 1]) are continuously k-times
differentiable. Secondly, if for I = [a,b] C [0, 1] we define

Hi () = {f : f(u) = g(b—u),g € MZ(I)}.
then for every f € Hi([0,1]),

@) I

du  dul

(9(1 = w) = (=1)'¢P (1 —u) > 0
for all 0 < j < k, and for all u € [0,1]. For f € Hi([0,1]), we can write

(k—2)
fw)=f0)+ f(O)u+---+ f(k—Q()O!)uk_Q

U ptr_o ty
Jr/ / - / f(kfl)(s)dsdtl coedt_o. (5)
o Jo 0
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All the terms on the right-hand side are non-negative. The sum of the first £k — 1 terms is a

polynomial of v with degree k — 2, and non-negative coefficients.

2.1 Bounded k-monotone functions
For f € H}([0,1]), because f(1) <1, we have

Denote

k—2
Pr. = {GO+Q1U+"'+ak2uk_2 tag, a1, ap_2 > 0; Y a; < 1},
i=0

and denote by HZ(I) the class of functions g on I C [0,1] that satisfy 0 < g < 1 and are of the

form

u te_2 t1
g(u) = / / s f(S)det] te dtk72
0 0 0

where f are non-negative increasing functions on I. By (5), we have H}([0,1]) C P +ﬁ}c([0, 1),
and thus

Niy(e, Hi(0,1]), h) < Nij(e/2, Pr. h) - Niy(e/2, HL([0, 1)), ). (6)
Note that the set

ao+aru+ - +apouf%:a; € 12 E 0<i<k—2
0 1 k—2 - g N7N7"'aN YU 0 x
forms a y/k/N-net for P under the Hellinger distance. Indeed, for any p = ag + aju + -+ +
ax_ouF=2 € P,,, choose
[agN] | [a1N] [ak—2NT

N + N U+t N

ﬁ:

Then
VP — VBI* < |p— | < k/N,

which implies that h(p,p) < \/k/N. Note that there are no more than N*~! elements in this
set. By choosing N = [4ke~2], we obtain

log N(g/2, Pr, h) < klog(1 + 4k/e?). (7)
Of course, because ||p — pll2 < k/N, we also have
log N1y(e/2,Pas | - ) < Klog(1 +2k/2). (5)
Our next goal is to estimate Npj(¢/2, 7’~l,1€([0, 1]), h). To this end, we first consider

Nij(e/2,Hi([0,1]), ] - [|2)-
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For g € HL([0,1]), we have

1 ptp—2 ty
/ f(s)dsdty - dtg_adu
0 0 0

1 t1
/ f( detl dtk_2du
1/2J1/2 1/2

> f(1/2) / /tk ’ / dsdty - -+ dty_odu
1/2
(1/2)m-
Because g(1) is bounded by 1, and f is increasing, for all 0 < u < 1/2 we have
Flu) < F(1/2) < 251k — 1)

Define f; = min{f,2*='(k —1)!} and f, = f — f1. Then, by the above argument we see that fo
is non-negative and increasing, and is supported on [1/2,1]. For g € ﬁ,{([o, ) and 0 <u <1,

we can write

u plp—2 t1
u) :/ / Y [fl(s) + fa(s)|dsdty - - - dtg—o
2u—1 t1
/ / Frls)dsdty -+~ db— + 1/, (u / / 1fz (1/2 + 5/2)ds - - - dty_s.

We construct two function classes:

U, = {/ /tk : . Otl f(s)dsdty -+ -dtp—o:0< f < 2k*1(k -, f increases},
Vi = {l)l12,1)(u) : l(u) = h(2u — 1), h € HL([0, 1])}
Then the decomposition above gives HJ([0,1]) C Uy 4+ Vi, and thus we have for any 0 < 0 < 1,
Nig (e H ([0, 1)), 1 ll2) < N (1= 0),Un, || ll2) - Ny (62, Vi, | - [12)- (9)
We first claim that
Nij(e: Uy | - I2) < exp(CeF) (10)

for some constant C' depending only on k. Indeed, the claim is clearly true for k = 1, because
in this case U consists of monotone functions that are bounded by 1. Thus, when k& = 1, the
inequality (10) is the special case of (3).

