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Outline

• A bit about Ron Pyke
• A new family of statistics via phi-divergences
• Null hypothesis distribution theory: finite - sample and limit

theory
• Limit theory under alternatives and power
• Problems and questions

Goodness of fit via phi-divergences:a new family of test statistics – p. 3/43



Ron Pyke at Oberwolfach, 1971

Goodness of fit via phi-divergences:a new family of test statistics – p. 4/43



Ron Pyke

Goodness of fit via phi-divergences:a new family of test statistics – p. 5/43



Bill Birnbaum and Ron Pyke,
IMS Summer Research Institute, Bloomington, 1974
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Two expository articles:

• Pyke, Ronald (1970). Asymptotic results for rank statistics.
in Nonparametric Techniques in Statistical Inference,
pp. 21 - 37. M. L. Puri, ed. Cambridge University Press.
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1. Introduction: some history

• Setting: classical “goodness - of - fit”

• X1, . . . ,Xn i.i.d. with distribution function F

• Fn(x) = 1
n

∑n
i=1 1[Xi≤x]

• Test H : F = F0 versus K : F �= F0, F0 continuous
• Without loss of generality F0(x) = x, the U(0, 1) distribution

• Break hypotheses down into family of pointwise hypotheses:
Hx : F (x) = F0(x) versus Kx : F (x) �= F0(x)

• H = ∩xHx, K = ∪xKx
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• Likelihood ratio statistic for testing Hx versus Kx:

λn(x) =
supF (x) Ln(F (x))

Ln(F0(x))
=

Ln(Fn(x))
Ln(F0(x))

=
Fn(x)nFn(x)(1 − Fn(x))n(1−Fn(x))

F0(x)nFn(x)(1 − F0(x))n(1−Fn(x))

=
(

Fn(x)
F0(x)

)nFn(x)(1 − Fn(x)
1 − F0(x)

)n(1−Fn(x))
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• Thus

log λn(x) = nFn(x) log
(

Fn(x)
F0(x)

)
+ n(1 − Fn(x)) log

(
1 − Fn(x)
1 − F0(x)

)
= nK(Fn(x), F0(x))
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log λn(x) = nFn(x) log
(

Fn(x)
F0(x)

)
+ n(1 − Fn(x)) log

(
1 − Fn(x)
1 − F0(x)

)
= nK(Fn(x), F0(x))

• K(u, v) ≡ u log
(

u
v

)
+ (1 − u) log

(
1−u
1−v

)
,

Kullback - Leibler “distance”
Bernoulli(u), Bernoulli(v)
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• Thus

log λn(x) = nFn(x) log
(

Fn(x)
F0(x)

)
+ n(1 − Fn(x)) log

(
1 − Fn(x)
1 − F0(x)

)
= nK(Fn(x), F0(x))

• K(u, v) ≡ u log
(

u
v

)
+ (1 − u) log

(
1−u
1−v

)
,

Kullback - Leibler “distance”
Bernoulli(u), Bernoulli(v)

• Berk-Jones (1979) test statistic:

Rn ≡ sup
x

n−1 log λn(x) = sup
x

K(Fn(x), F0(x)) .
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• History:
◦ Berk and Jones (1979)
◦ Groeneboom and Shorack (1981)
◦ Shorack and Wellner (1986, p. 786)
◦ Owen (1995): inversion of Rn to get confidence bands
finite - sample distribution via Noé’s recursion

◦ Einmahl and McKeague (2002): integral version of Rn

◦ Donoho and Jin (2002): supremum version of
Anderson-Darling statistic
with comparison to Berk - Jones statistic Rn
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2. A new family of statistics via phi-divergences

• For s ∈ R, x ≥ 0 define

φs(x) =


1−s+sx−xs

s(1−s) , s �= 0, 1

x log x − x + 1, s = 1
− log x + x − 1, s = 0 .
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• For s ∈ R, x ≥ 0 define

φs(x) =


1−s+sx−xs

s(1−s) , s �= 0, 1

x log x − x + 1, s = 1
− log x + x − 1, s = 0 .

