CURRENT STATUS DATA WITH COMPETING RISKS:
LIMITING DISTRIBUTION OF THE MLE

By PIET GROENEBOOM, MARLOES H. MAATHUIS*

AND JON A. WELLNER'

Delft University of Technology and Vrije Universiteit Amsterdam,

University of Washington and University of Washington
We study nonparametric estimation for current status data with
competing risks. Our main interest is in the nonparametric maximum
likelihood estimator (MLE), and for comparison we also consider a
simpler ‘naive estimator’. Groeneboom, Maathuis and Wellner [8]
proved that both types of estimators converge globally and locally

at rate n'/?

. We use these results to derive the local limiting dis-
tributions of the estimators. The limiting distribution of the naive
estimator is given by the slopes of the convex minorants of corre-
lated Brownian motion processes with parabolic drifts. The limiting
distribution of the MLE involves a new self-induced limiting process.
Finally, we present a simulation study showing that the MLE is su-

perior to the naive estimator in terms of mean squared error, both

for small sample sizes and asymptotically.

1. Introduction. We study nonparametric estimation for current status data

with competing risks. The set-up is as follows. We analyze a system that can fail
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from K competing risks, where K € N is fixed. The random variables of interest are
(X,Y), where X € R is the failure time of the system, and Y € {1,...,K} is the
corresponding failure cause. We cannot observe (X,Y’) directly. Rather, we observe
the ‘current status’ of the system at a single random observation time 1" € R, where
T is independent of (X,Y). This means that at time T', we observe whether or not
failure occurred, and if and only if failure occurred, we also observe the failure cause
Y. Such data arise naturally in cross-sectional studies with several failure causes, and
generalizations arise in HIV vaccine clinical trials [see 10].

We study nonparametric estimation of the sub-distribution functions Fyq, ..., Fox,
where Foi(s) = P(X <s,Y =k), k =1,..., K. Various estimators for this purpose
were introduced in [10, 12], including the nonparametric maximum likelihood estimator
(MLE), which is our primary focus. For comparison we also consider the ‘naive esti-
mator’, an alternative to the MLE discussed in [12]. Characterizations, consistency,
and n'/? rates of convergence of these estimators were established in Groeneboom,
Maathuis and Wellner [8]. In the current paper we use these results to derive the local

limiting distributions of the estimators.

1.1. Notation. The following notation is used throughout. The observed data are
denoted by (T, A), where T is the observation time and A = (Aq,...,Ag41) is an
indicator vector defined by Ap = I{X < T,Y =k} for k=1,...,K, and Ag41 =
1{X > T}. Let (T;,A?), i = 1,...,n, be n ii.d. observations of (T, A), where A’ =
( Zi, e ZK +1)- Note that we use the superscript i as the index of an observation,
and not as a power. The order statistics of T1,...,T, are denoted by T(y),..., T
Furthermore, G is the distribution of T', GG, is the empirical distribution of T3, ¢ =
1,...,n, and P, is the empirical distribution (7;, A%), i = 1,...,n. For any vector

(z1,...,25) € RX we define 2, = Zszl Tk, so that, for example, A, = Zszl Ay
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and Fyy(s) = Zszl For(s). For any K-tuple F' = (F},..., Fk) of sub-distribution
functions, we define Fi1(s) = [, dFy(u) = Fi(00) — Fy(s).

We denote the right-continuous derivative of a function f : R — R by f’ (if it exists).
For any function f : R — R, we define the convexr minorant of f to be the largest
convex function that is pointwise bounded by f. For any interval I, D(I) denotes the
collection of cadlag functions on I. Finally, we use the following definition for integrals

and indicator functions:

Definition 1.1 Let dA be a Lebesgue-Stieltjes measure, and let W be a Brownian

motion process. For t < tg, we define 1y ;)(u) = —1p 4 (u),

f(u)dA(u) = — f(u)dA(u), and fw)dW(u) = - s (u)dW (w).

[to,) [t,to) to t

1.2. Assumptions. We prove the local limiting distributions of the estimators at
a fixed point ty, under the following conditions: (a) The observation time 7" is inde-
pendent of the variables of interest (X,Y); (b) For each k =1,..., K, 0 < Fyi(to) <
For(), and Fy, and G are continuously differentiable at ¢g with positive derivatives
for(to) and g(to); (c) The system cannot fail from two or more causes at the same time.
Assumptions (a) and (b) are essential for the development of the theory. Assumption
(c) ensures that the failure cause is well-defined. This assumption is always satisfied

by defining simultaneous failure from several causes as a new failure cause.

1.3. The estimators. We first consider the MLE. The MLE ﬁn = (ﬁnl, vy Fok)

is defined by I,,(F},) = maxpery In(F), where
K
ln(F) = / {Zék log Fk(t) + (1 - 64—) log(l - F+(t))} dPn(tv 6)7 (1)
k=1

and Fg is the collection of K-tuples F' = (F},..., Fk) of sub-distribution functions

on R with F, < 1. The naive estimator F, = (ﬁnl, .. ,FvnK) is defined by lnk(ﬁnk) =
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maxp, cr lnk(Fy), for k=1,..., K, where F is the collection of distribution functions

on R, and
Lo (Fi) = /{% log Fy(t) + (1 — 6) log(1 — Fu(t)} dPo(t,5), k—=1,... K. (2)

Note that F,j, only uses the kth entry of the A-vector, and is simply the MLE for the
reduced current status data (7', Ag). Thus, the naive estimator splits the optimization
problem into K separate well-known problems. The MLE, on the other hand, estimates
For, .., For simultaneously, accounting for the fact that S, For(s) = P(X < s) is
the overall failure time distribution. This relation is incorporated both in the object
function 1, (F') (via the term log(1— F})) and in the space Fx over which is maximized

(via the constraint F < 1).

1.4. Main results. The main results in this paper are the local limiting distribu-
tions of the MLE and the naive estimator. The limiting distribution of Fvnk corre-
sponds to the limiting distribution of the MLE for the reduced current status data
(T, Ag). Thus, it is given by the slope of the convex minorant of a two-sided Brow-
nian motion process plus parabolic drift [9, Theorem 5.1, page 89|, known as Cher-
noff’s distribution. The joint limiting distribution of (ﬁ’nl, e ,ﬁn i) follows by noting
that the K Brownian motion processes have a multinomial covariance structure, since
A|T ~ Multg 1 (1, (Fo1(T), ..., Fox+1(T))). The drifted Brownian motion processes
and their convex minorants are specified in Definitions 1.2 and 1.5. The limiting distri-
bution of the naive estimator is given in Theorem 1.6, and is simply a K-dimensional
version of the limiting distribution for current status data. A formal proof of this result

can be found in [14, Section 6.1].