Suppose that (10) is true for k = r. That is, Ny (e, U, || - ||2) < exp(Ce~ /7). Because

N(gaum ” : Hl) < N[-](57UT7 ” : ”2)’
by applying Lemma 1 for L? norm under Lebesgue measure, we have

1/r

Ny Ui, || - [l2) < e, (11)
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which implies that Njj(g, U1, ]| - [|2) < exp(Ce~/("+)) with a different constant C. Hence
(10) holds for all k > 1. Therefore,

Ny((1 = 0)e, Uy, || - [|2) < exp(C[(1 = 0)e] 7). (12)
Next, we prove that
Nij (02, Vi || - ll2) < Npj (202, HL(0, 1)), | - [12). (13)

Indeed, if [h;, hi], 1 <i < N are v/20z-brackets under the || - || distance that cover H}([0,1]),
then the brackets

[L;(x), li(x)] = T[/2.1) (z)hi(2x — 1), L1207 (2)hy; (22 — 1)],

1 < i < N, clearly cover Vi. To see they are fe-brackets, we notice that

1/2

IIZi—li|2_{/1 Bi(22 — 1) — h(2x—1)|2dx}
= 2 [ s - du}1/2

< be.
Applying (12) and (13) to (9), we obtain
Ny (e, 70 10), |- [12) < exp(CI(1 — B)e] = /*) Ny (V20e, (0, 1), | - []2)-
Choosing — 7 < 0 < 1 and by iteration, we obtain
Npy(e HR([0.1]), |- [12) < exp(C'e %) (14)
for a different constant C' depending only on k. Plugging (14) and (8) into (6), we obtain
Niy(e: Mi(0,1]), |- ll2) = Npy(e, HA([0, 1]), ] - [|2) < exp(Ce™/F). (15)

If we let
Mi(I) = {g € ML(I) : g > 6},

then because for all g1, go € Mvi([o, 1]) we have h(g1,g2) < r||g1 9212, we obtain

Nij(e, ME([0,1]), k) < Npj(vV28e, ML([0,1]), ]| - ||2) < exp(Cd~ e ). (16)

Back to our goal of estimating Np(e, ﬁ,lc([(), 1]), h). We define

A={geHi([0,1]);9(1/2) <} and B={ge Hp([0.1]):9(1/2) > d}.

Then
ACEHL(0,1/2) + H([1/2,1)), B € H(0,1/2])) + MR([1/2.1).

Therefore
Ny, A, h) < Nyj(0e, 6HL (0, 1/2]), h) - Npg((1 = 0)e, Hi([1/2,1]), h), (17)
Nij(e, B, h) < Nyj((1 = n)e, Hi((0,1/2]), k) - Nij(ne, MA([1/2, 1)), h). (18)
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Note that

Ny (B2, 6HL([0,1/2]), h) < Ny (B /6, Hi (0, 1]), ).
Also note that

Ni((1 = 0)e, Hi([1/2,1]), h) = Npj (1 = 0)e, My ([0, 1/2]), h)
= Niy(V2(1 = 0)e, My ([0,1]), h)

)
<N (V2(1 = )%, HE([0,1]), k) - Nij(V2(1 — 0)6e, Py, h)

k
<N (V2(1 = 0)%, Hi((0, 1)), 1) - (1 + (1_3;9252) v

where the last inequality follows from (7). We choose # and & so that v/2(1 — #)? = 1.4 and
6/ V6 = L, where L is a large number to be fixed later. Thus by plugging the two bounds above
into (17) we obtain

Nij(e, A h) < Nyj(1.4e, HE([0,1]), h) - Nyj(Le, HE([0,1]), R) - (1 + Cl) (19)

for some constant C.
On the other hand, by choosing 7 so that v/2(1 —n) = 1.4, we have

