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Abstract

In recent years, manifold learning has become increasingly popular as a tool for performing non-
linear dimensionality reduction. This has led to the development of numerous algorithms of varying
degrees of complexity that aim to recover manifold geometry using either local or global features
of the data.

Building on the Laplacian Eigenmap framework, we propose a new paradigm that offers a
guarantee, under reasonable assumptions, that any manifold learning algorithm will preserve the
geometry of a data set. Our approach is based on augmenting the output of embedding algorithms
with geometric information embodied in the Riemannian metric of the manifold. The Rieman-
nian metric allows us to compute geometric quantities (such as angle, length, or volume) for any
coordinate system or embedding of the manifold. This geometric faithfulness, which is not guar-
anteed for most algorithms, allows us to define geometric measurements that are independent of
the algorithm used, and hence move seamlessly from one algorithm to another. In this work, we
provide an algorithm for estimating the Riemannian metric from data, consider its consistency,
and demonstrate the advantages of our approach in a variety of examples.

1. Introduction

When working with large sets of high-dimensional data, one is regularly confronted with the problem
of tractability and interpretability of the data. An appealing approach to this problem is the method
of dimensionality reduction: finding a low-dimensional representation of the data that preserves all
or most of the important “information”. One popular idea for data in R" is to appeal to the manifold
hypothesis, whereby the data is assumed to lie on a low-dimensional smooth manifold embedded in
the high dimensional space. The task then becomes to recover the low-dimensional manifold so as
to perform further statistical analysis on the lower dimensional representation of the data.

A common technique for performing dimensionality reduction is Principal Component Analysis,
which assumes that the low-dimenisional manifold is an affine space. The affine space requirement is
generally violated in practice and this has led to the development of more general techniques which
perform non-linear dimensionality reduction. Although not all non-linear dimensionality reduction
techniques are based on the manifold hypothesis, manifold learning has been a very popular approach
to the problem. This is in large part due to the easy interpretability and mathematical elegance of
the manifold hypothesis.

The popularity of manifold learning has led to the development of numerous algorithms that aim
to recover the geometry of the low-dimensional manifold M using either local or global features of
the data. These algorithms are of varying degrees of complexity, but all have important shortcomings
that have been documented in the literature (Goldberg et al., 2008; \Wittmanl 2005). Two important
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criticisms are that 1) the algorithms fail to recover the geometry of the manifold in many instances
and 2) no coherent framework yet exists in which the multitude of existing algorithms can easily be
compared and selected for a given application.

It is customary to evaluate embedding algorithms by how well they “recover the geometry”, i.e.
preserve the important information of the data manifold, and much effort has been devoted to finding
embedding algorithms that do so. While there is no uniformly accepted definition of what it means
to “recover the geometry” of the data, we give this criterion a mathematical interpretation, equating
it with the concepts of isometry and isometric embedding. Not surprisingly given the criticisms noted
above, we demonstrate that the majority of manifold learning algorithms output embeddings that
are not, isometric.

Assuming that recovering the geometry of the data is an important goal, we offer a new per-
spective: rather than than contributing yet another embedding algorithm that strives to achieve
isometry, we provide a way to augment any reasonable embedding so as to allow for the correct
computation of geometric values of interest in the embedding’s own coordinates.

Indeed, the information necessary for reconstructing the geometry of the manifold is embodied in
its Riemannian metric. Thus, we propose to recover a Riemannian manifold (M, g) from the data,
that is, a manifold and its Riemannian metric g, and express g in any desired coordinate system.
The advantage of recovering ¢ is that it then permits the computation of all geometric values of
interest, such as angles, distances and volumes, on M.

The core of our paper is the demonstration of how to obtain the Riemannian metric from the
mathematical, algorithmic and statistical points of view. It is discussed in Section B} following a brief
discussion of the literature and an introduction to the Riemannian metric in Sections [2] and We
then explore the recovery of the pushforward of the Riemannian metric and develop and algorithm
for its estimation in Sections[fand[f] Finally, we consider the consistency of our estimator in Section
[6] and offer some examples and applications in Section

2. The Task of Manifold Learning

In this section, we present the problem of manifold learning. While this represents background
material, we intentionally proceed slowly in order to formulate coherently and explicitly a number
of properties that cause a manifold learning algorithm to “work well”, or have intuitively desirable
properties.