Definition 1.2 Let W = (W,...,Wgk) be a K-tuple of two-sided Brownian motion

processes originating from zero, with mean zero and covariances



CURRENT STATUS COMPETING RISKS DATA (IT) 5
E{W;O)Wi(s)} = (Is| A t)1{st > 0}55, s, t€R, jkef{l,....K},  (3)

where 2jk = g(to)_l {1{] = k}FOk(t()) — FOj(tO)FOk(tO)}- Moreover, V = (Vl, ceey VK)

is a vector of drifted Brownian motions, defined by
Vie(t) = Wi(t) + %fok(to)tz, k=1,...,K. (4)

Following the convention introduced in Section 1.1, we write W, = Eszl Wy and Vy =

S | Vi. Finally, we use the shorthand notation ay = (Fox (o)™, k=1,..., K 4 1.

Remark 1.3 Note that W is the limit of a rescaled version of W, = (Wp1,..., Whk),
and that V is the limit of a recentered and rescaled version of V;, = (V1,..., Vak),

where Wy, and V,,;, are defined by (17) and (6) of [8]:

Wnk(t) = fugt{(sk - FOk(tO)}d]P)n(u76)7 teR k=1,..., K, (5)
Vak(t) = [,<; OkdPn(u, 6), teR, k=1,...,K.

Remark 1.4 We define the correlation between Brownian motions W; and W}, by

I Foj(to) Fox(to)
VT V(= Fo;(t0)) (T = For(to))

Thus, the Brownian motions are negatively correlated, and this negative correlation

becomes stronger as tg increases. In particular, it follows that 19 — —1 as Fyy(tg) — 1,

in the case of K = 2 competing risks.

Definition 1.5 Let H = (ﬁl, ... ,]EVIK) be the vector of convex minorants of V, i.e.,
Hj, is the convex minorant of Vi,fork=1,...,K. Let F= (ﬁl, e ,ﬁK) be the vector

of right derivatives of H.
Theorem 1.6 Under the assumptions of Section 1.2,

n3{E, (to +n~/3t) — Fy(to)} —a F(t) in the Skorohod topology on (D(R))X.
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The limiting distribution of the MLE is given by the slopes of a new self-induced
process H = (ﬁl, . ,];AIK), defined in Theorem 1.7. We say that the process H is
‘self-induced’, since each component ﬁk is defined in terms of the other components
through fLr = Zle H ;- Due to this self-induced nature, existence and uniqueness
of H need to be formally established (Theorem 1.7). The limiting distribution of the

MLE is given in Theorem 1.8. These results are proved in the remainder of the paper.

Theorem 1.7 There exists an almost surely unique K-tuple H = (ﬁl,...,ﬁK) of
convex functions with right-continuous derivatives F = (131, . ,ﬁK), satisfying the
following three conditions:

(i) apHy(t) + a1 Hy(t) < apVi(t) + axaVa(t), fork=1,... K, t R,

(i) [{axHp(t) + ax 1 Hy(t) — apVi(t) — ax Vi (6) }dF(t) =0, k=1,...,K,
(iii) For all M > 0 and k = 1,..., K, there are points T, < —M and 1o, > M so

that arHy(t) + a1 Hy(t) = apVi(t) + ag+1Vi () for t = 11 and t = Top.
Theorem 1.8 Under the assumptions of Section 1.2,

n3{F,(to +n~/3t) — Fy(to)} —a F(t) in the Skorohod topology on (D(R))X.

Thus, the limiting distributions of the MLE and the naive estimator are given by the
slopes of the limiting processes H and H , respectively. In order to compare H and H ,
we note that the convex minorant H, r of Vi, can be defined as the almost surely unique
convex function Hy with right-continuous derivative F}, that satisfies (i) Hy(t) < Vi (t)
for all ¢t € R, and (ii) f{ﬁk(t) — Viu(t)}dFy(t) = 0. Comparing this to the definition of
H . in Theorem 1.7, we see that the definition of H 1 contains the extra terms ];ALr and
V., which come from the term log(1 — F(¢)) in the log likelihood (1). The presence of
H + in Theorem 1.7 causes H to be self-induced. In contrast, the processes H i for the

naive estimator depend only on Vj, so that H is not self-induced. However, note that
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the processes H1, ..., Hi are correlated, since the Brownian motions W1, ..., Wk are

correlated (see Definition 1.2).

1.5. Qutline. This paper is organized as follows. In Section 2 we discuss the new
self-induced limiting processes H and F. We give various interpretations of these pro-
cesses and prove the uniqueness part of Theorem 1.7. Section 3 establishes convergence
of the MLE to its limiting distribution (Theorem 1.8). Moreover, in this proof we au-
tomatically obtain existence of H , hence completing the proof of Theorem 1.7. This
approach to proving existence of the limiting processes is different from the one fol-
lowed by [5, 6] for the estimation of convex functions, who establish existence and
uniqueness of the limiting process before proving convergence. In Section 4 we com-
pare the estimators in a simulation study, and show that the MLE is superior to
the naive estimator in terms of mean squared error, both for small sample sizes and
asymptotically. We also discuss computation of the estimators in Section 4. Technical

proofs are collected in Section 5.

2. Limiting processes. We now discuss the new self-induced processes H and
F in more detail. In Section 2.1 we give several interpretations of these processes, and
illustrate them graphically. In Section 2.2 we prove tightness of {F\k — fox(to)t} and
{H,(t) — Viu(t)}, for t € R. These results are used in Section 2.3 to prove almost sure

uniqueness of Hand F.

2.1. Interpretations of H and F. Let k € {1,...,K}. Theorem 1.7 (i) and the
convexity of I;Tk, imply that akﬁk + aK+1fI+ is a convex function that lies below
apVi +ag+1V;. Hence, akﬁk + aK+1ﬁ+ is bounded above by the convex minorant of
ar Vi + ax+1V5. This observation leads directly to the following proposition about the

points of touch between akﬁk + aK+1fI+ and ag Vi + ag11Vy:
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Proposition 2.1 For each k= 1,...,K, we define Ni, and Ny, by
N = {points of touch between apVy + ax+1Vy and its convex minorant},  (6)

/\Afk = {points of touch between a;Vy + ax+1V4 and akﬁk + aK+1ﬁ+}. (7)

Then the following properties hold: (i) Ni C Ny, and (ii) At points t € ./\Afk, the right
and left derivatives of apHy(t) + ax+1H4 (t) are bounded above and below by the right

and left derivatives of the conver minorant of apVi(t) + arx+1V4(t).

