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Estimators

* Properties of the estimators when the Poisson assumption
fails

* Efficiency comparisons: when should we avoid the
pseudo-MLE

* Cautions: identifiability issues and conditions for the theory
* Further work and Open Problems
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1. Introduction: a Semiparametric Regression Model

for Panel Count Data

|. Model for the Counting Process

° A Mean structure: E{N(¢)|Z} = e?ZA(t),
A monotone non-decreasing
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1. Introduction: a Semiparametric Regression Model

for Panel Count Data

|. Model for the Counting Process

° A Mean structure: E{N(¢)|Z} = e?ZA(t),
A monotone non-decreasing

* B Poisson process assumption:
(N|Z) ~ non-homogeneous Poisson process.

* Parameters of interest: (6, A)
(or just 6).

* Study estimators when the Poisson assumption B fails, but
the conditional mean model given by A holds.
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lI. Observation Process and Covariate Distribution:;:

* (K, Ty|Z) ~ G(-|Z) conditionally
independent of (N|Z2);
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lI. Observation Process and Covariate Distribution:;:

* (K, Ty|Z) ~ G(-|Z) conditionally
independent of (N|Z2);

* K Is the (random) number of observation times of the
process N;

* T, Is a vector of ordered observation times:
OZTK,O <TK’1 < ... <TK,K

* 7 ~ HonR¢
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lI. Observation Process and Covariate Distribution:;:

* (K, Ty|Z) ~ G(-|Z) conditionally
independent of (N|Z2);

* K Is the (random) number of observation times of the
process N;

* T, Is a vector of ordered observation times:
OZTK’O <TK’1 < ... <TK,K

°* 7 ~ H onR?
* No assumptions about GG or H
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Ill. Data and Primary Goal:

e Data:

X = (Z,K, T, NTk1),...,.NTxK))
(Za K7IK7NK)

We observe X;,..., X, I.l.d. as X.
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Ill. Data and Primary Goal:

e Data:

X = (Z,K, T, NTk1),...,.NTxK))
(Za KazK7NK>

We observe X;,..., X, I.l.d. as X.
* Pictures!
°* Based on X,..., X, i.i.d. as X, estimate (0, A)
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Fig. 1: Counting process (green) and sampling process (red)
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Figure 2. Counting process (green) and sampling process (red)
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2. Maximum Pseudo-likelihood

and Maximum Likelihood Estimators

A. Maximum pseudo-likelinhood.
* use the Poisson marginal distributions of N,

At|2)*
k!

P(N(t) = k| Z) = exp(—A(t2))

and ignore dependence between N(¢;) and N(t2) to obtain the
pseudo-likelihood

22(6,4) = Y > {NO@R) Hlog A(TR )
i=1 j=1

+ NO(TR Vo7 — L ZMTD )]
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Then
(07, AL7) = argmax, » 1°(0, A) .

Implement in two steps:

AP3(-,0) = argmax, [7°(6, A)
and define
jneerofile (g) = 122(9, K2 (-,6))
Then
LS = argmax, [PSProfile gy
and

AP = APS(.,6P%).
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Lett; < ... < t,,, denote the ordered distinct observation time
points in the collection of all observations times,

{T}Q’j, j=1,...,K;,i=1,...,n}, and set
S L {5 )
NT /)
weo= ) D> o NZZEZZZNKi,jl[Tg,j:m]v

i=1 j=1 i=1 j=1

n K;
_ 1 ’L |
A(0,Z) = " > :GXP(HIZ(Z))l[Tg?,j:tl]'

i=1 j=1

Then the cumulative sum diagram is given by

(O wA(0,2),) wN)MHL

1<i 1<i
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APs(.,0) = left-derivative of
Greatest Convex Minorant

of {(D " wiAy(8,2),) wN)H,

1<i 1<i
Zigp wp N p

1<p prp(ev Z)

= maxmin at ¢,

i<l §>1 Z

which is easy to compute.
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B. Maximum likelihood: use the independence of the increments
AN(s,t] = N(t) — N(s), and the Poisson distribution of these

Increments of N,

[AA((s, 1| 2)]"
k!

P(AN(s, ] = k|Z) = exp(—AA((s,1]|2))

to obtain the log-likelihood:

(6, §j§j{AN o T D g AM(TRY ;T )

1=1 7=1

+ ANO(T) 1, Tg) )02,

— exp(Q,Zi)A((Tl(fzi),j—l’Tf(fzi)ﬂ])}
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AN AN

Then the MLE is  (0,,, Ay,) = argmax, » 1n(0, A).
Implement this maximization in two steps (profile likelihood):

An(-,0) = argmax, [,(6,A),

AN

and define 27°7"¢(9) = 1,,(0, A,.(-, 0)). Then

AN

A, = argmax, 7o (9) . A, = A, (-, 0,) .