• Then define

Ks(u, v) = vφs(u/v) + (1 − v)φs((1 − u)/(1 − v)) .
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• Special cases:

K1(u, v) = K(u, v)
= u log(u/v) + (1 − u) log((1 − u)/(1 − v))

K0(u, v) = K(v, u)

K2(u, v) =
1
2

(u − v)2

v(1 − v)

K−1(u, v) = K2(v, u) =
1
2

(u − v)2

u(1 − u)

K1/2(u, v) = 2{(√u −√
v)2 + (

√
1 − u −√

1 − v)2}
= 4{1 −√

uv −
√

(1 − u)(1 − v)}.
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• The new family of statistics:

Sn(s) =

{
supx∈R Ks(Fn(x), F0(x)), s ≥ 1
supx∈[X(1),X(n)) Ks(Fn(x), F0(x)), s < 1 ,
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• The new family of statistics:

Sn(s) =

{
supx∈R Ks(Fn(x), F0(x)), s ≥ 1
supx∈[X(1),X(n)) Ks(Fn(x), F0(x)), s < 1 ,

• Thus, with F0(x) = x,

Sn(1) = Rn, Sn(0) = “reversed” Berk-Jones ≡ R̃n

Sn(2) =
1
2

sup
x∈R

(Fn(x) − x)2

x(1 − x)
,

Sn(−1) =
1
2

sup
x∈[X(1),X(n))

(Fn(x) − x)2

Fn(x)(1 − Fn(x))

Sn(1/2)

= 4 sup
x∈[X(1),X(n))

{1 −
√

Fn(x)x −
√

(1 − Fn(x))(1 − x)}
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Fig. 1: φs(x), s ∈ {−1,−0.5, 0.0, 0.5, 1.0, 1.5, 2.0}
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3. Null hypothesis distribution theory

• Owen (1995) and Jager (2006):
finite sample critical points via Noé’s recursion for n ≤ 3000
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3. Null hypothesis distribution theory

• Owen (1995) and Jager (2006):
finite sample critical points via Noé’s recursion for n ≤ 3000

• For n ≥ 3000, asymptotic theory via Jaeschke (1979) and
Eicker (1979) (cf. SW p. 597 - 615), together with

Ks(u, v) ≈ 2−1(u − v)2/[v(1 − v)]

so

nKs(Fn(x), x) ≈ 1
2

n(Fn(x) − x)2

x(1 − x)
≡ 1

2
Zn(x)2

where

Zn(x) ≡
√

n(Fn(x) − x)√
x(1 − x)

→f.d.
U(x)√
x(1 − x)

≡ Z(x)

with U a standard Brownian bridge process on [0, 1].
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• U ≡ standard Brownian bridge on [0, 1]
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• U ≡ standard Brownian bridge on [0, 1]
• B ≡ standard Brownian motion on [0,∞)
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• U ≡ standard Brownian bridge on [0, 1]
• B ≡ standard Brownian motion on [0,∞)
• X ≡ Ornstein-Uhlenbeck process on (−∞,∞)

Cov[X(s), X(t)] = exp(−|t − s|)

X(t) d= e−t
B(e2t) =

B(e2t)√
e2t
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• U ≡ standard Brownian bridge on [0, 1]
• B ≡ standard Brownian motion on [0,∞)
• X ≡ Ornstein-Uhlenbeck process on (−∞,∞)

Cov[X(s), X(t)] = exp(−|t − s|)

X(t) d= e−t
B(e2t) =

B(e2t)√
e2t

• Thus we can represent Z in terms of X:

Z(x) ≡ U(x)√
x(1 − x)

d=

√
1 − x

x
B

(
x

1 − x

)
d= X

(
1
2

log
x

1 − x

)
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• Thus for 0 < dn < en < 1, with an ≡ en(1 − dn)/[dn(1 − en)],

‖Z‖en

dn
≡ sup

dn≤x≤en

|Z(x)| d= ‖X‖2−1 log(en/(1−en))
2−1 log(dn/(1−dn))

d= ‖X‖2−1 log an

0 by stationarity of X

d=
∥∥B(t)√

t

∥∥an

1
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• Thus for 0 < dn < en < 1, with an ≡ en(1 − dn)/[dn(1 − en)],

‖Z‖en

dn
≡ sup

dn≤x≤en

|Z(x)| d= ‖X‖2−1 log(en/(1−en))
2−1 log(dn/(1−dn))

d= ‖X‖2−1 log an

0 by stationarity of X

d=
∥∥B(t)√

t

∥∥an

1

• If dn = 1/n, en = 1 − 1/n, then an = n2(1 − 1/n)2 ∼ n2, and

2−1 log an ∼ log n
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• b(t) ≡ √
2 log log t
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• b(t) ≡ √
2 log log t

• c(t) ≡ 2 log log t + 2−1 log log log t − 2−1 log(4π)
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• b(t) ≡ √
2 log log t

• c(t) ≡ 2 log log t + 2−1 log log log t − 2−1 log(4π)
• Ev(x) = exp(− exp(−x)), x ∈ R
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• b(t) ≡ √
2 log log t

• c(t) ≡ 2 log log t + 2−1 log log log t − 2−1 log(4π)
• Ev(x) = exp(− exp(−x)), x ∈ R

• Theorem (Darling and Erdös, 1956).

b(t)

∥∥∥∥∥B
+(t)√

t

∥∥∥∥∥
t

1

− c(t) →d Y ∼ Ev, as t → ∞

b(t)