Since arVi + ax+1Vy is a Brownian motion process plus parabolic drift, the point
process Ny is well-known from [4]. On the other hand, little is known about /\Afk, due
to the self-induced nature of this process. However, Proposition 2.1 (i) relates /\A/k to
N}, and this allows us to deduce properties of N 1 and the associated processes H r and
ﬁk. In particular, Proposition 2.1 (i) implies that ﬁk is piecewise constant, and that
Hy, is piecewise linear (Corollary 2.2). Moreover, Proposition 2.1 (i) is essential for the
proof of Proposition 2.16, where it is used to establish expression (30). Proposition 2.1

(ii) is not used in the sequel.

Corollary 2.2 For each k € {1,...,K}, the following properties hold almost surely:
(i) Ny has no condensation points in a finite interval, and (i) Fy, is piecewise constant

and Hy. is piecewise linear.

Proof. N, is a stationary point process which, with probability one, has no condensa-
tion points in a finite interval [see 4]. Together with Proposition 2.1 (i), this yields that
with probability one, ./vk has no condensation points in a finite interval. Conditions
(i) and (ii) of Theorem 1.7 imply that F\k can only increase at points ¢t € N},. Hence,

F}. is piecewise constant and Hy, is piecewise linear. O

Thus, conditions (i) and (ii) of Theorem 1.7 imply that a; Hy+a 1 Hy is a piecewise

linear convex function, lying below apVy + ax+1Vy, and touching apVi + ax+1Vy



CURRENT STATUS COMPETING RISKS DATA (II) 9

whenever ﬁk jumps. We illustrate these processes using the following example with

K = 2 competing risks:

Example 2.3 Let K =2, and let T be independent of (X,Y"). Let T, Y and X|Y be
distributed as follows: G(t) =1 —exp(—t), P(Y = k) = k/3 and P(X <t|Y =k) =
1 —exp(—kt) for k = 1,2. This yields Foi(t) = (k/3){1 — exp(—kt)} for k =1, 2.

Figure 1 shows the limiting processes ai Vi + ax4+1 V4, akﬁk + CLK+1]E\I+, and ﬁk, for

this model with tg = 1. The relevant parameters at the point tg = 1 are:
Foi(1) =021, Fp(1) =058, for(1) =0.12, foa(1) =0.18, g¢(1) = 0.37.

The processes shown in Figure 1 are approximations, obtained by computing the MLE
for sample size n = 100,000 (using the algorithm described in Section 4), and then
computing the localized processes V!%¢ and ]?Iio,f (see Definition 3.1 ahead).

Note that ﬁl has a jump around —3. This jump causes a change of slope in akﬁ k+
aK+1ﬁ+ for both components k € {1,2}, but only for k£ =1 is there a touch between
akﬁk +CLK+1ﬁ+ and ag Vi + ag 41 V4. Similarly, I*A} has a jump around —1. Again, this
causes a change of slope in akﬁk + aK+1];AI+ for both components k € {1, 2}, but only
for k = 2 is there a touch between akﬁk +aK+1fI+ and ap Vi + ax 1V . The fact that
akﬁk + QKHPALF has changes of slope without touching ax Vi + ax 41V implies that
akﬁk + CLK+1ﬁ+ is not the convex minorant of a; Vi + ag+1 V.

It is possible to give convex minorant characterizations of H , but again these charac-
terizations are self-induced. Proposition 2.4 (a) characterizes Hy, in terms of E]K: 1 H IR

and Proposition 2.4 (b) characterizes Hy, in terms of Z]K:L#k ];AI]-.

Proposition 2.4 H satisfies the following convexr minorant characterizations:

(a) For each k=1,...,K, Hy(t) is the convex minorant of

Vilt) + =V (0) — Ho(0) (®)
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F1a 1. Limiting processes for the model given in Ezample 2.3 for to = 1. The top row shows the
processes apVi + ax+1Vy and aka + aK+1H+, around the dashed parabolic drifts akak(to)tQ/Q +
ar+1fot (to)t?/2. The bottom row shows the slope _processes Fk, around dashed lines with slope for (to)
The circles and crosses indicate jump points of F1 and Fz, respectively. Note that aka + aK+1H+
touches ar Vi + ax+1V4+ whenever Fk has a jump, for k=1,2.
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(b) For each k=1,..., K, flk(t) is the conver minorant of

a — ~(—
Vit) + (v () - BV (), (9)
kT 0K 41

—k ~(—k ~
where VIV (1) = I L Vit) and BTV (6) = 5 Hy ().

Proof. Conditions (i) and (ii) of Theorem 1.7 are equivalent to:

Hi(t) < Vit) + = Vi (0) = (1)), teR,

/ {ﬁka) Vi)~ L 1) - ﬁ+<t>}} dF4(1) = 0,

for k =1,..., K. This gives characterization (a). Similarly, characterization (b) holds

since conditions (i) and (ii) of Theorem 1.7 are equivalent to:

Hy(1) < Vilt) + oSV H @) - BTV @), IR,
< a — ~(_ ~
{0 - v - 2w - B | afio o

fork=1,..., K. O

Comparing the MLE and the naive estimator, we see that H & is the convex minorant
of Vi, and Hj, is the convex minorant of Vi + (ax41/ax){Vis — Hy}. These processes
are illustrated in Figure 2. The difference between the two estimators lies in the extra
term (ax41/ar){Vy — H,}, which is shown in the bottom row of Figure 2. Apart
from the factor ax1/ag, this term is the same for all £k = 1,..., K. Furthermore,
ag+1/ar = For(to)/Fo ik +1(to) is an increasing function of ¢y, so that the extra term
(ag41/ar){Vy — H +} is more important for large values of ¢y. This provides an expla-
nation for the simulation results shown in Figure 3 of Section 4, which indicate that
MLE is superior to the naive estimator in terms of mean squared error, especially for
large values of ¢. Finally, note that (ax11/ax){Vy. — Hy} appears to be nonnegative in
Figure 2. In Proposition 2.5 we prove that this is indeed the case. In turn, this result

implies that H < H  (Corollary 2.6), as shown in the top row of Figure 2.
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Proposition 2.5 H, (t) < Vi (t) for all t € R.

Proof. Theorem 1.7 (i) can be written as

= Fox(to)

Fox(to)
Hy(t) + —— ko) Vi), k=1,....K,tcR.
(1) 1 — Fot(to) ©

H(t) < Vi) + T= For(to)

The statement then follows by summing over kK =1,..., K. ([l
Corollary 2.6 Hj(t) < Hy(t) for allk=1,...,K andt € R.