Computation of the (profile) “estimator” ./A\n(-, 6) is hard, but
possible: iterative convex minorant algorithm.
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3. Properties of the Estimators

when the Poisson Assumption Fails

Theorem 1. If assumption A holds, then (under further
Integrability, boundedness, and identifiability hypotheses):

Vn(Bn — 00) —a Z ~ Ny (0, A™'B (A_l)/) :

and

AN

V(B — 80) —a 27 ~ Ny (0,(47%) 71 B (A7) 1))

where A, B, AP®, and BP? are given by:
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C; (%)

Em* ((90, AQ; X)®2

(K E(ZG%Z‘K TK' .,) ®2)
E < C;i(Z2) | Z — : St \
\j;l JsJ ( ) E (eeoZ’K, IK,j,j’) :|
( 2 )
K , E(Ze%2|K, T .. 1) ]
ELS T Ahggie%? | 7 — =R >
\JZ_; 0Ky E (eeoZ\K, IK,j,j—l) }

Cov [ANKJ, ANKJ/’Z, K, IK] .
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BP* = Em**(6y, Ag; X)*?
(K , 2
E (Ze%?|K, Tk ;)
— E CPS./ Z Z — / ’ 2]
1,22 ST @R D) | [
\]7] :1 Y )
( \
/ E (Z@ 0 ’K TK )
ApS — E E A . HOZ Z_ / ) 2J
N y
Cﬁ‘;,(Z) = CoV[Ng;, Ngjy|Z, K, Tk ; ]

If the Poisson process assumption B holds,

A=B=1(),

and 0,, is (asymptotically) efficient.
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4. Efficiency comparisons:

® Scenario 1: Suppose that:
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4. Efficiency comparisons:

® Scenario 1: Suppose that:
° N is a Poisson process, Ag(t) = At
° (K,T}) independent of Z.
° (Tw|K) ~ order statistics of K i.i.d. U|[0, M] rv's

° K ~ one of:
(a) Degenerate at k
(b) (Shifted by 1) Poisson(~)

(c) Discrete zeta(a); P(K = k) = 1C/(_’;‘; (o) = X2, j°
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4. Efficiency comparisons:

® Scenario 1: Suppose that:
° N is a Poisson process, Ag(t) = At
° (K,T}) independent of Z.
° (Tw|K) ~ order statistics of K i.i.d. U|[0, M] rv's

° K ~ one of:
(a) Degenerate at k
(b) (Shifted by 1) Poisson(~)

(c) Discrete zeta(a); P(K = k) = 16/(—];; (o) = X2, j°

ARFE(pseudo, mle) =
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® Case (a):

§ ko + 1
4]€0—|—1/2.

ARE(pseudo, mle)(ky) =
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® Case (a):

ko + 1
ARE(pseudo, mle)(ky) = 2]@004—_'—1/2 .
® Case (b):
1 2
ARE (pseudo, mle)(y) = g 5 o +Y .
2y + T+ 3)E{x g}
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® Case (a):

3 ko+1

ARE(pseudo, mle)(ky) = ikt 12"

® Case (b):

(y+1)?
(272 + Ty + 3) B, { &5}

ARE (pseudo, mle)(y) =

DO | QO

® Case (c):

ARE (pseudo, mle) ()
3 (o= 1) |
2{2¢(a = 2) + ¢(a — D)} Baf{z17}
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Figure 3. Relative efficiency, scenario 1(a): K degenerate at k
as a function of kg
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Figure 4. Relative efficiency, scenario 1(b): K shifted Poisson as
a function of ~

Semiparametric Regression Modelsfor Panel Count Data:Comparing Two Estimators — p. 21/32



35 4 45 5 55 6

Figure 5. Relative efficiency, scenario 1(c): K discrete zeta
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Scenario 2: Suppose that:

* N is a Mixed-Poisson (=Negative Binomial) process,
Ao(t) = Mt
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Scenario 2: Suppose that:

* N is a Mixed-Poisson (=Negative Binomial) process,
Ao(t) = Mt

°* (K,T) independent of Z.
°* (T |K) ~ order statistics of K i.i.d. U[0, M] rv’'s
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Scenario 2: Suppose that:

* N is a Mixed-Poisson (=Negative Binomial) process,
Ao(t) = Mt

°* (K,T) independent of Z.
°* (T |K) ~ order statistics of K i.i.d. U[0, M] rv’'s

* K ~ one of:
(a) Degenerate at kg
(b) (Shifted by 1) Poisson(v)

(c) Discrete zeta(a); P(K = k) = ¢£5, ((a) = 3232, j°
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ARE(pseudo, mle)(NegBin)

(1+oR5S)

- E(K(3K+1))>
1 + a—zore

(pseudo, mle)(Poisson) .

