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Abstract

We consider estimation in a particular semiparametric regression model for the mean of a
counting process under the assumption of “panel count” data. The basic model assumption
is that the conditional mean function of the counting process is of the form E{N(t)|Z} =
exp(#’Z)A(t) where Z is a vector of covariates and A is the baseline mean function. The “panel
count” observation scheme involves observation of the counting process N for an individual at
a random number K of random time points; both the number and the locations of these time
points may differ across individuals. R N

We study maximum pseudo-likelihood and maximum likelihood estimators 62° and 6,, of the
regression parameter 6. The pseudo-likelihood estimators are fairly easy to compute, while the
full maximum likelihood estimators pose more challenges from the computational perspective.
We derive expressions for the asymptotic variances of both estimators under the proportional
mean model. Our primary aim is to understand when the pseudo-likelihood estimators have
very low efficiency relative to the full maximum likelihood estimators. The upshot is that the
pseudo-likelihood estimators can have arbitrarily small efficiency relative to the full maximum
likelihood estimators when the distribution of K, the number of observation time points per
individual, is very heavy-tailed.
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1 Introduction

Suppose that N = {N(¢) : t > 0} is a univariate counting process. In many applications, it is
important to estimate the expected number of events E{N(¢)|Z} which will occur by the time ¢,
conditionally on a covariate vector Z.

In this paper we consider the proportional mean regression model given by

At|Z) = E{N(t)|Z} = " ZA(t) (1.1)

where the monotone increasing function A is the baseline mean function. The parameters of primary
interest are 6 and A.

The observation scheme we want to study is as follows: suppose that we observe the counting
process N at a random number K of random times

OET[QO <TK71 < - <TK,K-

We write Ty = (Tk,...,Tk k), and we assume that (K,Ty|Z) ~ G(-|Z) is conditionally
independent of the counting process N given the covariate vector Z. We further assume that
Z ~ H on R, but we will make no further assumptions about G' or H (modulo mild integrability
and boundedness requirements).

The data for each individual will consist of

X=(Z KT, NTk1),....NTkk)) =(Z,K,Tg,Ng). (1.2)

We will assume that the data consist of Xq,..., X, i.i.d. as X.

Panel count data arise in many fields including demographic studies, industrial reliability, and
clinical trials; see for example KALBFLEISCH AND LAWLESS (1985), GAVER AND O’MUIRCHEARTAIGH
(1987), THALL AND LACHIN (1988), THALL (1988), SUN AND KALBFLEISCH (1995), and WELLNER AND
ZHANG (2000) where the estimation of either the intensity of event recurrence or the mean function
of a counting process with panel count data was studied. Many applications involve covariates
whose effects on the underlying counting process are of interest. While there is considerable work
on regression modeling for recurrent events based on continuous observations (see, for example
LAWLESS AND NADEAU (1995), Cook, LAWLESS, AND NADEAU (1996), and LiN, WEI, YANG, AND
YING (2000)), regression analysis with panel count data for counting processes has just started
recently. SUN AND WEI (2000) proposed estimating equation methods, while Zunanc (1998) and
ZHANG (2001) proposed a pseudo-likelihood method for studying the multiplicative mean model
(1.1) with panel count data.

To derive useful estimators for this model we will often assume, in addition to (1.1), that the
counting process N, conditionally on Z, is a non-homogeneous Poisson process. But our general
perspective will be to study the estimators and other procedures when the Poisson assumption fails
to hold and we assume only that the proportional mean assumption (1.1) holds. Such a program
was carried out for estimation of A without any covariates for this panel count observation model
by WELLNER AND ZHANG (2000).

The outline of the rest of paper is as follows: In section 2, we describe two methods of
estimation, namely maximum pseudo-likelihood estimators and maximum likelihood estimators of



f and A. The basic picture is that the pseudo-likelihood estimators are computationally relatively
straightforward and easy to implement, while the (full, semiparametric) maximum likelihood
estimators are considerably more difficult, requiring an iterative algorithm in the computation
of the profile likelihood.

In section 3 we present information calculations for the semiparametric model described by
the proportional mean function assumption (1.1) together with the non-homogeneous Poisson
process assumption on N. This provides a baseline for comparisons of variances with the best
possible asymptotic variance under the Poisson and proportional mean model assumptions. In
section 4 we describe asymptotic normality results for the pseudo-likelihood and full maximum
likelihood estimators 65,° and 6,, of # assuming only the proportional mean structure (1.1), but
not assuming that N is a Poisson process. Proofs of these results will be presented in detail in
Liu, WELLNER, AND ZHANG (2002). Finally, in section 4 we compare the pseudo-likelihood and full
likelihood estimators of € under three different scenarios with the goal of determining situations
under which the pseudo-likelihood estimators will lose considerable efficiency relative to the full
maximum likelihood estimators.

As will be seen, the rough upshot of the calculations here is that the efficiency of the pseudo-
likelihood estimators relative to the full maximum likelihood estimators can be low when the
distribution of K, the number of observation times per subject, is heavy-tailed.