Proof. Let k € {1,..., K} and recall that Hj, is the convex minorant of Vj. Since
Vi — ﬁ+ > 0 by Proposition 2.5, it follows that H, is a convex function below Vj, +

(ar+1/ar){Vy — Hy}. Hence, it is bounded above by the convex minorant Hj of
Vi + (a1 /ap){Ve — Hy}.o O

Finally, we write the characterization of Theorem 1.7 in a way that is analogous
to the characterization of the MLE in Proposition 4.8 of [8]. We do this to make a
connection between the finite sample situation and the limiting situation. Using this
connection, the proofs for the tightness results in Section 2.2 are similar to the proofs

for the local rate of convergence in [8, Section 4.3]. We need the following definition:
Definition 2.7 For k =1,..., K and t € R, we define

For(t) = for(to)t  and  Sp(t) = apWi(t) + a1 W (t). (10)
Note that Sy, is the limit of a rescaled version of the process Spr = apWhi +arx+1Why,
defined in (18) of [8].

Proposition 2.8 For all k = 1,..., K, for each point 1, € /\A/k (defined in (7)) and

for all s € R we have:

[ {atfit) - Fut) + axcniFet) - Fost}dus [Casiw. ()

k Tk

and equality must hold if s € ./\Afk
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Fi1c 2. Limiting processes for the model given in Ezxample 2.3 for to = 1. The top row shows the
processes Vi, and their convex minorants Hy, (grey), together with Vi + (ax+1/ar) (V4 — ﬁ+) and their
convex minorants Hy, (black). The dashed lines depict the parabolic drift for(to)t*/2. The middle row
shows the slope processes F, (grey) and B, (black), which follow the dashed lines with slope for(to).
The bottom row shows the ‘correction term’ (ax+1/ax)(Vy — Hy) for the MLE.
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Proof. Let k € {1,..., K}. By Theorem 1.7 (i), we have

apHy(t) + a1 Hy (1) < apVi(t) + ag 1V (2), teR,

where equality holds at t = 7, € /\Afk Subtracting this expression for ¢ = 75 from the

expression for t = s, we get:

/T ) {aBiw) + axc 1 P ()} du < / " {ardVi(u) + ax Vi (u)}

k
The result then follows by subtracting f:k {anFor(u) + ag4+1Fo4 (v) } du from both
sides, and using that dVj(u) = For(u)du + dWi(u) (see (4)). O

2.2. Tightness of H and F. The main results of this section are tightness of
{Fy.(t) — For(t)} (Proposition 2.9) and {Hy(t) — Vix(t)} (Corollary 2.15), for t € R.

These results are used in Section 2.3 to prove that H and F are almost surely unique.
Proposition 2.9 For every e > 0 there ws an M > 0 such that

P(‘ﬁk(t)—FOk(t)‘ > M) <e  fork=1,.. K teR

Proposition 2.9 is the limit version of Theorem 4.17 of [8], which gave the n'/? local
rate of convergence of F\nk Hence, analogously to [8, Proof of Theorem 4.17], we first

prove a stronger tightness result for the sum process {F, (t) — Foi ()}, t € R.

Proposition 2.10 Let 8 € (0,1) and define

Loif <,
v(t) = (12)
17, i 1t > 1

Then for every e > 0 there is an M > 0 such that

~

Fi(t) — Foi(t)
P | sup

teR v(t — s)

> M| <e, for s € R.
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Proof. The organization of this proof is similar to the proof of Theorem 4.10 of [8].
Let € > 0. We only prove the result for s = 0, since the proof for s # 0 is equivalent,
due to stationarity of the increments of Brownian motion.

It is sufficient to show that we can choose M > 0 such that
P(3teR: Fy(t) ¢ (For (t = Mo(t)), Foy (¢ + Mo(1))))
=P (at eR: (E(t) - F0+(t)( > f0+(t0)Mv(t)) <e
In fact, we only prove that there is an M such that
P <Elt € [0,00) : F(t) > Fou(t + Mv(t))) < 2
since the proofs for the inequality F (t) < Foy(t — Mu(t)) and the interval (—oo, 0]
are analogous. In turn, it is sufficient to show that there is an my > 0 such that

P(HtE[j,j—i—l)ﬁ+(t)2ﬁ0+(t+M’U(t))) Sp]M7 j€N7M>m17 (13)

where pjys satisfies Z;’io pjm — 0 as M — co. We prove (13) for
pim = dyexp {—da(Mwv(j§))*}, (14)

where di and do are positive constants. Using the monotonicity of F\J,_, we only need

to show that P(A;nr) < pju for all j € N and M > mq, where
Ajr = {FL(j+1) 2 For(sjan)} and  sjar = j + Mu(). (15)

We now fix M > 0 and j € N, and define 7,; = max{Nj, N (=o0,j + 1]}, for k =
1,...,K. These points are well defined by Theorem 1.7 (iii) and Corollary 2.2 (i).
Without loss of generality, we assume that the sub-distribution functions are labeled
so that 7; < .-+ < 7k;. On the event Ajy/, there is a k € {1,..., K} such that

Fp(j+1) > For(s;jn). Hence, we can define £ € {1,..., K} such that
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Fo(G+1) < Foe(sjnr), k=L+1,...,K, (16)

Fy(j +1) > Foelsju)- (17)
Recall that F must satisfy (11). Hence, P(A;nr) equals

p< / 0t Biw) — Foelw)} + s (P () — Fo )} pau < / i), AjM>

< P< / UM LB () — Fop(u) el < /

05 Tej

w2 ( [ B~ P <0, Ay ). (19)

2ty

ng(u), A]M> (18)

Using the definition of 7;; and the fact that F, v is monotone nondecreasing and piecewise
constant (Corollary 2.2), it follows that on the event A;y; we have, Fy(u) > F\g(ng) =

F(j+1) > Fou(sjnm), for u > 745. Hence, we can bound (18) above by

P(/Tsjzv’ ae{ For(sjar) — Foe(u) pdu < /

[%] Tej

SiM

dSé(“))

- P<%foz(to)(3jM — )" < /T

Lj

< ut e - wp = [ s} <o),

w

N dSe(”))

For my sufficiently large, this probability is bounded above by p;r/2 for all M > my
and j € N, by Lemma 2.11 below. Similarly, (19) is bounded by p;/2, using Lemma
2.12 below. O

Lemmas 2.11 and 2.12 are the key lemmas in the proof of Proposition 2.10. They
are the limit versions of Lemmas 4.13 and 4.14 of [8], and their proofs are given in
Section 5. The basic idea of Lemma 2.11 is that the positive quadratic drift b(s;jp —w)?
dominates the Brownian motion process Sy and the term C(sjy — w)3/2. Note that

3/2

the lemma also holds when C(s;jyr — w)>/# is omitted, since this term is positive for

M > 1. In fact, in the proof of Proposition 2.10 we only use the lemma without this
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3/2 in the proof of Proposition 2.9 ahead. The

term, but we need the term C(sja — w)
proof of Lemma 2.12 relies on the system of component processes. Since it is very

similar to the proof of Lemma 4.14, we only point out the differences in Section 5.