N((L =)= FL(0,1/21). ) < Nyy (L=, FL ([0, 1), ).
Recall that by (16) we have
Npy(ne, ME([1/2,1]), h) < exp(Cae™5),
with a constant Cy depending on L. Plugging into (??), we obtain
Niy(e, B,h) < Npj(1.4e, Hi([0,1]), ) - exp(Cae™1/*). (20)
But H([0,1]) € AU B, (19) and (20) imply that
log Np4(e, H}([0,1]),h) <log N (1.4e, Hi([0,1]), R) +10gN[,](L5,7Tli([O, 1]), h)
+Coe V¥ 4 klog (1 + S;) + 2.
Let Z(¢) = e'/* log Ni (e, ﬁ,le([O7 1]), k). Then the inequality above implies that
Z(e) < 1.47Y*Z(14e) + LY Z(Le) + C
for some constant C, which further implies that

sup Z(n) < (1.47Y*F 4 LYy sup Z(n) + C.
nze nze

By choosing L large so that 1.47/% 4+ L=1/% < 1, we immediate obtain

log Nij (e, H}.((0,1]), h) < C== /%, (21)
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for some constant C. Together with (7), we have
log N(j(e, Hi.([0,1]), h) < Ce k.

Summarizing, we obtain

Theorem 2. There exists a constant C' depending only on k, such that

log Nij(e, ME ([0, A]), h) < C(AB)3r e~ %, (22)

2.2 Bounded k-monotone densities
Now we consider N[ (g, FZ([0,1]), h). Because FZ([0,1]) ¢ M#Z([0,1]), the result of Theorem 2
applies to F2([0,1]). Our goal is to improve the constant CB3 by using the the extra fact
that fol g(u)du = 1 for g € FP([0,1]). For convenience, we will actually relax the condition
fol g(u)du = 1 in the definition of FZ([0,1]) to the condition fol g(u)du < 1.

Assume B > 2. For 1/B < § < 1, we define

1/2 1/2

X5 = {f e FB([0,1]) : (u)du < 5} and Yz = {f e FB([0,1]) : fu)du > 5}.

0 0

Then, F2([0,1]) = X5 UYs. For any f € FE([0,1]), because f increases and f11/2 flw)du < 1,
we have f(u) < 2 for all u € [0,1/2]. Hence, we can decompose X5 and Y5 into two classes of

functions with disjoint supports:

X5 € 0F°(10,1/2) + FE(11/2,1)),
Y5 € F2(0,1/2)) + (1 - 0) 7= ([1/2,1)).

Therefore, we have

Ny (e, FP([0,1]), h) < Nyy(2v/3e, 6F7/°([0,1/2]), k) - Npy(V1 — 4de, FP([1/2,1]), h)
+N (Voe, F2([0,1/2]), h) - Ny (VI = 8e, (1 — 8)F/ 02 ([1/2,1)), h)
= Npy(2e, F7°([0,1/2]), h) - Ny (VI = 406, 7 ([1/2, 1]), h)
+N (Voe, F2([0,1/2]), h) - Nyy(e, 7270 ([1/2,1]), h)
< Nyy(26, FP([0,1]), h) - Npj (V1 — 4de, F2/2([0,1]), )
+exp(C6~ 3w %) - Ny (e, F/ 72 ([0,1]), h)
< [Ny (26, FE([0,1]), h) + exp(CO~ e F)]
Ny (VI —45e, F2/P729([0,1]), ).

By iteration, we obtain

Nij(e, F2([0,1]),h) < [Ny (272, FE([0, 1)), h) + exp(C5 2 e )]
Ny (VI —=48)me, FZ/C7207 ((0,1)), h).

Let 6 = 1/logy B and choose m = [log, B], we have

=

Nyj(e, F2([0,1]), h) < exp(C(log B) ke F).
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We summarize this bound in the following theorem:

Theorem 3. Let F2([0, A]) be the class of k-monotone densities on [0, A] that are bounded
by B. Then
log Ny (e, FE([0, A]), h) < C|log AB|2re™F,

where C' is a constant depending only on k.
3 Under LP(Q) Distances
In this section we will consider the bracketing entropy of MP([0, A]) and F([0, A]) under the

LP(Q) distance, where 1 < p < oo and @ is any probability measure on [0, A]. We will prove
the following theorem:

Theorem 4. (i) There exists a constant C' depending only on p and k, such that for any
probability measure Q on [0, A] that is absolutely continuous with respect to Lebesgue measure

with bounded density q,

C(llglloc ABP) !/ P4k, (23)
Cllog(|lgl| o ABP)] Y/ PR e~ 1/E, (24)

log Np (g, ME ([0, A]), || - [Ip.@)

<
log Ny (e, FE (0. A]). |- [.0) <

(ii) Let G2([0, A]) consist of k-monotone functions g on [0, A], such that ¢’(0) > —B, and let
5,?([0, A]) consist of probability densities that belong to GE([0, A]). Then there exists a constant
C depending only on p and k, such that for any probability measure Q on [0, A],

CAY @k pl/k=1/k (25)
Cllog(ABP)]M/ (PR g=1/k, (26)

log Ny (e, G ([0, A), || - llp,@)

<
logN[.](g,gf([07A])a [ llp@) <

Remark 5. In view of the result proved in [8] the rate e=/* is sharp when p = 2.