The first desirable property is that the algorithm produces a smooth map, and Section [3] defines
this concept in differential geometry terms. This property is common to a large number of algorithms,
so it will be treated as an assumption in later sections.

The second desirable property is consistency. Existing consistency results will be discussed briefly
in Section 2.3] below, and then a more detailed framework will be presented in Section [6]

The third property is the preservation of the intrinsic geometry of the manifold. This property
is of central interest to our paper.

For completeness, we first give a brief survey of manifold learning algorithms, starting with a well-
known method for linear dimensionality reduction: Principal Components Analysis. PCA is a simple
but very powerful technique that projects data onto a linear space of a fixed dimension that explains
the highest proportion of variability in the data. It does so by performing an eigendecomposition
of the data correlation matrix and selecting the eigenvectors with the largest eigenvalues, i.e. those
that explain the most variation. Since the projection of the data is linear by construction, PCA can
only recover only affine subspaces accurately.

In contrast to linear techniques, manifold learning algorithms assume that the data lies near or
along a non-linear, smooth, hyper-surface of dimension d called the data manifold M, embedded in
the original high-dimensional space R™ with d < 7, and attempt to uncover this low-dimensional M.
If they succeed in doing so, then each high-dimensional observation can accurately be described by
a small number of parameters, its embedding coordinates f(p) for all p € M.
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Thus, generally speaking, a manifold learning or manifold embedding algorithm is a method of
non-linear dimension reduction. Its input is a set of points D = {p1,...p,} C R", where r is typically
high. These are assumed to be sampled from a low-dimensional manifold M C R" and are mapped
into vectors {f(p1),... f(pn)} C R®, with s < r and d < s. This terminology, as well as other
differential geometry terms used in this section, will later be defined formally.

Most existing manifold learning algorithms preprocess the data by first constructing a neighbor-
hood graph G. That is, for each data point p, they find a neighborhood of radius €, and connect
p with all other points p’ in its neighborhood. Other algorithms construct G by connecting the k
nearest neighbors of each point. Both &k and € act as smoothing/bandwidth parameters of the em-
bedding algorithm that significantly affect its attributes. Methods for choosing € have been studied
by (Singer}, [2006), and we rely on their results in our implementation.

2.1 Existing Algorithms

Without attempting to give a thorough overview of the existing manifold learning algorithms, we
discuss two main categories of algorithms. One category uses only local information, embodied in
G, to construct the embedding. Local Linear Embedding (LLE) (Saul and Roweis| |2003), Laplacian
Eigenmaps (LE) (Belkin and Niyogi, 2002, Diffusion Maps (DM) (Coifman and Lafon, 2006), and
Local Tangent Space Alignment (LTSA) (Zhang and Zha), |2004)) are in this category.

Another approach is to use global information to construct the embedding, and the foremost
example in this category is Isomap (Tenenbaum et al., 2000). Isomap estimates the shortest path in
the neighborhood graph G between every pair of data points p, p’, then uses the Euclidean Multidi-
mensional Scaling (MDS) algorithm (Borg and Groenenl [2005) to embed the points in d dimensions
with minimum distance distortion all at once.

We now provide a short overview of each of these algorithms.

e LLE: Local Linear Embedding is one of the algorithms that constructs G by connecting the
k nearest neighbors of each point. In addition, it assumes that the data is linear in each
neighborhood G, which means that any point p can be approximated by a weighted average
of its neighbors. The algorithm finds weights that minimize the cost of representing the point
by its neighbors under the Lo-norm. Then, the lower dimensional representation of the data
is achieved by a map of a fixed dimension that minimizes the cost, again under the Lo-norm,
of representing the mapped points by their neighbors using the weights found in the first step.