Lemma 2.11 Let C > 0 and b > 0. Then there exists an my > 0 such that for all

k=1,...,K, M >mq and j € N,

SjM
P< inf {b(st—w)Q—/J dSk(u)—C(st—w)?’/z} §0> < DPjm,

w<j+1 w
where sjpr = j + Mo(j), and Sg(-), v(-) and pjn are defined by (10), (12) and (14),

respectively.

Lemma 2.12 Let ¢ be defined by (16) and (17). There is an mq > 0 such that

SiM _
P(/ J {Fy(u) — Fot(u)}du <0, AjM) <pjum, for M > myq, j €N,

0
where sjy = j+ Mo(j), 75 = max{N; N (=o0,j + 1]}, and v(-), pjm and Ay are

defined by (12), (14) and (15), respectively.

In order to prove tightness of {F}(t) — For(t)}, t € R, we only need Proposition
2.10 to hold for one value of 5 € (0, 1), analogously to [8, Remark 4.12]. We therefore
fix 8 = 1/2, so that v(t) = 1V y/|t|. Then Proposition 2.10 leads to the following

corollary, which is a limit version of Corollary 4.16 of [8]:

Corollary 2.13 For every € > 0 there is a C' > 0 such that

fS
S—u
P< su

ueRp+ uV ud/?

Fo(t) - Fos ()] at

>C 3 <e, for s € R.

This corollary allows us to complete the proof of Proposition 2.9.

Proof of Proposition 2.9. Let ¢ > 0 and let £k € {1,...,K}. It is sufficient to

show that there is an M > 0 such that P(Fj(t) > Fop(t + M)) < € and P(Fj(t) <
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For(t — M)) < € for all t € R. We only prove the first inequality, since the proof of the

second one is analogous. Thus, let ¢t € R and M > 1, and define

Bint = {Fp(t) > Fop(t + M)} and 7 = max{N;, N (—o0, ]}

Note that 75 is well-defined because of Theorem 1.7 (iii) and Corollary 2.2 (i). We

want to prove that P(Bjas) < €. Recall that F must satisfy (11). Hence,

4+ M R B N _
P(Byum) = P(/ ’ {ak{Fk(U) — Fop(u)} + ag i {Fy(u) — F0+(u)}}du

k

g(Z%deS%ao,BkM>. (20)

k

By Corollary 2.13, we can choose C' > 0 such that, with high probability,
M | )
/ ‘F+(u) - Fo+(u)‘ du < C(t+ M — Tk)?)/z’ (21)
Tk

3/2 > y for u > 1. Moreover, on the event By, we

uniformly in 75, < ¢, using that u
+M [ 7 = t+M | 7 =

have [ " {Fy(u) — For(w)}du > [ " {For(t + M) — Fop(u)tdu = for(to)(t + M —

7)%/2, yielding a positive quadratic drift. The statement now follows by combining

these facts with (20), and applying Lemma 2.11. O

Proposition 2.9 leads to the following corollary about the distance between the jump
points of ﬁk The proof is analogous to the proof of Corollary 4.19 of [8], and is

therefore omitted.

Corollary 2.14 For allk =1,...,K, let 7 (s) and 73 (s) be, respectively, the largest
jump point < s and the smallest jump point > s of F\k Then for every € > 0 there is

a C >0 such that P (17 (s) =7,/ (s) >C) <€, fork=1,...,K, s€R.
Combining Theorem 2.9 and Corollary 2.14 yields tightness of {Hj(t) — Vi, (t)}:

Corollary 2.15 For every € > 0 there is an M > 0 such that

PQﬁdw—WQW>M)<g fort € R.
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2.3. Uniqueness of H and F. We now use the tightness results of Section 2.2 to
prove the uniqueness part of Theorem 1.7, as given in Proposition 2.16. The existence

part of Theorem 1.7 will follow in Section 3.

Proposition 2.16 Let H and H satisfy the conditions of Theorem 1.7. Then H=H

almost surely.
The proof of Proposition 2.16 relies on the following lemma:

Lemma 2.17 Let H = (Hy,...,Hg) and H = (Hy,...,Hg) satisfy the conditions
of Theorem 1.7, and let F= (1/7\1, . ,ﬁK) and F = (Fy,...,Fg) be the corresponding

derivatives. Then

Zak /{Fk Fk } dt + ag 1 /{F+ +(t)}2dt

< lim inf Z{¢k(m) — Yp(=m)}, (22)

k=1

where ¥, : R — R is defined by
Ur(t) = {Fu(t) — Fi(t)} [ak{Hk(t) — Hy(#)} + ag 1 {HL(t) - ﬁ+(t)}] : (23)

Proof. We define the following functional:

dm(F) = ak{ / F2(t)dt — / Fy(t)dVy(t }

+aK+1{2/ F2(t)dt — / Fo(t dV+()} m € N.

Then, letting

Di(t) = ar LHr(t) = Vi(B)} + a1 {Ha (8) — Vi (8)}, (24)

Dy (t) = ar{ Hy(t) = Vi()} + ax 1 {Hy (t) = Vo (1)}, (25)

and using F,? ~F2= (Fy — F‘k)2 + 2F\k(Fk — ﬁk), we have
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o (F) Z % [ A0 - By B2 [ pe - Booya
+ Z / {Fu() — By(t)aDy(). (26)
Using integration by parts, we rewrite the last term of the right side of (26) as:
K m R
Z{Fk (}Dult ' -3 [ Bunatr) - R

x .

> {F (£)} Di(t) (27)

k=1 —m

The inequality on the last line follows from: (a) [™ ﬁk(t)dﬁk(t) = 0 by Theorem
1.7 (i), and (b) /™ Dy, (t)dFy(t) < 0, since Dg(t) < 0 by Theorem 1.7 (i) and Fj is
monotone nondecreasing. Combining (26) and (27), and using the same expressions

with ' and F interchanged, yields

0= dm(F) — dm(F) + dm(F) — b (F)

> > a [ (A0 - BOPditac [ (Fi0) - BoPa
k=1 -m -
n Z{Fk noue| + Z{Fk 0)Du0)|

By writing out the right side of this expression, we find that it is equivalent to

Zak/ {Fy(t) Fk t)} dt+aK+1/ {Fy(t) — +(t)}2dt
K

<X [{Fk(m) = B(m)}HDy(m) — Dy(m)}

— {Fi(=m) — Fi(—m)H{Dy(—m) — Dy(—m)}|. (28)

This inequality holds for all m € N, and hence we can take liminf,, ... The left side
of (28) is a monotone sequence in m, so that we can replace liminf,, . by lim,, .

The result then follows from the definitions of ¢, Dy, and Dy, in (23) = (25). O
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We are now ready to prove Proposition 2.16. The idea of the proof is to show that
the right side of (22) is almost surely equal to zero. We prove this in two steps. First,
we show that it is of order Op(1), using the tightness results of Proposition 2.9 and

Corollary 2.15. Next, we show that the right side is almost surely equal to zero.