∥∥∥∥∥B(t)√
t

∥∥∥∥∥
t

1

− c(t) →d max{Y1, Y2} ∼ E2
v , as t → ∞

where Y1, Y2 are independent, Yj ∼ Ev, j = 1, 2.
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• Let rn ≡ log2 n + (1/2) log3 n − (1/2) log(4π).
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• Let rn ≡ log2 n + (1/2) log3 n − (1/2) log(4π).
• Theorem. If F = F0, the uniform distribution on [0, 1], then for
−1 ≤ s ≤ 2

nSn(s) − rn →d Y4

where P (Y4 ≤ x) = exp(−4 exp(−x)).
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Figure 5. P (nSn(1/2) − rn ≤ x) for n =102, 104, 106 and
P (Y4 ≤ x)

Goodness of fit via phi-divergences:a new family of test statistics – p. 24/43



−2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

s = 1

x

lim
it

10^2
10^4
10^6

Figure 6. P (nSn(1) − rn ≤ x) for n =102, 104, 106 and
P (Y4 ≤ x)

Goodness of fit via phi-divergences:a new family of test statistics – p. 25/43



• bn ≡√2 log2 n, cn ≡ b2
n + (1/2){log3 n − log(4π)}
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• bn ≡√2 log2 n, cn ≡ b2
n + (1/2){log3 n − log(4π)}

• q
(1)
n (α) = y4,α + rn
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• bn ≡√2 log2 n, cn ≡ b2
n + (1/2){log3 n − log(4π)}

• q
(1)
n (α) = y4,α + rn

• q
(2)
n (α) = y4,α + c2

n/(2b2
n),
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• bn ≡√2 log2 n, cn ≡ b2
n + (1/2){log3 n − log(4π)}

• q
(1)
n (α) = y4,α + rn

• q
(2)
n (α) = y4,α + c2

n/(2b2
n),

• q
(3)
n (α) = xα,n + c2

n/(2b2
n)
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10 ≤ n ≤ 3000.
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4. Limit theory under alternatives and power

• Theorem 1. If X1, . . . ,Xn are i.i.d. F ∈ K and 0 < s < 1, then

Sn(s) →a.s. sup
0<x<1

Ks(F (x), x) ≡ S∞(s, F ). (1)

• Theorem 2. If X1, . . . ,Xn are i.i.d. F ∈ K and s > 1, then (1)
holds if and only if∫ 1

0
{F−1(u)(1 − F−1(u))}(1−s)/sdu < ∞.

Goodness of fit via phi-divergences:a new family of test statistics – p. 28/43



• Poisson boundary distributions
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• Poisson boundary distributions
• Theorem: (Berk & Jones, 1979). If F (x) = 1/(1 + log(1/x)), and

X1, . . . ,Xn are i.i.d. F , then

Rn = Sn(1) →d 1/U d= sup
t>0

N(t)
t

where U ∼ U(0, 1), N is a standard Poisson process.
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• Poisson boundary distributions
• Theorem: (Berk & Jones, 1979). If F (x) = 1/(1 + log(1/x)), and

X1, . . . ,Xn are i.i.d. F , then

Rn = Sn(1) →d 1/U d= sup
t>0

N(t)
t

where U ∼ U(0, 1), N is a standard Poisson process.
• Generalization: let

Fs(x) =


(1 + x1−s−1

s−1 )−1/s, 1 < s < ∞,

(1 + log(1/x))−1, s = 1,
(1 − s(xs−1 − 1))1/s, s < 0.
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• Theorem. (Poisson boundaries for s ≥ 1 and s < 0).
(i) Fix s ≥ 1 and suppose that X1, . . . ,Xn are i.i.d. Fs. Then

Sn(s) →d
1
s

(
sup
t>0

N(t)
t

)s
d=

1
sU s

(ii) Fix s < 0 and suppose that X1, . . . ,Xn are i.i.d. Fs. Then

Sn(s) →d
1

1 − s

(
sup
t≥S1

t

N(t)

)−s

where S1 = E1 is the first jump point of N.
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Figure 7. Poisson boundary distribution functions,
s ∈ {1, 1.5, 2, 3} ∪ {−2,−1.0,−1.5, 0.0}.
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• Ingster - Donoho - Jin testing problem
• Suppose Y1, . . . , Yn i.i.d. G on R

• test H : G = Φ, the standard N(0, 1) d.f. versus
H1 : G = (1 − ε)Φ + εΦ(· − µ), and, in particular, against

H
(n)
1 : G = (1 − εn)Φ + εnΦ(· − µn)

for εn = n−β , µn =
√

2r log n
1/2 < β < 1, 0 < r < 1.
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• transform to Xi ≡ 1 − Φ(Yi) ∈ [0, 1] i.i.d.