2 Two Methods of Estimation

Maximum Pseudo-likelihood Estimation: The natural pseudo-likelihood estimators for this
model use the marginal distributions of N, conditional on Z,

A(t|2)*

P(N(t) = k|Z) = — 1 exp(=A(t|2))

and ignore dependence between N(¢1), N(t2) to obtain the pseudo-likelihood:

56, ) ZZ{ DIos AT ) + NOT )07 — S HNT ) )

i=1 j=1
Then the maximum pseudo-likelihood estimator (65°, AE®) of (6, A) is given by
(@\fbs, Kﬁs) = argmaxy 5 [0°(6, A) .

This can be implemented in two steps via the usual (pseudo-) profile likelihood. For each fixed
value of 6 we set
APS(. 0) = argmax, IP°(0, A) (2.3)

n

and define

~

el () = 17 (0, A5 (-, 0)) -

Then R ‘
P = argmax, [P*P0fle(9)  and  AP® = APS(-,6P%).



In fact, the optimization problem in (2.3) is easily solved as follows: Let t; < ... < t,,, denote
the ordered distinct observation time points in the collection of all observations times, {T 1(2 pJ=

..., K, i=1,...,n}, letNl) —N()(T(l) 1), and set

W= ZZHT L=t ZZNK,J T =t

=1 j=1 i=1 j=1
ZE exp( OZ T@J:tz]'
i=1 j=1 Ki»

Then it is easily shown that

APS(-,0) = left-derivative of Greatest Convex Minorant of

(O widi(0),)  wiN)},

1<i 1<i

Yoo Sw N
. i<p = P
= maxmin =P = at 1,

st g2l Y i, S wpAp(6)

which is straightforward to compute.

Maximum Likelihood Estimation: Under the assumption that N is (conditionally, given
Z) a non-homogeneous Poisson process, the likelihood can be calculated using the (conditional)
independence of the increments of N, AN(s, ¢] = N(¢) — N(s), and the Poisson distribution of these
increments:

AAN((s, ]| 2)]*
P(aN(s,f = k1z) = SHEADE oo an((s,012)
to obtain the log-likelihood:
n K;
[ANR - log Ady; + AN 07— " ZaN, ;)
i=1 j=1
where
ANK]' = N(TKJ)—N(TKJ‘_l), j:1,...,K,
AAK]‘ = A(TKJ) —A(TKJ‘_l), j = 1,...,K
Then

(gn, Ap) = argmaxy p ln(0,A) .

This maximization can also be carried out in two steps via profile likelihood. For each fixed value
of 6 we set

)

n('7 9) = argmaxpy ln(aa A) )



and define J
lgrolee(e) = ln(97 An(-’ 9)) .

Then

o~

f,, = argmax, [P7°1e(g) | and A =Nl 6n) .

Computation of the (profile) “estimator” /A\n(, 0) is computationally involved, but possible via the
iterative convex minorant algorithm; see e.g. JONGBLOED (1998). For more on computation without
covariates see WELLNER AND ZHANG (2000).

3 Information bounds for # under the Poisson model.

We first compute information bounds for estimation of 6 under the proportional mean (non-
homogeneous) Poisson process model.

Suppose that (N|Z) ~ Poisson(A(:|Z2)), and ((K,Tk)|Z) ~ G(:|Z) are conditionally independent
given Z. We will assume here that N is conditionally a nonhomogeneous Poisson process with
conditional mean function

EIN®)|Z] = A(t]2) = " Z Ag(t). (3.1)

The second equality expresses the proportional mean regression model assumption.
The likelihood for one observation is, using the same notation introduced in Section 2,

(AN ;)i

K
P(X;0, 80) = [ [ exp(-AAx;) (AN;)!

j=1

Thus the log-likelihood for (6, Ag) for one observation is given by

K
logp(X;0,A0) = > {ANg;log Ak, — AAg; — log(ANg;!)} .
j=1

Differentiating this with respect to 6 and Ag respectively, the scores for 8 and A are easily seen to
be

K
Ip(z) =Y Z(ANg; — e Ahox;) | (3.2)
j=1

while

M=

. AN /
lha(z) = {ﬁ—eeZ}AaKj
j=1 0Ky
K
’ Aag;
= Z{ANK]‘—CQZAAOK]‘} AA;:,
J

1

<.
Il



where

Tk,;
ACLK]‘ = / ’ adAo, a < LQ(AO) .

Tk, j-1

To compute the information bound for estimation of 6 it follows from the results of BEGUN, HALL,
HuanGg, AND WELLNER (1983) and BICKEL, KLAASSEN, RiTOv, AND WELLNER (1993) that we want

to find a* so that . . .
lg —1pa”™ L 1pa
for all a € La(Ay); i.e.

0 = E{lg—lAa lAa}
K
Aa: \ .
= FE (A —eP"Z AN | Z - )1
{1231 iy =< OK])< AAOK;‘) A
K
ACL* . AaK»
- E (ANg; — e’ Z AN ~2<Z— Kﬂ) J
{JZ1 KJ 055 ANok; ) Aok,
K
Aa’. . Aag;
- E e?Z AN < KJ) J
{; 0K ANok;) ANok;
by conditioning on K, Tk, ”Z
K
Aa* . ACLK'
_ Bl ZAN -(Z KJ) J(K}
{; { ORI Alokj) Alok;
K
’ Aa* 1 ACLK'
- E E OZ AN | 7 — —Ki ”)KT»_T»‘K
K{; { {e 0KJ( AAOK;‘) Adgs; I HI70
K Aag;
= EK ZE{AAOKJAAO;] (E{ZQGZ‘K,TK,]‘_MTK,]‘}

Jj=1
A K

J Q'Z . .
AAOK]E{ IK, TKJ_l,TKJ}> ‘K}} .