Proof of Proposition 2.16. We first show that the right side of (22) is of order
Op(1). Let k € {1,..., K}, and note that Proposition 2.9 yields that {F},(m)— For(m)}
and {Fj,(m) — For(m)} are of order Op(1), so that also {Fi(m) — Fp(m)} = Op(1).
Similarly, Corollary 2.15 implies that {Hj(m) — Hy(m)} = Op(1). Using the same
argument for —m, this proves that the right side of (22) is of order Op(1).

We now show that the right side of (22) is almost surely equal to zero. Let k €
{1,...,K}. We only consider | F},(m)—F,(m)||Hy(m)—Hj(m)|, since the term | Fj,(m)—
Fy(m)||Hy(m) — Hy (m)| and the point —m can be treated analogously. It is sufficient

to show that

liminf P <‘Fk(m) - F\k(m)‘ ‘Hk(m) - ﬁk(m)‘ > 77) =0, foralln>D0. (29)

m—oQ
Let 7, be the last jump point of F}, before m, and let 7,,,; be the last jump point of
ﬁk before m. We define the following events

E,, = Em(e, d, C) = Elm(e) N Egm((s) N Egm(C), where

Bin =B ={ [~ {0~ Ry <c},

mk V:’_\mk

Eopm = Eop(8) = {m — (Tinke V Truk) > 0},
Eam = B (C) = { [ Hy(m) = Hx(m)| < €'}
Let ¢ > 0 and €3 > 0. Since the right side of (22) is of order O,(1), it follows that

J{FL(t) — Ey(t)y2dt = O,(1) for every k € {1,..., K}. This implies that [ “{Fy(t) —

ﬁk(t)}zdt —p 0 as m — oo. Together with the fact that m — {71 V Trur} = Op(1)
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(Corollary 2.14), this implies that there is an m; > 0 such that P(E1,,(€1)¢) < € for
all m > my. Next, recall that the points of jump of F} and ﬁk are contained in the set

N, defined in Proposition 2.1. Letting 7/ , = max{N} N (—oo0, m|}, we have

P(E5,,(0)) < P(m — 7y < 9). (30)

The distribution of m — 7/, is independent of m, non-degenerate and continuous [see
4]. Hence, we can choose d > 0 such that the probabilities in (30) are bounded by
€2/2 for all m. Furthermore, by tightness of { Hi(m) — ﬁk(m)}, there is a C' > 0 such
that P(E3,,(C)¢) < €2/2 for all m. This implies that P(E,,(e1,0,C)¢) < €1 + € for
m > mj.

Returning to (29), we now have for n > 0:

lim inf P (‘Fk(m) - ﬁk(m)( ‘Hk(m) - ﬁk(m)( > n)

< e + e+ liminf P (‘Fk(m) - ﬁk(m)‘ ‘Hk(m) - ﬁk(m)( > 1, Em(e1,0, C)>
< €1 + €2 + liminf P <‘Fk(m) - F\k(m)‘

m—00

n
> 67 Em(€1757 C)) )

using the definition of E3,,(C) in the last line. The probability in the last line equals
zero for €; small. To see this, note that Fj,(m) — Fy(m) > 1/C, m — {Tyi V Tk} > 6,

and the fact that F, and F\k are piecewise constant on m — {7g, V Tgm } imply that

m 2

/oo {Fy(u) — ﬁk(u)}ﬂdu > / {Fp(u) — ﬁk(u)}zdu > 770_;57

mk VTmk Tk VTmk
so that Fy,,(e;) cannot hold for ¢; < n?6/C2.

This proves that the right side of (22) equals zero, almost surely. Together with the
right-continuity of Fj, and I %, this implies that Fj, = ﬁk almost surely, fork =1,..., K.
Since Fj, and ﬁk are the right derivatives of Hy and H &, this yields that Hy = H L+ cr
almost surely. Finally, both Hy, and Hj, satisfy conditions (i) and (ii) of Theorem 1.7

for k=1,...,K, so that clz---:cK:OandHEﬁalmost surely. O
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3. Proof of the limiting distribution of the MLE. In this section we prove
that the MLE converges to the limiting distribution given in Theorem 1.8. In the
process, we also prove the existence part of Theorem 1.7.

First, we recall from [8, Section 2.2] that the naive estimators Ey, k=1,....K,
are unique at t € {11,...,T,}, and that the MLEs l?’nk, k=1,...,K, are unique
at t € Tx, where T, = {Ti,i: 1,...,n:AZ+A§<+1 >O}U{T(n)} fork=1,....K
[see 8, Proposition 2.3]. To avoid issues with non-uniqueness, we adopt the convention
that ﬁ’nk and ﬁnk, k=1,...,K, are piecewise constant and right-continuous, with
jumps only at the points at which they are uniquely defined. This convention does not
affect the asymptotic properties of the estimators under the assumptions of Section
1.2. Recalling the definitions of G' and G,, given in Section 1.1, we now define the

following localized processes:

Definition 3.1 For each k =1,..., K, we define:

Floc(t) = n'/3{Ey(to +n~/3) — Forlto)}, (31)
. n2/3
Vise(y = / {61 — Fon(to) }dPy (1, 8), . (32)
g(to) w€(to,to+n—1/3t]
_ n2/3  ptotnTt3t
ey =1 / (o () — Fog(to) }4G (), (33)
g(t()) to

(34)

M) =
gl

Cn
HlOC( ) HlOC( )+ _k . FOk(tO)
Ok k=1

where ¢, is the difference between alek + aKHVlf and akHlk + CLKHH#’J& at the

last jump point 7, of Ffﬁf before zero, i.e.,

cnk = V0 (k=) + a1 Vi (Tar—) — ax HIE (Tuk) — a1 HCE (Tok)- (35)
Moreover, we define the vectors Flo¢ = (Ffl‘ic, e ,ﬁfl‘}?), Vioe = (Vlee . Viee) and

Frloc _ ( 7y
Hnoc (H Olc7 ct Hn(,)[C{) N

n
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Note that flﬁﬁf differs from H!¢ by a vertical shift, and that (ﬁflic)’(t) = (HleY (t) =
ﬁfﬁf(t) + o(1). We now show that the MLE satisfies the characterization given in
Proposition 3.2, which can be viewed as a recentered and rescaled version of the
characterization in Proposition 4.8 of [8]. In the proof of Theorem 1.8 we will see
that, as n — oo, this characterization converges to the characterization of the limiting
process given in Theorem 1.7.