e LE: The Laplacian Eigenmap is based on the random walk graph Laplacian, henceforth referred
to as graph Laplacian, defined formally in Section [5] below. The graph Laplacian is used
because its eigendecomposition can be shown to preserve local distances while maximizing the
smoothness of the embedding. Thus, the LE embedding is obtained simply by keeping the first
s eigenvectors of the graph Laplacian in order of ascending eigenvalues. The first eigenvector
is omitted however, since it is necessarily constant and hence non-informative.

e DM: The Diffusion Map is a variation of the LE that emphasizes the deep connection between
the graph Laplacian and heat diffusion on manifolds. The central idea remains to embed
the data using an eigendecomposition of the graph Laplacian. However, DM defines an entire
family of graph Laplacians, all of which correspond to different diffusion processes on M in the
continuous limit. Thus, the DM can be used to construct a graph Laplacian whose asymptotic
limit is the Laplace-Beltrami operator, defined in[4] independently of the sampling distribution
of the data. This is the most important aspect of DM for our purposes.

e LTSA: The Linear Tangent Space Alignment algorithm, as its name implies, is based on
estimating the tangent planes of the manifold M at each point in the data set using the k-
nearest neighborhood graph G as a window to decide which points should be used in evaluating
the tangent plane. This estimation is acheived by performing a singular value decomposition
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of the data matrix for the neighborhoods, which offers a low-dimensional parameterization
of the tangent planes. The tangent planes are then pieced together so as to minimize the
reconstruction error, and this defines a global low-dimensional parametrization of the manifold
provided it can be embedded in R%. One aspect of the LTSA is worth mentioning here even
though we will not make use of it: by obtaining a parameterization of all the tangent planes,
LTSA effectively obtains the Jacobian between the manifold and the embedding at each point.
This provides a natural way to move between the embedding f(M) and M. Unfortunately,
this is not true for all embedding algorithms: more often then not, the inverse map for out-of-
sample points is not easy to infer.

e ISOMAP: The isomap is an example of a non-linear global algorithm. The idea is to embed
M in R® using the geodesic distances between points. The algorithm first constructs G by
connecting the k nearest neighbors of each point and computes the distance between neighbors.
Dijkstra’s algorithm is then applied to the resulting local distance graph in order to find all
shortest path distances between pairs of points. These are taken as approximations to the
geodesic distances. The final step consists in embedding the data using Multidimensional
Scaling (MDS) on the computed distances between points. Thus, even though Isomap uses
the linear MDS algorithm to embed the data, it is able to account for the non-linear nature of
the manifold by applying MDS to the estimated geodesic distances.

e MDS: For the sake of completeness, and to aid in understanding the Isomap, we also provide
a short description of MDS. MDS is a linear method that finds an embedding into R® using
dissimilarities (generally distances) between data points. Although there is more than one
flavor of MDS, they all revolve around minimizing an objective function based on the difference
between the dissimilarities and the distances computed from the resulting embedding.

2.2 Manifolds, Coordinate Charts and Smooth Embeddings

Now that we have explained the task of manifold learning in general terms and presented the most
common embedding algorithms, we focus on formally defining manifolds, coordinate charts and
smooth embeddings. These formal definitions set the foundation for the methods we will introduce
in Sections Bl and M.

We first consider the geometric problem of manifold and metric representation, and define a
smooth manifold in terms of coordinate charts.

Definition 1 (Smooth Manifold (Hein et al., 2007)) A d-dimensional manifold M is a topo-
logical (Hausdorff) space such that every point has a neighborhood homeomorphic to an open subset
of R, A chart (U,x), or coordinate chart, of manifold M is an open set U C M together with a
homeomorphism x : U — V of U onto an open subset V C R = {(z},...,29) € Riz! > 0}. A
C*>-Atlas A is a collection of charts,

A= Uael{(Umxa)}7

where I is an index set, such that M = Uyec1Uy and for any o, € I the corresponding transition

map,
oyt 20Uy NUG) — RY, (1)

is continuously differentiable any number of times.