Thus we see that the desired orthogonality holds with
Aay;  B{2e"PIK Ty, Ticy |

Ahog;  E{e"?|K,Tk ;1. Tk}

Hence the efficient score function for 6 is given by

Ii(z) = lg(x) —lra’(x)

3 AN 0'Z A\ Z E{ 60/Z|K’TK’j_1’TK’j}
;( Kj—¢€ 0K;) N E{e"?|K,Tk j-1,Tk ;}

(3.3)



and the information for 6 is, by computing conditionally on Z, K, Tk,

160) = B {ipx)°*}
®2

E {Ze‘)’Z|K, Tijo1, TKJ}
Z

K
= F e’ % Ahog :
012 0F E{e"?|K, T j-1, Tk j}

j=1
In particular, we have the following corollary:

Corollary 1. (Current status data). If P(K = 1) = 1 (so that the only Tx; of relevance is T 1 = T
while T7 o = 0), then the efficient score function is

o o (. EL2)
() =ly(x) —laa™(z) = (N(T) — " “Ao(T)) | Z — “E{TY
and the information for 6 is given by
. 22 oy E {ZeGIZ]T}
1(0) = Eo {IH(X) } =FEoqe” “Ao(T) | Z - “E{P|TY

This should be compared with the information for # for the Cox proportional hazards model with
current status data given by Huana (1996), page 547.

Corollary 2. (Case 2 Interval-censored data). If P(K = 2) =1 (so that the only Tx;’s of relevance
are To1 =Ty and Th 5 = Ty, while T3 g = 0), then the efficient score function is

@) = o(x) —ixa*(2)
E{Ze‘)’zm}

= (N(T1) — " Ao(Th)) | Z TE{ZT )

E {ZeB’Z|T1,T2}

+ (N(Ty) = N(Ty) — % (Ao(T2) — Ao(TV))) | Z — E{Z|T, To} |’

and the information for 6 is given by

160) = B {ipx)°*}
E{Ze”m} o

= F "Ing(T) |2 - ——f

/ ®2
FE {Z69 Z‘Tl,TQ}

0'Z — -
+ Eo q e “(Ao(T2) — Ao(T2)) | Z E{e?Z|T, Tr}




This should be compared with the information for 8 for the Cox proportional hazards model with
interval censored case II data given by HuaANG AND WELLNER (1995). Note that those calculations
resulted in an integral equation to be solved, analogously to the results for the mean functional
considered by GESKUs AND GROENEBOOM (1996), GESKUS AND GROENEBOOM (1997) and GESKUS
AND GROENEBOOM (1999).

4 Asymptotic normality of the two estimators of 6.

Here is the crucial theorem concerning the asymptotic behavior of the maximum pseudo-likelihood
and maximum likelihood estimators of & when the proportional mean model holds, but the Poisson
assumption concerning N may fail.

Theorem 1. Under suitable regularity and integrability conditions, the estimators 67%8 and é\n are
asymptotically normal:

V(B — 00) —a Z ~ Ny (O,A’lB (A*l)’) , (4.1)
and
VO = 00) —a 27 ~ N (0, (47%) 7 B ((47) 1)) (4.2)

where

/ ®2
E <Z€90Z|K, TKJ, TK,j’)

FE (6062|K, TKJ’, TK,j’)

B = Em*(60,A; X)**=E > Cj(2) |2~
J:.j'=1

, ®2
E (ZeeoZ|K, TK,j_l,TK,j)

E (e%?|K, T j—1, Tk ;)

K
A = FE ZAAOKj606Z Z -
=1
C;(Z) = Cov[ANgkj, ANgj|Z, K,Tk] ,
BP* = Em™™3(6, Ao; X)®2

!/

B (2e%2|K, Tic,) E (2% |K, T )

— E Cps 7 — y 7 — 7 )
sz: E (690Z|K, TK,]) E (CQOZ‘K, TK,j/)

K . E (2% |K, Tic,)
AP = FE Aok je’0” | Z — ;
Z 0 E (e%?|K, Tk ;)

c*.(Z) = Cov [Nkj, Nxj|Z, K, Tk ;, T ] -




Our proof of this theorem is based on the results of Zuanc (1998). While we will not give the
proof in detail, we will present here as sketch of the computation of the asymptotic variances given
in (4.1) and (4.2).

Based on the Poisson model, the log-likelihood for (6y, Ag) with one observation is given by

K
m(0,A;X) = logp(X;0,A) =) {ANg;log AAg; — Ahg; — log(ANg;!)}
j=1
K
= Z {ANKJ' log AAOKj + ANKJ'@/Z — 60 ZAAOKj — log(ANKj!)} . (43)
j=1

Thus the log-likelihood [,,(6, A) for n i.i.d. observations is given by
I,(0,A) =nP,m(0,A;-). (4.4)

The maximum likelihood estimators (5, K) are obtained by maximizing (4.4).