Proposition 3.2 Let the assumptions of Section 1.2 hold, and let m > 0. Then
ar B0 + a7 () < apVige(t=) + ag Vi (=) + RE(D), fort € [~m,m],

m
/ {ar Vit (t=) + axcndVa%(t=) + RE(t) — ap e (1) — ar HE (D) }E(8) = 0,

-m

where RI%(t) = 0,(1), uniformly int € [—=m,m].

Proof. Let m > 0 and let 7, be the last jump point of F\nk before ty. It follows from

the characterization of the MLE in Proposition 4.8 of [8] that
| {andFustw) = Forw)} + s (B ()~ Fos )} }dG(w)
Tnk

= /[ ){ak{&c — For(w)} + ax1{04 - Fo+(u)}}dIP>n(u, 8) + Ru(Tuk, s),  (36)

where equality holds if s is a jump point of F\nk Using that tg — 7,1 = Op(n_1/3) by
8, Corollary 4.19], it follows from [8, Corollary 4.20] that Ry (Tuk,s) = op(n=2/3),

uniformly in s € [tg — min'/3,tg + min~/?3]. We now add
[ {atFoutu) = For(10)} + s {Fos () — Fos (10)} G
T
to both sides of (36). This gives
/8 {ak{ﬁnk(u) — For(to)} + a1 {Fny (u) — F0+(t0)}}dG(U)
T

< /[ ){ak{5k — For(to)} + ag41{0+ — F0+(t0)}}d]}”n(u,5) + R (Tak, 8),  (37)
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where equality holds if s is a jump point of F\nk, and where
;7,]4)(87 t) = Rnk(s7 t) + pnk(sv t)a with
pratot) = [ {an{Fono) ~ R} + ascsa (For () — Fos ()} G = G) )
s,t

-1/3

Note that ppk(Tak, ) = op(n_2/3), uniformly in s € [tg—min ,to+min~ 3], using

(29) in [8, Lemma 4.9] and to — 7, = Op(n~'/3) by [8, Corollary 4.19]. Hence, the
remainder term R], in (37) is of the same order as R,,;. Next, consider (37), and write

f[Tnk’s) = f[Tnk,to) + f[to,s)’ let s = to 4+ n~'/3t, and multiply by n?/3/g(tg). This yields

Cute + arHup(8) + a1 Ho (1) < REE(E) + apVof (=) + arcn Va¥(t=),  (38)
where equality holds if ¢ is a jump point of ﬁfﬁf and where

RIG(t) = {n*?/g(to)} Rip (Turs to + 07 3), k=1,... K. (39)

Note that R%(t) = o0,(1) uniformly in t € [—mq,m1], using again that tg — T, =

Op(n_l/ 3). Moreover, note that R!%¢ is left-continuous. We now remove the random

variables ¢, by solving the following system of equations for Hy,..., Hg:
ok + apHng(t) + axs1Hpt (1) = apHog(t) + ag 41 Hpt (t), k=1,....K.

The unique solution is Hyx(t) = H,,(t) + (cor/ar) + Zszl(an/ak) = ﬁiolf(t) O

Definition 3.3 We define U, = (RI°¢, Vjle¢, Hloc, Floc) where Rl¢ = (Rlse, ... Rloc)

with R!%¢ defined by (39), and where V;/¢, H'o¢ and Flo¢ are given in Definition 34.

We use the notation -|[—m,m] to denote that processes are restricted to [—m,m].
We now define a space for U,|[—m,m]:

Definition 3.4 For any interval I, let D~ (I) be the collection of ‘caglad’ functions on
I (left-continuous with right limits), and let C'(I) denote the collection of continuous

functions on I. For m € N, we define the space
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E[-m,m] = (D~ [-m,m])’¥ x (D[-m,m))X x (C[-m,m))X x (D[-m,m])¥

=1 xIIxIIIx1V,

endowed with the product topology induced by the uniform topology on I x I1 x II1,

and the Skorohod topology on IV.

Proof of Theorem 1.8. Analogously to the work of [6, Proof of Theorem 6.2] on the
estimation of convex densities, we first show that U, |[—m,m] is tight in E[—m,m) for
each m € N. Since R!%¢|[—~m,m] = 0,(1) by Proposition 3.2, it follows that R is tight
in (D~[~m,m])® endowed with the uniform topology. Next, note that the subset of
D[—m,m] consisting of absolutely bounded nondecreasing functions is compact in the
Skorohod topology. Hence, the local rate of convergence of the MLE [see 8, Theorem
4.17] and the monotonicity of ﬁfﬁf, k=1,...,K, yield tightness of F°|[—m,m] in the
space (D[—m,m])®X endowed with the Skorohod topology. Moreover, since the set of
absolutely bounded continuous functions with absolutely bounded derivatives is com-
pact in C[—m,m] endowed with the uniform topology, it follows that H¢|[—m,m)] is
tight in (C[—m,m])™ endowed with the uniform topology. Furthermore, V!°¢|[—m,m)]
is tight in (D[—m,m])®X endowed with the uniform topology, since V!°¢(t) —4 V(t)
uniformly on compacta. Finally, c,1, ..., ¢,k are tight since each ¢,y is the difference
of quantities that are tight, using that to — 7, = Op(n~/3) by [8, Corollary 4.19].
Hence, also ﬁ,lfc“—m, m] is tight in (C[—m,m])®X endowed with the uniform topology.
Combining everything, it follows that Uy, |[—m, m] is tight in E[—m, m] for each m € N.

It now follows by a diagonal argument that any subsequence ﬁn/ of ﬁn has a further

subsequence ﬁnn that converges in distribution to a limit

U=(0,V.H,F) € (CR)" x (CR)™ x (C(R))" x (D(R))".

Using a representation theorem (see, e.g., [2], [15, Representation Theorem 13, page
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71], or [17, Theorem 1.10.4, page 59]), we can assume that U —sas U. Hence, FF = H'
at continuity points of F', since the derivatives of a sequence of convex functions
converge together with the convex functions at points where the limit has a continuous

derivative. Proposition 3.2 and the continuous mapping theorem imply that the vector

(V, H, F) must satisfy

inf }{aka(t) + ax+1Vi(t) — arHi(t) — ag+1H (1)} = 0,

[-m,m
[ aRVi0) + i Va0) = H(t) = o F (0} aF(e) = 0
for all m € N, where we replaced Vi (t—) by Vi(t), since Vi,..., Vi are continuous.