6

where a = q/p = AM /7.
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Relative efficiency, scenario 2, as a function of
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5. Cautions: identifiablility issues

and conditions for the theory

* Hidden identifiability issues!
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5. Cautions: identifiablility issues

and conditions for the theory

* Hidden identifiability issues!
* Example: suppose that

° Ao(t) =1, Bo=0

o A(t)=t, B=1
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5. Cautions: identifiablility issues

and conditions for the theory

* Hidden identifiability issues!
* Example: suppose that
° Ao(t) =1, Bo=0
o A(t)=t, B=1
o K =1 with prob. 1; T = ¢“ with probability 1
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5. Cautions: identifiablility issues

and conditions for the theory

* Hidden identifiability issues!
* Example: suppose that
° Ao(t) =1, Bo=0
o A(t)=t, =1
o K =1 with prob. 1; T = ¢“ with probability 1

© Then Ao(T)ePo? = T? = A(T)eP? almost surely and the
model is not identifiable.
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5. Cautions: identifiablility issues

and conditions for the theory

* Hidden identifiability issues!
* Example: suppose that
° Ao(t) =1, Bo=0
o A(t)=t, B=1
o K =1 with prob. 1; T = ¢“ with probability 1

© Then Ao(T)ePo? = T? = A(T)eP? almost surely and the
model is not identifiable.

* Conditions needed to be able estimate both A and 6!
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* Some measures:

1 (B x C)

k
/ZP (K=k|Z=2)Y P(Ty; € BIK =k,Z = z)dH(z),
Cp=1 j=1

Hl(B) :Vl(B XRd)
V2 Bl X B2 X C)

/C K =k|Z = 2)

k=1

-ZP (Thj—1 € B1, T € Bo|K =k, Z = 2)dH(2),
j=1
,uQ(Bl X BQ) = V2(B1 X B2 X Rd)

Semiparametric Regression Modelsfor Panel Count Data:Comparing Two Estimators — p. 28/32



* C2P%. 1y x H << 11 (needed for identifiability - consistency
of Poisson-based pseudo MLE)
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* C2P%. 1y x H << 11 (needed for identifiability - consistency
of Poisson-based pseudo MLE)

* C2: u9 x H << v (needed for identifiability - consistency
of Poisson-based MLE)
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* Conditions C1-C7 needed for consistency.
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* Conditions C1-C7 needed for consistency.

* Conditions C1-C7 + C8-C10 + C13 needed for asymptotic
normality of the Poisson-based pseudo MLE
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* Conditions C1-C7 needed for consistency.

* Conditions C1-C7 + C8-C10 + C13 needed for asymptotic
normality of the Poisson-based pseudo MLE

* Conditions C1-C7 + C8-C12 + C14 needed for asymptotic
normality of the Poisson-based pseudo MLE.
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Conditions C1-C7 needed for consistency.

Conditions C1-C7 + C8-C10 + C13 needed for asymptotic
normality of the Poisson-based pseudo MLE

Conditions C1-C7 + C8-C12 + C14 needed for asymptotic
normality of the Poisson-based pseudo MLE.

See Technical Report 488, UW Department of Statistics
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Conditions C1-C7 needed for consistency.

Conditions C1-C7 + C8-C10 + C13 needed for asymptotic
normality of the Poisson-based pseudo MLE

Conditions C1-C7 + C8-C12 + C14 needed for asymptotic
normality of the Poisson-based pseudo MLE.

See Technical Report 488, UW Department of Statistics
Weaker hypotheses needed!
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6. Further work and Open Problems

* Weaker hypotheses for asymptotic normality?

Semiparametric Regression Modelsfor Panel Count Data:Comparing Two Estimators — p. 31/32
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* Weaker hypotheses for asymptotic normality?
* Better understanding of identifiability issues?
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* Weaker hypotheses for asymptotic normality?
* Better understanding of identifiability issues?

* Further efficiency comparisons when (K, T ;) is dependent
on Z?
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6. Further work and Open Problems

* Weaker hypotheses for asymptotic normality?
* Better understanding of identifiability issues?

* Further efficiency comparisons when (K, T ;) is dependent
on Z?

* Large and small sample behavior of APs and A?
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* Better algorithms for computation of the MLE 07
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* Better algorithms for computation of the MLE 07

°© Pseudo MLE of A, no covariates: Sun and Kalbfleisch
(1995)
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6. Further work and Open Problems

* Weaker hypotheses for asymptotic normality?
* Better understanding of identifiability issues?

* Further efficiency comparisons when (K, T ;) is dependent
on Z?

* Large and small sample behavior of APs and A?

* Better algorithms for computation of the MLE 07

°© Pseudo MLE of A, no covariates: Sun and Kalbfleisch
(1995)

°© MLE of A, no covariates: Zhang and Wellner (2000)
© pseudo MLE ops: Zhang (2000)
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