A natural pseudo-likelihood is obtained by simply taking the product of the marginal
distributions of the observed counts at the successive observation times. Thus a log-pseudo-
likelihood for one observation is given by

K

mP(0,A; X) = > {Ngjlog Ak — Ag; —log(Ng;!)}
=1

<
Il

[
M=

{NKj log Aon + NK]'QIZ — eelZAon — log(NKj!)} , (4.5)

<.
Il
-

and the log-pseudo-likelihood 15°(6, A) for n i.i.d. observations is given by

125(0, A) = nPymP* (0, A; ), (4.6)

and the corresponding pseudo-MLE’s (5”5, /A\ps) are obtained by maximizing (4.6).

4.1 Asymptotic variance of the MLE

Based on the Poisson model, the log-likelihood for (6p, Ag) with one observation is given by (4.3).
Using the notation of Zuang (1998), page 29, we have

K
ma(0,A; X) = ZZ[ANKJ Alog je }
j=1
K
ANg; o
ma(0,A; X)[h] = — 8 ”]Ah 3
0000 = 3|0 e
K
mn(e,A;X) = —ZAAOK]‘ZZIGGIZ,
j=1



miz(0, A; X)[h] = m3 (0, A X)[h] = > Ze" Ahy;,
j=1
K ANgs
mae(0,A; X)[h,h] = — ) _AhgiAhg;,
jz::l (AAOK])2 J J

where Ahg; = TT;JJA hdAg for h € La(Ag). By A2 of Znanc (1998), page 30, we need to find a
h* such that 7

S12(00, Ao)[R] — Sa2(o, Ao)[0*, k] = P {mia(0o, Ao; X)[h] — ma2(6o, Ag; X )[h*, h]} =0,
for all h € La(Ap). Note that

P {ma2(8, Ao; X)[h] — maa(8o, Ao; X )[h*, h]}
K

/ AN
= —F E Ze%Z — T8 A% | Ahg
put (Aogy? | T
K 0.z *
e’o“ Ah%. .
_ o'z Kj
- E(K,TKZ) § : Ze0” — AAOK]‘ Ath
J=1

Therefore, an obvious choice of h* is

FE Z(B%Z|K, TK,j—17 TKJ)
E (eP?|K, Ticj 1, Tx )

Ahj; = Ao,

Hence
m* (6o, Ao; X)
= m1 (6o, Ao; X) — ma (6o, Ao; X)[h7]
K

E (2e%%|K, Ticj1,Tic, )
E (%7|K, Tk j1, Tk 5)

ANg;j
Aok

VA (ANK]' — 696ZAA0K]') — ( - 6962) AAOK]’

1

<.
Il

E (Ze%%|K, Ticj 1, i)
Z ;
E (%K, T j1, Tk )

M=

(AN — e Ahox;)
1

J
By Theorem 2.3.5 of ZuaNG (1998), page 32, the asymptotic variance will be A~'B (A_l)/, where
B = Em*(f, Ao; X)*?
B (Ze%2|K, Ticj1,Tic, )

K
= F C(T, ‘,T '/,T '_,T ‘/_;Z Z — 7
ez Y CTks Tryr Trj—1, T jr-1; ) E (7K, Try 1, Ty

Ji'=1

11



/

) (Z(S%Z|K, TK,j’—h TKJ/)
E (%% K, T jr—1, Tk )

A = — S11(o, Ao) + Sa1(bo, Ag)[h*]
K E <Ze€6Z|K, TK,j’—laTK,j’>

— E 0
E (e%?|K, Tk j—1,Tk ;)

/ /
AAOK]'GQOZZZ/ - GQOZAAOK]'
J=1

E (ZG%Z’K, TK,j—h TKJ) |

K
- E Ahgg %% | Z — / z
(K Tk ,Z) ]Zl 0K E (CQOZ‘Kv TK,j—l,TK,j)

/ 1©2
K 0z E (ZGQOZ’K’ TKJ—l’TK’j)

= E AA jeo Z - A ’

(K. Tx.Z) ; 0K E (%?|K, Tk j-1,Tk ;)

and

C(Tkj: Tr j, Tk j—1, T jr—15 Z)
= FE [(ANK]' — 6%ZAA0K3‘> (ANK]" - e%ZAAOKj’) Z, K, TK,jflaTK,jaTK,j’—hTK,j’] .

Note that if the counting process is indeed a conditional Poisson process with the mean function
given as specified,

AAOKJ'GQIOZ y if ] :j/
0 . if j£

This yields B = A = I(f) and thus A~1B (A~1)" = I-1(6y). O

C(Tkj: Tk, Tr,j—1, Tr jr—1; Z) = {

4.2 Asymptotic Variance of the Pseudo-MLE

Based on the Poisson model, the pseudo log-likelihood for (6y, Ag) with one observation is given by
(4.5). Using the notation of Zhang (1998), page 29, we have

K
mi*(0,A; X) = ZZ [NK]' - AOKJGQIZ} )

j=1
K N
mb (0, A X)[A] = ) [—AOI;J—A —69/2] hijs
j=1 J
K
mﬁ(@,A,X) = —ZAOK]‘ZZ/(ielz,
j=1