For simplicity, we assume throughout that the manifold is smooth, but for the purposes of this
paper, it is sufficient to have a C? manifold. Following (Lee, [2003), we will identify local coordinates
of an open set U C M by the image coordinate chart homeomorphism. That is, we will identify U
by z(U) and the coordinates of point p € U by x(p) = (x'(p), ..., z%(p)).
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This definition allows us to express the goal of manifold learning in a formal way: assuming that
our (high-dimensional) data set D = {p1,...p,} C R” comes from a smooth manifold with low d,
the goal of manifold learning is to find a corresponding collection of d-dimensional coordinate charts
for these data.

The definition also hints at two other well-known facts. First, a manifold cannot be represented
in general by a global coordinate chart. For instance, the sphere is a 2-dimensional manifold that
cannot be mapped homeomorphically to R?; one needs at least two coordinate charts to cover the
2-sphere. It is also evident that the sphere is naturally embedded in R3. We will return to this
observation shortly.

The second remark is that the coordinate chart(s) are not uniquely defined, and that there are
infinitely many atlases for the same manifold M (Lee, 2003|). These topological issues need to be
taken into account when setting oneself the task of manifold learning. Unfortunately, they are often
overlooked.

Standard manifold learning algorithms create a single coordinate chart. Thus, they can only
succeed in capturing the data manifold if that manifold admits a global chart. This limitation is
understood implicitly when an algorithm is applied. To overcome it, one often maps the data into
s > d dimensions (for instance, circles are mapped to s = 2 coordinates, spheres to s = 3 coordinates,
and so on).

The mathematical grounds for mapping the data into s > d dimensions are centered on the
concept of embedding, which requires the introduction of a few important concepts. Let M and N
be two manifolds, and f : M — N be a C* (i.e smooth) map between them. Then, at each point
p € M, the Jacobian df,, of f at p defines a linear mapping between the tangent plane to M at p,
denoted T},(M), and the tangent plane to A" at f(p), denoted Ty, (N).

Definition 2 (Rank of a Smooth Map) A smooth map f : M — N has rank k if the Jacobian
dfp : TyM = Ty N of the map has rank k for all points p € M. Then we write rank (f) = k.

Definition 3 (Embedding) Let M and N be smooth manifolds and let f : M — N be a smooth
injective map, that is rank(f) = dim(M), then f is called an immersion. If M is homeomorphic
to its image under f, then f is an embedding of M into N.

Whitney’s Embedding Theorem (Lee, [1997) states that any d-dimensional smooth manifold can
be embedded into R2¢. It follows from this fundamental result that if the intrinsic dimension d of the
data manifold is small compared to the observed data dimension r, then very significant dimension
reductions can be achieved, namely from r to s < 2d with a single map f: M — R®.

Whitney’s result is tight, in the sense that some manifolds, such as real projective spaces, need
all 2d dimensions. However, the r = 2d upper bound is probably pessimistic for most datasets. Even
so, the important point is that the existence of an embedding of M into R? cannot be relied upon;
at the same time, finding the optimal s for an unknown manifold might be more trouble than it is
worth if the dimensionality reduction from the original data is already significant, i.e. 2d < r.

In light of these arguments, for the purposes of the present paper, we set the objective of manifold
learning to be the recovery of an embedding of M into R® subject to d < s < 2d and with the
additional assumption that s is sufficiently large to allow a smooth embdding. That being said, the
choice of s will only be discussed tangentially in this paper and even then, the constraint s < 2d will
not be enforced.

2.3 Consistency

The previous section defined smoothness of the embedding in the ideal, continuous case, when the
“input data” covers the whole manifold M and the algorithm is represented by the map f : M — R?.
This analysis is useful in order to define what is mathematically possible in the limit.

Naturally, we would hope that a real algorithm, on a real finite data set, behaves in a way similar
to its continuous counterpart. In other words, as the sample size n = |D| — oo, we want the output
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Figure 1: Manifold learning algorithms distort the geometry of the data. The classical “Swiss roll”
example is shown here embedded via a variety of manifold learning algorithms. For clarity,
the original data is in » = 3 dimensions; it is obvious that adding extra dimensions does
not affect the resulting embeddings.