Letting m — oo it follows that Hy, ..., Hx satisfy conditions (i) and (ii) of Theorem
1.7. Furthermore, Theorem 1.7 (iii) is satisfied since tg — T,x = Op(n~'/3) by [8, Corol-
lary 4.19]. Hence, there exists a K-tuple of processes (Hj, ..., Hx) that satisfies the
conditions of Theorem 1.7. This proves the existence part of Theorem 1.7. Moreover,
Proposition 2.16 implies that there is only one such K-tuple. Thus, each subsequence
converges to the same limit H = (Hy,...,Hy) = (Hi,..., Hx) defined in Theorem
1.8. In particular, this implies that F\fl"c(t) = nl/3(F,(to + n=1/3t) — Fy(ty)) —aq F(t)
in the Skorohod topology on (D(R)X. O

4. Simulations. We simulated 1000 data sets of sizes n = 250, 2500 and 25000,
from the model given in Example 2.3. For each data set, we computed the MLE and
the naive estimator. For computation of the naive estimator, see [1, pages 13-15] and
[9, pages 40-41]. Various algorithms for the computation of the MLE are proposed by
[10, 11, 12]. However, in order to handle large data sets, we use a different approach.
We view the problem as a bivariate censored data problem, and use a method based on
sequential quadratic programming and the support reduction algorithm of [7]. Details

are discussed in [13, Chapter 5]. As convergence criterion we used satisfaction of the
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characterization in [8, Corollary 2.8] within a tolerance of 1071%. Both estimators were
assumed to be piecewise constant, as discussed in the beginning of Section 3.

It was suggested by [12] that the naive estimator can be improved by suitably
modifying it when the sum of its components exceeds one. In order to investigate this

idea, we define a ‘scaled naive estimator’ F’;, by

N Foe(t) it Fpi(so) <1,

Fon(t)/Fni(so) if Fui(so) > 1,

for k = 1,..., K, where we take sg = 3. Note that ﬁnﬁr(t) < 1 for t < 3. We also
defined a ‘truncated naive estimator’ ﬁflk If l?’nJr (T(n)) < 1, then ﬁflk = ﬁnk for all

k=1,...,K. Otherwise, we let s, = min{t : F,;(£) > 1} and define

~ ﬁnk(t) for t < s,,
Fi ) =<
Fox(t) + ape  for t > sp,

ﬁnk(sn) - Fnk(sn_)
(

where o = = —
Fry(sn) = Fot(sn—)

{1- ﬁn-ﬁ-(sn_)}a

for k=1,..., K. Note that ﬁ’,’;r(t) <1forallteR.

We computed the mean squared error (MSE) of all estimators on a grid with points
0, 0.01, 0.02, ..., 3.0. Subsequently, we computed relative MSEs by dividing the MSE
of the MLE by the MSE of each estimator. The results are shown in Figure 3. Note
that the MLE tends to have the best MSE, for all sample sizes and for all values of ¢.
Only for sample size 250 and small values of ¢, the scaled naive estimator outperforms
the other estimators; this anomaly is caused by the fact that this estimator is scaled
down so much that it has a very small variance. The difference between the MLE and
the naive estimators is most pronounced for large values of ¢. This was also observed
by [12], and they explained this by noting that only the MLE is guaranteed to satisfy

the constraint F (t) < 1 at large values of t. We believe that this constraint is indeed
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important for small sample sizes, but the theory developed in this paper indicates
that it does not play any role asymptotically. Asymptotically, the difference can be
explained by the extra term (ax1/az){Vy — H,} in the limiting process of the MLE
(see Proposition 2.4), since the factor axi1/ar = For(t)/Fo k+1(t) is increasing in ¢.
Among the naive estimators, the truncated naive estimator behaves better than
the naive estimator for sample sizes 250 and 2500, especially for large values of t.
However, for sample size 25000 we can barely distinguish the three naive estimators.
The latter can be explained by the fact that all versions of the naive estimator are
asymptotically equivalent for ¢ € [0, 3], since consistency of the naive estimator ensures
that lim,, FV,H_ (3) < 1 almost surely. On the other hand, the three naive estimators
are clearly less efficient than the MLE for sample size 25000. These results support our
theoretical finding that the form of the likelihood (and not the constrained F < 1)
causes the different asymptotic behavior of the MLE and the naive estimator.
Finally, we note that our simulations consider estimation of Fy(t), for ¢ on a grid.
Alternatively, one can consider estimation of certain smooth functionals of Fpy. The
naive estimator was suggested to be asymptotically efficient for this purpose [12], and
[14, Chapter 7] proved that the same is true for the MLE. A simulation study that

compares the estimators in this setting is presented in [14, Chapter 8.2].

5. Technical proofs.

Proof of Lemma 2.11. Let k € {1,...,K} and j € N = {0,1,... }. Note that for

M large, we have for all w < j+ 1:
Clsjnu —wV (s — w)*?) < $b(sjnr — w)?

Hence, the probability in the statement of Lemma 2.11 is bounded above by

SiM
P{ sup {/ ’ dSk(u) — 3b(sjm —w)z} > 0} .
w<j+1 w
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Fic 3. Relative MSEs, computed by dividing the MSE of the MLE by the MSE of the other estimators.
All MSEs were computed over 1000 simulations for each sample size, on the grid 0, 0.01, 0.02,. .., 3.0.
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In turn, this probability is bounded above by

Z P { sup /st dSy(u) > )\qu} , (40)
q=0

we(j—q.j—q+1] Jw
where A\gjq = b(sjnm — (j — g +1))2/2 = b(Mv(j) + g — 1)%/2.

We write the gth term in (40) as

P sup Sk(sjm —w) > Agjg | <P sup Sk(w) > Akjq
welj—q,j—q+1) wel0,Mv(5)+q)

=P ( sup Sk(w) > %> <P < sup By (w) > #>

wel0,1) VMuo(j) +q wel0,1] b/ Mv(j) + q

)\ .
<2P <N(0, 1) > k3

2
1 Ak
i) < B (3 (=)
where by, is the standard deviation of Si(1) and byjq = bx/Mv(j) + ¢/ (AkjqV/27), and
By (-) is standard Brownian motion. Here we used standard properties of Brownian
motion. The second to last inequality is given in for example [16, equation 6, page
33], and the last inequality follows from Mills’ ratio [see 3, Equation (10)]. Note that
bpjq < d all j € N, for some d > 0 and all M > 3. It follows that (40) is bounded

above by

2
> N > 1 (Mv(5) +q)3
E dexp [ -3 — > ~ E dexp <——— ,

which in turn is bounded above by di exp(—da(Mwv(j))?), for some constants d; and

do, using (a +b)® > a® + b3 for a,b6 > 0. O

Proof of Lemma 2.12. This proof is completely analogous to the proof of Lemma
4.14 of [8], upon replacing F(u) by Fy(u), Foe(u) by Foe(u), dG(u) by du, Spi(-)
by Sk(-), Tukj bY Tkjs Snjm by sju, and Ayjar by Ajpr. The only difference is that
the second term on the right side of [8, equation (69)] vanishes, since this term comes
from the remainder term R,j(s,t), and we do not have such a remainder term in the

limiting characterization given in Proposition 3.2. g
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