Proof.  The result is known for the case k = 1. Thus, we only need to consider the case k > 1.

To prove the first inequality in the statement (i), we note that

5
Niy(e, ME([0, A]), || - <N.(,M1 0,1]), | - >
11 (& M ([0, ADs [ - llp.@) < N a7 AP B k02 1 Ml
where || - ||, is the LP distance under Lebesgue measure. Thus, it suffices to prove that for any

n >0, Npj(n, ME([0,1]), ]| - ||l,) < Cn~Y/*. However, this follows from the same argument as in
the proof of Theorem 2. Indeed, the only change needed is to replace (11) by

Ny 7=, Uy, | - |lp) < e,

which leads to Npj(e,Us, || - ||) < e€="""  The first inequality in the statement (i) then follows
by iteration. The proof of the second inequality is also similar to that of Theorem 3.
To prove the first inequality in the statement (ii), we note that by the change of variables

r = Au, we have
1/p
Nij(e, G2 (10, AN, [ - llp,@) = Nigy(e, G2 2 ([0,1]) 11 - llp, )

where P is the probability measure on [0, 1] defined by P([0,u]) = Q([0, Au]). Thus, it suffices

to consider the case ABP = 1. Furthermore, by approximation, we can assume that P is



On the rate of convergence of the mazimum likelihood estimator of a k-monotone density 11

absolutely continuously with respect to the Lebesgue measure on [0,1]. Let a be the inverse

function of P([0,z]). By the change of variable u = P([0,x]), it is easy to see that
Nig(e: G (0. 1), 11 - llp.p) = Nig (e, G o (0,10, 11 - )

where

a(u)
Gi.o([0,1]) = {g(a(u)) : g € Gi([0,1])} = {/0 f)dt : f € Mj_ ([, 1])}-

By (23) we have
Nyj(e, ME_1([0,1]), 1] - [11) < exp(Ce™T).

Applying Lemma 1, we obtain
1 a1
N (77,64 o ([0, 1), ]| - [lp) < exp(Ce™T)).

which leads the inequality (25). The proof of (26) follows the same argument as Theorem 3,
and is thus omitted.

4 Rates of convergence for the maximum likelihood estimator of a bounded k-
monotone density
Let Py, be the MLE of a k-monotone density po on [0, A] based on Xi,..., X, iid. with
density po € F2([0,A]) for some 0 < A, B < oo. Thus pg is bounded and concentrated on
[0, A].
From [2] (see also [9]) we know that p,, ;, is characterized by
ko(y—a)t!

y
1> — = dF,(x forall y >0 27
| v y (27)

with equality in the inequality in (27) at points 7 € supp(Gnx) = {71, 72,...,Tm}, Where we

may assume that 0 < 7 < -+ < 7, (with m random) and where

. © I y—z k=1
puste) = | <yk)+ G (y).
0

Therefore
>k
P (0) = / y—k(y — )" YdF,(v)  forall y> 0. (28)
0

To apply our entropy bounds we need to show that p, ; is bounded with (arbitrarily) high
probability when pg is bounded. This is the content of the following proposition.

Proposition 6.  Suppose that py € FP([0, A]). Then the MLE P, ;. satisfies

Prk(04) < ksup(Fu(z)/2) = Op(1).

x>0
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Proof. The characterization of the MLE implies that

7/ : dF,(z) forall 0<y<m (29)
n, k
1 _ k 1
_F / 7”3/ D" () (30)
YJo Pk ()
with equality at y = 74:

k(™ (1—a/m)k !
1=— — = dF,(x). 31
nhy o

Now note that the support of G, 4 is concentrated on y > 7, so x/y < z/71, or (1 —z/y) >
(1—2/m) fory 21 and 0 < < 7. Thus it follows that