(@)
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of the algorithm f,,(D) to converge to the output f(M) of the continous algorithm, irrespective of
the particular sample, in a probabilistic sense. This is what is generally understood as consistency
of the algorithm.

Consistency is a very important property. It ensures that the inferences we draw from a finite
sample carry over to the generating process that produced the sample. It also lets us study the
idealized continuous case in order to make predictions about an algorithm’s behavior for finite
samples.

Obviously, proving consistency has received considerable interest. However, in the context of
manifold learning, consistency can take different forms and it is easy to lose track of what is being
proved, and of why it is significant. For example, in the case of the Isomap algorithm, the convergence
proof focuses on establishing that the graph that estimates the distance between two sampled points
converges to the minimizing geodisic distance on the M (Bernstein et al., 2000). However, the proof
does not address the question of whether the empirical embedding f,, is consistent for f or whether
f defines a proper embedding in general.

Similarly, proofs of consistency for other popular algorithms do not address these two important
questions, but instead focus on showing that the linear operators underpinning the algorithms con-
verge to the appropriate differential operators (Coifman and Lafon) 2006; Hein et al., |2007; |Giné
and Koltchinskii, 2006; Ting et al [2010]). Although this is an important problem in itself, it still
falls short of establishing that f,, — f. The exception to this are the results in (von Luxburg et al.|
2008; [Belkin and Niyogil, [2007) that prove the convergence of the eigendecomposition of the graph
Laplacian to that of the Laplace-Beltrami operator (defined in Section [4]) for a uniform sampling
density on M.

Hence, the class of algorithms that use the eigenvectors of the Laplace-Beltrami operator to
construct embeddings, e.g. LE and DM, can be assumed to be consistent by extension.

In view of these results, we will assume when necessary that an embedding algorithm is consistent
and in the limit produces a smooth embedding. Nonetheless, obtaining a consistent estimator for
the Riemannian metric will require us to revisit the issue of consistency in Section [§] We now turn
to the next desirable property, one for which negative results abound.

2.4 Manifold Geometry Preservation

Having a consistent smooth mapping from f : R™ — R?® guarantees that neighborhoods in the high
dimensional ambient space will be mapped into neighborhoods in the embedding space with some
amount of “stretching”, and vice versa. A reasonable question, therefore, is whether we can reduce
this amount of “stretching” to a minimum, even to zero. In other words, can we preserve not only
neighborhood relations, but also distances within the manifold? Or, going one step further, could
we find a way to simultaneously preserve distances, areas, volumes, angles, etc. - in a word, the
intrinsic geometry - of the manifold?

Manifold learning algorithms generally fail at preserving the geometry, even in simple cases.
We illustrate this with the well-known example of the “Swiss-roll with a hole” (Figure , a two
dimensional strip with a rectangular hole, rolled up in three dimensions, sampled uniformly. The
reader will note that no matter how the original sheet is rolled without stretching, lengths of curves
within the sheet will be preserved. (These concepts will be formalized in the next section.) So
will be areas, angles between curves, and other geometric quantities. This does not happen as
manifold algorithms embed this data set. The LTSA algorithm recovers the original strip up to an
affine coordinate transformation (the strip is turned into a square), for the other algorithms the
“stretching” of the original manifold varies with the location on the manifold. As a consequence,
distances, areas, angles between curves, that is, the intrinsic geometric quantities, are not preserved
between the original manifold and the embeddings produced by these algorithms.
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These shortcomings have been recognized and discussed in the literature (Goldberg et al., 2008
Zha and Zhang) 2003). More illustrative examples can easily be generated with the software in
(Wittman| 2005]).

The problem of geometric distortion is central to our paper, and our main contribution is to offer
a constructive solution to it. The definitions of the relevant concepts and the rigorous statement of
the problem we will be solving begin in the next section.

We conclude this section by stressing that the consistency of an algorithm, while being a necessary
property, does not help alleviate the geometric distortion problem, because it merely guarantees that
the mapping from a set of points in high dimensional space to a set of points in s-space induced by a
manifold learning algorithm converges. It will not guarantee that the mapping recovers the correct
geometry of the manifold. In other words, even with infinite data, the distortions seen in Figure
will persist.