F = 1 − G(Φ−1(1 − ·)).
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• transform to Xi ≡ 1 − Φ(Yi) ∈ [0, 1] i.i.d.

F = 1 − G(Φ−1(1 − ·)).
• Then the testing problem becomes: test

H0 : F = F0 = U(0, 1) versus

H
(n)
1 : F (u) = u + εn{(1 − u) − Φ(Φ−1(1 − u) − µn)}
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• transform to Xi ≡ 1 − Φ(Yi) ∈ [0, 1] i.i.d.

F = 1 − G(Φ−1(1 − ·)).
• Then the testing problem becomes: test

H0 : F = F0 = U(0, 1) versus

H
(n)
1 : F (u) = u + εn{(1 − u) − Φ(Φ−1(1 − u) − µn)}

• Test statistics: Donoho-Jin: Berk-Jones Rn = Sn(1) and

HC∗
n ≡ sup

X(1)≤x<X([n/2])

√
n(Fn(x) − x)√

x(1 − x)

≡ Tukey’s “higher criticism statistic”
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• Define the optimal detection boundary ρ∗(β) by

ρ∗(β) =

{
β − 1/2, 1/2 < β ≤ 3/4
(1 −√

1 − β)2, 3/4 < β < 1
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• Define the optimal detection boundary ρ∗(β) by

ρ∗(β) =

{
β − 1/2, 1/2 < β ≤ 3/4
(1 −√

1 − β)2, 3/4 < β < 1

• Theorem: (Donoho - Jin, 2004). For r > ρ∗(β) the tests
based on HC∗

n and Rn = Sn(1) are size and power

consistent for testing H0 versus H
(n)
1 .
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• Define the optimal detection boundary ρ∗(β) by

ρ∗(β) =

{
β − 1/2, 1/2 < β ≤ 3/4
(1 −√

1 − β)2, 3/4 < β < 1

• Theorem: (Donoho - Jin, 2004). For r > ρ∗(β) the tests
based on HC∗

n and Rn = Sn(1) are size and power

consistent for testing H0 versus H
(n)
1 .

• Theorem: (Jager - Wellner, 2006). For r > ρ∗(β) the tests
based on Sn(s) with −1 ≤ s ≤ 2 are size and power

consistent for testing H0 versus H
(n)
1 .
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Figure 8. Detection boundary: r > ρ∗(β) detectable
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Figure 9. Separation plots: n = 5 × 105, r = .15, β = 1/2
Smoothed histograms of reps = 200 of the statistics under the
null hypothesis and the the alternative hypothesis
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5. Problems and questions

• Better “principled approximations” to the finite - sample null
distributions reflecting dependence on s? (First order limit
theory happens too slowly!)
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• Conjecture: tests based on Sn(s) for −1 ≤ s ≤ 2 have no
asymptotic power (i.e. asymptotic power equal to their size)
for a “wide range” of contiguous alternatives. What exactly
is the “wide range” for which this is true?
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5. Problems and questions

• Better “principled approximations” to the finite - sample null
distributions reflecting dependence on s? (First order limit
theory happens too slowly!)

• Conjecture: tests based on Sn(s) for −1 ≤ s ≤ 2 have no
asymptotic power (i.e. asymptotic power equal to their size)
for a “wide range” of contiguous alternatives. What exactly
is the “wide range” for which this is true?

• What is the Bahadur efficiency of the statistics Sn(s) for
s ∈ (0, 1) with respect to the Berk-Jones statistic?

• What is the limit behavior of the statistics nSn(s) when
r = ρ∗(β) in the Ingster - Donoho - Jin two point normal
mixture model?

• Can the statistics Sn(s) be used to estimate εn in the two
point normal mixture model of Ingster - Donoho - Jin?
(Meinhausen and Rice (2006); Cai, Jin, and Low (2006))
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Figure 9. partial sum approximation of a Brownian sheet
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•

dn =
(log n)5

n
< 1/2 if n > 1010388 ≈ 106
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• Number theory; Littlewood Li(x) − π(x) changes sign
infinitely often for x large.
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•

dn =
(log n)5

n
< 1/2 if n > 1010388 ≈ 106

• Number theory; Littlewood Li(x) − π(x) changes sign
infinitely often for x large.

• Skewes (1933): first sign change of Li(x) − π(x) before

10101079
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•

dn =
(log n)5

n
< 1/2 if n > 1010388 ≈ 106

• Number theory; Littlewood Li(x) − π(x) changes sign
infinitely often for x large.

• Skewes (1933): first sign change of Li(x) − π(x) before

10101079

• Current estimate: first sign change of Li(x) − π(x) before
10316.
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