* Lk x k=l
k() = —(1—-— dG,
pk<>lﬁ y( y>+ +)

s\ oo 2\ 1
><y-) / d@mﬁﬁz(l—) P (0).
T1 + 0 Y ! +

Combining the last two displays we find that

B A L
1= /o - dF, (x)

T P,k (2)
kE [m (1 —a/m )kt k
X ~ an X < AiFn T 9
] By @) < G Eal)
which yields
D (0) <KET) gy Bl
T t>0 ¢
F, (t) Fy(t F, (t
— ksup 2 PO i, B O 0y = 0,01)

0 Fot) " iso Ro(t)
by Daniels’ inequality; see [10], Theorem 9.1.2, page 345.

Now suppose that P is a collection of densities with respect to a sigma-finite measure p. The
following theorem is a simplified version of Theorem 3.4.4 of [5] page 327. Our rate theorem
for the MLE p,,  over the class Py ([0, A]), the class of k-monotone densities on [0, A], will be
proved by combining the upper bound of this theorem with (an easy modification of) the rate
results given in [5], Theorem 3.2.5, page 289.

Theorem 7. Suppose that X1,...,X, are i.i.d. Py with density po € P. Let h be the
Hellinger distance between densities, and my, be defined, for p € P, by

1)t (P )
Then

M(p) — M(po) = Po(my —my,) S —h*(p, po)-
Furthermore, with Ms = {m, —my, : h(p,po) <9, p € Po}, we also have

Ji1(5,Po, h)

B lGulae, 5 90,70, (14 57

) = ¢)n(57 P0)7 (32)
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where

1(6,Po, ) / \/ 1+ log Nyy(e, Po, h) de.

Here is our main result of this section:

Theorem 8.  Suppose that py € FP([0,A]) C Px([0, A]) for some 0 < A, B < co. Then the

mazimum likelihood estimator P, of po in Py, satisfies
5 k.
h(pn,k,po) = Op(n ShrT )

Remark 9.  This generalizes the rate result of [3] (with resulting rate of convergence n='/3)
to k > 1. For the case k = 1, closely related results with the Hellinger metric replaced by the
Ly metric, were obtained by [11-13]. The rate established in Theorem 8 is apparently consistent

with the local rate result of n= %/ k1) established (up to an envelope conjecture) by [2].

Proof.  For simplicity, we write p,, = P, k. Let M > 0 and K > 0. Then

=1, +1I,,

where, by Proposition 6,

kpo(0+)
K

by Daniels’ inequality, and hence II,, can be made arbitrarily small (uniformly in n) by choosing

I, < P(k|[Fy/Folcopo(0+) > K) <

K large. Now we essentially follow the proof of Theorem 3.2.5 of [5] (with 0 identified with p),
but exploit the fact that p,(04+) < K. Thus, letting M,,(p) = P,m(p) we have for any large
n>0,

P(Tnh(ﬁnapo) > 2Ma ﬁn<0+) < K)
[logy (nrn)]

S ;4 P(égﬁn(Mn(p) — M (po) 2 0) + P(2h(Pn, po) = 1)

= IA,n + IB,n
where the shells S ,, are now defined with the additional restriction that p(0+) < K:
Sim={p € Px([0,4]) : 27" <ruh(p,po) <2/, p(0+) < K}
={pe F(0,A]): 27" <rnh(p,po) < 2'}.
Here the term Ip, can be made arbitrarily small for all large n by the consistency of p,
established by [1]. Thus the same argument as in [9] yields, with Py = FX in (32), and
O (0, Fi) = dn(9),

¢n 2 /Tn T
2 e )

By (32)

Ji1(8, F, h))
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A direct calculation using Theorem 3 gives

VCD .
AL

T2k

J11(8, Fpoh) =

for the same constant C' as in Theorem 3, where D = |log(AK)|'/ (%), This implies,

n(0) = \/0761< VCD §'- )

1 1—f52f

2k

By taking

1— =~ 2k+1 e
Tn = <CO T’%ﬁ> n2k+1

where ¢ = (v/5 — 1)/2, we have r2¢,(1/r,) = /n. Note that the functions § +— ¢,,(5)/5 are

decreasing, therefore for any j > 0,

d)’fb( /’rn) 23¢1’L(1/7"n)

Hence, (33) can be estimated by

< Z (2 /27"272 )ra < Z 9—i — 9—(M—1)
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