3. Riemannian Geometry

In this section, we will formalize what it means for an embedding f : M — R™ to preserve the
geometry of M, which is the stated goal of our work.

3.1 The Riemannian Metric

The extension of Euclidean geometry to M is possible via the Riemannian metric, which is defined
on the tangent space T'M,, for each point p € M.

Definition 4 (Riemannian Metric) The Riemannian metric g is a symmetric and positive defi-
nite tensor field which defines an inner product <,>, on the tangent space T, M for every p € M.

Definition 5 (Riemannian Manifold) A Riemannian manifold (M, g) is a smooth manifold M
with a Riemannian metric g defined at every point p € M.

The inner product < u,v >4= gijuivj (with the Einstein summation conventiorEI) for u,v € T, M
is used to define usual geometric quantities such as the norm of a vector||u|| = /< u,v >4 and the
angle between two vectors cos(f) = ﬁ;‘ﬁﬁﬁ

The inner product g also defines infinitesimal quantities such as the line element di* = g;;dz'dz?
and the volume element dV = /det(g)dz" ...dx%, both expressed in local coordinate charts. The

length [ of a curve ¢ : [a,b] = M parametrized by ¢ then becomes

dxt dzi
9 g ar @)
where (x!,...,2%) are the coordinates of chart (U,x) with ¢([a,b]) C U. Similarly, the volume of

W cC U is given by
Vol(W) = / Vdet(g)dat ... da?. (3)
w

Obviously, these definitions are trivially extended to overlapping charts by means of the transition
map . For a comprehensive treatement of calculus on manifolds the reader is invited to consult
(Leel, |1997)).

1. This convention assumes implicit summation over all indices appearing both as subscripts and superscripts in an
expression. E.g in g;;u’v? the symbol >, j is implicit.
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3.2 Isometry and the Pushforward Metric

Having introduced the Riemannian metric, we can now formally discuss what it means for an em-
bedding to preserve the geometry of M.

Definition 6 (Isometry) The smooth map f : M — N between two Riemannian manifolds
(M, g), (N, h) is called an isometry iff for allp € M and all u,w € T,(M)

< U, W >yp) = < dfpu, dp fw >p(pp))

In the above, df,, denotes the Jacobian of f at p, i.e. the map df, : T,M — Ty, N. An embedding
will be isometric if (f(M),hlag)) is isometric to (M, g) where h|gaq) is the restriction of h,
the metric of the embedding space N, to the tangent space T #(p)f(M). An isometric embedding
obviously preserves path lengths, angles, velocities, areas and volumes. It is then intuitive to take
isometry as the strictest notion of what it means for an algorithm to “preserve geometry”.

We also formalize what it means to carry the geometry over from a Riemannian manifold (M, g)
via an embedding f.

Definition 7 (Pushforward Metric) Let f be an embedding from the Riemannian manifold (M, g)
to another manifold N'. Then the pushforward h = p*g of the metric g along ¢ = f~1 is given by

-1 -1
<u7v>gp*gp = <dfp u7dfp U>gp7

for u,v € Ty, N and where dfp_1 denotes the Jacobian of f~1.

This means that, by construction, (N, k) is isometric to (M, g).

As the defintion implies, the superscript —1 also refers to the fact that df, I is the matrix inverse
of the jacobian df,. This inverse is well-defined since f has full rank d. In the next section, we will
extend this definition by considering the case where f is no longer full-rank.

3.3 Isometric Embedding vs. Metric Learning

Now consider a manifold embedding algorithm, like Isomap or Laplacian Eigenmaps. These algo-
rithms take points p € R” and map them through some function f into R®. The geometries in the
two representations are given by the induced Euclidean scalar products in R” and R®, respectively,
which we will denote by J,, ds. In matrix form, these are represented by unit matricesﬂ In view
of the previous definitions, the algorithm will preserve the geometry of the data only if the new
manifold (f(M),ds) is isometric to the original data manifold (M, §,).