12



K

ml5(0, A X)[h] = m3 (0, X)[h] = =) Ze" P hyg,
7j=1
mb3(0,A; X)[h,h] = —iMh hij
22\Yy 41y ) - (AOKj)2 KjltKyj,
j=1

where hi; = fOTK’j hdAg for h € La(Ag). By A2 of Zuana (1998), page 30, we need to find a h*
such that

512 (00, Ao)[h] — S35(00, Ao) (0™, k] = P {m3(fo, Ao; X)[h] — mb3 (0o, Aos X) ", A} = 0,
for all h € La(Ag). Note that

K
S S * ! Ng; *
P {mk5(00, Ag; X)[1] — mb3 (60, Ao; X)[*,h]} = — EQ Y |Zeh” . Kj] h;
=1 (Aox;)
K %Zh*
- _E 76007 Kj .
(KvTsz) ; € AOK] hKJ

Therefore, an obvious choice of h* is
E (Z¢%%|K, Ty )

?{j = Aok
Hence
m*P*(6p, Ao; X)
7° (0o, Ao; X) — mb® (6o, Ao; X)[h"]

/! N ] /
J

3

E (2% |K, Tic, )
E (e%?|K, Tk ;)

I
M) =

1

<.
Il

E (Ze%Z IK, TK,j)

M=

(NKj - e%ZAOK]) Z —
1

J

By Theorem 2.3.5 of ZHANG (1998), page 32, the asymptotic variance will be (AP*)~1 BP* ((Aps)_l)/,
where

BP = Em*(0y, Ag; X)®?
E (2% |K, Tic,)
E (e%Z|K7TKJ)

K
Ekrez s Y, CP(Tk; Tk 2) | Z -
jvjlzl
!

E <Z€96Z’K, TK,j’)
E (696Z’K, TK,j’)

13



AP = — SP(0g, Ao) + SB; (6o, Ao)[h7]
E (Ze%Z!K, TK,j’)
E (f?|K, Ty jr)

!/

K

= F Z AOK]'G%ZZZ, - e%ZAOKj
j=1

E (Ze%7|K, Tic ;)

= Aoxieh? | Z — A
B,z Z 0Kj€" E (6962|K, TK,j)

L | !

ol E (7e%% K, T )

— A e’o Z - 7 )
KTK7 Z 0Kj E (690Z|K, TK,j)

and
CP*(Tr 3y Tre g 2) = E [(NKj - e%ZAOKj) (NKJ" - 60621\01@") |12, K, Tr i Tie

Note that if the counting process is indeed a conditional Poisson process with the mean function

given as specified,
CP (T4, Ti s Z) = €7 Mok (jnjry -

This yields
B (2% |K, Tic,)
E (%7K, Tk ;)

B = AP 42Egm.z 4 Y " Aok | Z —
J<y’

E (2¢"%|K, Ty )
E (e%?|K, Tk ;)

£ AP,

5 Comparisons: MLE versus pseudo-MLE.

Scenario 1. We first suppose that the underlying counting process is in fact a standard
homogeneous Poisson process conditionally given Z, with baseline mean function Ag(t) = At, We
will also assume that the distribution of (K, T ) is independent of Z. As a consequence, Z is
independent of (K, T ), and the formulas in the preceding section simplify considerably. Because
of the Poisson process assumption, A = B = I(f), and this matrix is given by

, 2
E <Z€90Z|K, TK,j—ly TKJ)

K
B 0z |,
10) = Bucnea § 2 Aowse” \ 2 = e

=1

14



FE (Ze%z) o2

_ 007 |
= B WolTio)} Bz €471 2= —peg

= Exmo{ro(Tri)}C,

so that if C' is nonsingular,
1

10" = ! )
(©) B ho(Tr )]

On the other hand,

A 1%2
K oy E (Ze /| K, TK,j)
A = Epere S Aoxse? | 7 - /
(K,Tk,2Z) ]Z; J E(GGOZ’K7TKJ)
L ®2
K oy E(Ze%z) ¢
= Exro ZAO(TKJ’) Eqe’ Z—W )
7j=1 i
while
K ) E(Ze%z) o
B" = Bz > Mo(Twjng) § Bz { e |2 - B | (0
2 e’?)
J.3'=1
so that

B2 {Z]{{j’:l AO(TK,j/\j’)}
(B {255 Ao(TKj)})2

Thus it follows that the ARE of the pseudo-MLE of 0 relative to the MLE of 6 under the above
scenario is given by

(Aps)lepS ((Aps)fl)/ — O

AilB(Afl)T
ARE(pseudo,mle) = (Aps)—1Bps ((Aps)-1)T
{E {Zﬁl AO(TKJ)}}Q

B {80(Tica)} B {51 AolTijng) |-

Note that this equals 1 if P(K = 1) = 1. Actually, we have not yet used the assumption about Ag.
If we assume that Ag(t) = At, then

ARE (pseudo, mle) = {E{ZJKZI TK’J}}2
e BT} B (S Trany )
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If we assume, further, that P(K = k) = 1 for a fixed integer k > 2, and Ty = (T 1,...,Tk i) are
the order statistics of a sample of k uniformly distributed random variables on an interval [0, M],
then

K k j k
ZTK,]’ :ZmM:§M’
EiTw A= _F o
e} = =7 M-
and
k(2k +1
FE ZTK]/\j j :¥M'
3d'=1 7.4'=1
Hence in this case
B (k/2)2  3(k+1) 3
ARE(pseudo, mle) = ﬁk(QkJrl) _2(2k—|—1)_>1
ask‘—>OO.
(k[ 1[2[ 38 [ 4[5 [ 67 [8& [0 [ 1]

IO Yk)MX] 2 [3/2] 4/3 | 5/4 | 6/5 | 7/6 | 8/7 | 9/8 | 10/9 | 11/10
VPs (k)M 2 | 5/3 | 14/9 | 3/2 | 22/15 | 13/9 | 10/7 | 17/12 | 38/27 | 7/5
ARE(k) 1.00 | .900 | 0.857 | 0.833 | 0.818 | 0.808 | 0.800 | 0.794 | 0.789 | 0.786

Scenario 2. A variant on these calculations is to repeat all the assumptions about Z and (K, Ty ),
assume, conditionally on K, that Ty = (Tk.1,..., Tk k) are the order statistics of a sample of K
uniformly distributed random variables on an interval [0, M], but now allow a distribution for K.
Then

J

K
M==—M
2 9

ZEJK::

1%@4K

1

M,
1

H_/ ||Mx

+
K
K+
and

K .
Z]/\j KQ2K+1)
- K+1 6

K
E ZT@MK

J'=1

If we let K be distributed according to 1+Poisson(u), then the ARE will be asymptotically 3/4
again as y — oo. A more interesting choice of the distribution of K is the Zeta(a) distribution
given as follows: for o > 1,

ke
((a)’

16
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where ((a) =372, j~¢ is the Riemann Zeta function. Then we can compute

K K .
_ j _Eu(K),  M(a—1)
E{JZITK”}E{Z K+1}M > M=%y

K+1
and
K K .
JNJ
J,3'=1 J,3’'=1
M
= FEQ(K(2K+1))
M

= G (2B + Ea(K)
- (e a1}

Hence in this case

and

ARE(pseudo,mle)(a) = ARE(«)
(Ea(K)/2)?
KQ2K+1
Ea{Klil}Ea ( 6+)

3 (o =1)/¢(a)

9 2¢(a—2)+C(a—1
ZEQ{KIL} ¢( C)(a)( )

3 Cla—1)
2{2¢(a —2) + C(a - D)} Bl 5}

and this varies between 0 and 1 as a varies from 3 to oo; note that for a = 3, E(K?) = 0o = ((1),
while F(K) = ((2)/((3) = 10.5844. ... See Figure 1.
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3.5 4 4.5 5 55 6
Figure 1: ARE(«a)

If we change the distribution of K to K ~ Unif{1,..., ko}, then

K K .
7 _E(K) _k‘0+1
E{;TKJ}E{ZKH}M g M= M

Jj=1

i A
EQ D Tigng ¢ = Ba| 2 5757 |M
=1 4.'=1

Jd'=

= SEEEK +1)

= % {2B(K?) + E(K)}
M (k‘o + 1)(2/6’0 + 1) ko+1
e

6 2

while

Hence in this case

(ko+1)(2ko+1)/3+ (ko+1)/2

DS — 1 6
VP(ko) = € M(ko +1)2/16
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and

ARE (pseudo, mle)(ky) = ARE(ko)
(E(X)/2)°

K K(2K+1
B{L ypResty

(ko +1)%/16

E{ KI—<|-1 } (k0+1)(2ko+16)/3+(k0+1)/2

and this varies between 1 and 9/16 as kg varies from 1 to oco.

Scenario 3. We now suppose that the underlying counting process is not a Poisson process,
conditionally given Z, but is, instead, defined as in terms of the “negative-binomialization” of an
empirical counting process, as follows: suppose that X1, Xo, ... are i.i.d. with distribution function
F on R, and define

No(t) =Y lix,<g for t>0.
=1

Suppose that (N|Z) ~ Negative Binomial(r(Z,,6),p) where (Z,~,0) = ve? Z, and define N by

N
=1

Then, since

. Var(N|2)=r(Z.7.0)%

E(N|2) =r(Z,7,0) el

iSEES

it follows that

E{N(t)|Z2} = E{EIN(1)|Z,N]|Z} = E{NF(1)| 2} = ’Y@”F(t)]% = "7 No(t),

with Ag(t) = ~F(t)(¢/p).  Alternatively, (N(¢)|Z) ~ Negative Binomial(r, m) by
straightforward computation, and hence it follows that
gF(t)/(p + qF (1)) q 0,24 0,2
E{N)|Z} =7r =rEF(t)= =~ =F(t) = 07 Ag(t),
()12 = A GHE LD = rir () = 07 L) = o)
in agreement with the above calculation. Moreover
aF(t)/(p+aF(t) _ 4 q
Var{N(t)|Z =r=F@)(1+ -F(
WO = o armye T O
2
q q 2
= r=F(t —|—r<—>Ft .
’ (t) » (t)
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Now we want to calculate
C(Tkj: Tr j, Tk j—1, Tk jr—15 Z)
= F [(ANKJ - eeézAAOKj) (ANK]‘/ — e%ZAAOKj/> |Z, K, TK,j—l, TK,j7 TK,j’—b TK,j’} .

By computing conditionally on N, and using the fact that conditionally on
Z,K, Tk j-1,Tk j, Tk j—1,Tk j» and N, N has increments with a joint multinomial distribution,
we find that

C(Tkj, Tk j, Tr j—1, Tk j1—1; Z)
= F [(ANK]‘ - 6%ZAA0KJ‘) (ANK]” - €€6ZAAon'> ’Z, K, TK,j—hTK,j7TK,j’—17TK,j’:|
- E {E [(ANK]- — E(ANgj|N) + E(ANg | N) — e%ZAAOKj>
: (ANKj, — E(ANgj|N) + E(ANg;|N) — e%ZAAon/>

‘N7 Z, K, TK,jfl,TK,j,TK,j’—hTK,j’} ‘27 K, TK,jflyTK,jaTK,j’—lpTK,j’}

_ { E{NAFg;(1 - AFg;)|Z, K, TK}+E{ —rq/p)*(AFk;)*|Z, K, T}, ifj=j
- E{NAFK]AFK] |Z, K, TK} + E{(N —rq/p)*AFx;AFky|Z, K, T}, ifj#j
{ AFKJ (AFk;)?) +r b AFE,,  ifj=]
——7"— AFK]AFKJ, Ifj#j/
qAFK] +r Q(AFK,) . ifj=4
- { © AFy i AFyc;r, it < g
B { (’ZAAOK]—i-’y LebZA(No ;)% if =4,
N ~ef0Z @ L AFRAF, if j#4",
o { 9 ZAAQKJ‘ +")/ 169 Z(AA[),K,]')% lf] = j/,
L v e ANk j ANk, if j#5'.

Remark. Note that if (N|Z) ~ Poisson(r(Z,~,0)), then the process N = Ny is conditionally,
given Z, a non-homogeneous Poisson process with conditional mean function

E{N(t)|Z} = ve" ZF(t) = " Z Ao(2),
and conditional variance function
Var{N®)|Z} = ve? Z F(t) = ¢ % Ao (2)

where Ag(t) = vF(t).

We will also assume, as in Scenarios 1 and 2, that the distribution of (K,T)) is independent
of Z. As a consequence, Z is independent of (K,T ), and the formulas in the preceding section
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again simplify. By taking F' uniform on [0, M|, A¢(t) = At where A = (7/M)(q/p), and we compute,
using moments and covariances of uniform spacings, as found on page 721 of SHORACK AND WELLNER
(1986),

B = Em*(f, Ao; X)*?

K E(Ze%?|K, Tk i1, Tk
E S C(Ty Ticy Ticjor: Ticy—13 2) | 2 Y
= (K, Tk ,Z) Kj1Kjs1Kj—1,1K,j 13 7
" 33'=1 E (6902|K’ TK’j_l’TK’j)
f /
, E (2e%%1K, Tie o1, Tic )
E (696Z|K, TK,j’—lvTK,j’)
T I o | | A
= Bz (€07 Ao +77 €07 (ANok;)) | Z — — 5 | |2 — 7o
: j=1 E (e%?) E (%)
I B(ze80)] [ EB(2e%)
E T AN i ANoi | 4 — ———-F | |4 — ———F
T B(K Tw,2) 27 € 0Kj 220K E(e‘%z) E(eagz)
J#J
K K
= C{ Exme § D (Afok; +77 (AAo;)?) p +7 " Exae § Y Abok;Aboky
j=1 J#3’
= C{AME K +~7 IN2M2E
K+1 K —|— 2
— el () s awE
- K+1) " K 12
where, as in scenario 1,
®2
we |, E(2%)
C=E 7 - i
g E (%7)
On the other hand, we find that
®2

B (2e%2|K, Ticj1,Tic, )
E (%] K, Tk j1, Tk ;)

K
A = E(K,TK,Z) ZAAOK]B%Z 7z —
j=1

K
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Thus the asymptotic variance of the MLE for this scenario is
K AM K
K+1} + TE{K+2}

(= ()}

Now for the asymptotic variance of the pseudo-MLE under scenario 3. To calculate BP® we first
need to calculate

CP (T, Tk j1; Z)
/Y S P07 N e ; j
(NK] —e0 AOK]) (NKJI —e’0 AOK]’) |Za K7 TK,J7TK7]/:|

7|
= B{B[(Ni; — e Aox;) (Nicy — M Noxcy ) IN. Z, K, Tic s Tic | |2, K, Ticys Tic

E
AT B(ATY = (AMmO) {

= B {N (F(Txj ATk j) — F(Tx j)F(Tx jr)) + (N = rq/p)*F(Tx ;) F (Tk j)

7K, Tk, TKJ,}
q q
= T];{F(TK,J' ATk j) = F(Tk ;) F(Tk j)} + TPF(TKJ)F(TKJ')
= PPN (Tioj ATk o)+ %7 Ao (T ) Mo (T )
= %% No(Tx ;) (L4+9"Ao(Tk j1)) if j<j.
We can then calculate

BPS = Em**(8y, Aog; X)®?

EK: B (Ze%2|K, Tic, )
- E(K7T ,Z) Cps(TKJ‘,TK’j/; Z) Z - o
B Pt E (7| K, Tk ;)
/
E (2¢"%|K, Ty )
Z - 7
F (GQOZ|K, TK]’)
K , E (z¢%%)
= Ex1y,2) Z (AO(TK,J‘) (1+’Y 1AO(TK /)))eeoz Z - W
4.4'=1
E (Ze%Z)
Z ;
E (eHOZ)
K
_ jng' A M2
= C{AME Z — —F ZUK]UKJ,
J:3'=1 3.3’
K
K(2K +1) A2 M2
= C AME( : ) + S E Z,UKJUKJ,
J5J
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_ C{)\ME (K(2K+1)) N )\2M2E <K(3K+1)>}

B K(21§+1) )\]\Zf K(SKlfl)
- e {p () 2 (RO

E (2% |K, Tic,)
E (e%Z‘Kv TKJ)

K
AP = Bmez | D Noxie? | Z —
j=1

= AMMCE (%) .

Thus we find that the asymptotic variance of the pseudo-MLE oL is given by
E (K(22(+1)) i ATME (K(3K+1)>

12
K 2
{E(3)}
and the asymptotic relative efficiency of the pseudo-mle to the mle is, under scenario 3,

{2 B{xis }

(AP) 1 BP((AP) ™Y = (AMC) 7!

)

ARE(pseudo,mle)(NegBin) = E(@iiﬁ?&@ﬁ)
{2(5)}
oAl ()
(K(2?+1)>+ATE (K(3II§+1)) E KLH
efewe(e) (s
E(KIL) E(K(Zé@rl)) . ATME (K(:sgﬂ))

-ARE (pseudo, mle)(Poisson)

(1 e )

_ (#51) - ARE(pseudo, mle)(Poisson) .

) N ME(K(gl};H))
¥ E(K(22{+1)>
Note that when factor AM /vy = q/p — 0, is zero then we recover our earlier result for the Poisson

case. This is to be expected since Poisson(Ag(t) exp(0yZ)) becomes the limiting distribution of
Negative Binomial(r, p/(p + qF(t))) as p — 1.
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6 Conclusions and Further Problems

Conclusions

As in the case of panel count data without covariates studied in SUN AND KALBFLEISCH (1995)
and WELLNER AND ZHANG (2000), the pseudo likelihood estimation method for the semiparametric
proportional mean model with panel count data proposed and studied in ZHANG (1998) and ZHANG
(2001) also has advantages in terms of computational simplicity. The results of section 5 above show
that the maximum pseudo-likelihood estimator of the regression parameters can be very inefficient
relative to the maximum likelihood estimator, especially when the distribution of K is heavy -
tailed. In such cases it is clear that we will want to avoid the pseudo-likelihood estimator, and the
computational effort required by the “full” maximum likelihood estimators can be justified by the
consequent gain in efficiency.

Our derivation of the asymptotic normality of the maximum likelihood estimator of the
regression parameters results in a relatively complicated expression for the asymptotic variance
which may be difficult to estimate directly. Hence it becomes important to develop efficient
algorithms for computation of the maximum likelihood estimator in order to allow implementation,
for example, of bootstrap inference procedures. Alternatively, profile likelihood inference may be
quite feasible in this model; see e.g. MURPHY AND VAN DER VAART (1997), MURPHY AND VAN DER
VAART (1999), MURPHY AND VAN DER VAART (2000) for likelihood ratio procedures in some related
interval censoring models.

Further problems

The asymptotic normality results stated in section 4 will be developed and given in detail in
Liu, WELLNER, AND ZHANG (2002). There are quite a large number of interesting problems still
open concerning the semiparametric model for panel count data which has been studied here. Here
is a short list:
e Find a fast and reliable algorithm for computation of the MLE 9 of 0. Although reasonable
algorithms for computation of the maximum pseudo-likelihood estimators have been proposed in
ZHANG (1998) and ZHANG (2001) based on the earlier work of SUN AND KALBFLEISCH (1995), good
algorithms for computation of the maximum likelihood estimators have yet to be developed and
implemented.
e Show that the natural semiparametric profile likelihood ratio procedures are valid for inference
about the regression parameter 6 via the theorems of MURPHY AND VAN DER VAART (1997), MURPHY
AND VAN DER VAART (1999), and MURPHY AND VAN DER VAART (2000).
e Do the non-standard likelihood ratio procdures and methods of BANERJEE AND WELLNER (2001)
extend to the present model to give tests and confidence intervals for Ag(t)?
e Are there compromise or hybrid estimators between the maximum pseudo-likelihood estimators
and the full maximum likelihood estimators which have the computational advantages of the former
and the efficiency advantages of the latter?
e Do similar results continue to hold for panel count data with covariates, but with other models
for the mean function replacing the proportional mean model given by (1.1)7
e Are there computational or efficiency advantages to using the MLE’s for one of the class of Mixed
Poisson Process (N|Z), for example the Negative-Binomial model? Further comparisons with the
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work of DEAN AND BALSHAW (1997), HOUGAARD, LEE, AND WHITMORE (1997), and LAWLESS (19874),
LAawLESs (19878) would be useful.
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