The existence of an isometric embedding of a manifold into R® for some s large enough is guar-
anteed by Nash’s theorem (Nash| [1956|), reproduced here for completeness.

Theorem 8 If M is a given d-dimensional Riemannian manifold of class C*, 3 < k < oo then
there exists a number s < d(3d + 11)/2 if M is compact, or s < d(d+ 1)(3d + 11)/2 if M is not
compact, and an injective map f: M — R® of class C*, such that

< u,v >=<dfp(v), dfp(v) >
for all vectors u, v in T, M.

The method developed by Nash to prove the existence of an isometric embedding is not practical
when it comes to finding an isometric embedding for a data manifold. The problem is that the

2. The actual metrics for M and f(M) are d,|r and ds|f(aq), the restrictions of dr and ds to the tangent bundle
TM and T f(M).
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method involves tightly wrapping the embedding around extra dimensions, which, as observed by
(Dreisigmeyer and Kirby}, 2007), would not be stable numerically.

Practically, however, as it was shown in section [2.4] manifold learning algorithms do not generally
define isometric embeddings. The popular approach to resolving this problem is to try to correct the
the resulting embeddings as much as possible (Goldberg and Ritov, [2009; [Dreisigmeyer and Kirbyl,
2007; Behmardil 2010 |Zha and Zhang} [2003)).

We believe that there is a more elegant solution to this problem, which is to carry the geometry
over along with f instead of trying to correct f itself. Thus, we will take the coordinates f produced
by any reasonable embedding algorithm, and augment them with the appropriate (pushforward)
metric h that makes (f(M), h) isometric to the original manifold (M, g). We call this procedure
metric learning. The remainder of this paper will present the mathematics, the algorithm and the
statistics underlying it.

4. Recovering the Riemannian Metric: The Mathematics

We now establish the mathematical results that will allow us to estimate the Riemannian metric g
from data. The key to obtaining g for any C'°°-Atlas is the Laplace-Beltrami operator A on M,
which we introduce below. Thereafter, we extend the solution to manifold embeddings, where the
embedding dimension s is, in general, greater than the dimension of M, d.

4.1 The Laplace-Beltrami Operator and g

Definition 9 (Laplace-Beltrami Operator) The Laplace-Beltrami operator Ay acting on a twice
differentiable function f: M — R is defined as Ay f =div grad(f).

In local coordinates, for chart (U, x), the Laplace-Beltrami operatorA , is expressed by means
of g as (Rosenberg, 1997)

Apmf =

1 0 0
7%(16‘5(9)@ (\/mglkawk ) . (4)

In (@), g'* denotes the I, k component of the inverse of g and Einstein summation is assumed.

The Laplace-Beltrami operator has been widely used in the context of manifold learning, and we
will exploit various existing results about its properties in this paper. We will present those results
when they become necessary. For more background, the reader is invited to consult (Rosenberg,
1997). In particular, methods for estimating A from data exist and are well studied (Coifman and
Lafon), 2006; [Hein et al., 2007; [Belkin et al.l 2009). This makes using ideally suited to recover g.
The simple but powerful proposition below is the key to achieving this.

Proposition 10 Given a coordinate chart (U,x) of a smooth Riemannian manifold M and A
defined on M, then the g(p)~!, the inverse of the Riemannian metric at point p € U as expressed
in local coordinates x, can be derived from

¢ = A (e~ 2 ) (7 - p))

zi=xi(p),rd=xI (p) (5)
with i,j =1,...,d.

Proof This follows directly from . Applying A s to the coordinate products of 2? and 27 centered

at z(p), i.e. 3 (2 —2'(p)) (2 — 27(p)), and evaluating this expression at = z(p) using gives

zi=ai(p),xi=ai(p) 97,

g2 (1t ) x o (27— 2 ()

10
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since all the first order derivative terms vanish. The superscripts 4, in the equation above and
in refer to the fact that g%’ is the inverse of g for coordinates x* and z7. |

With all the components of g~lknown, it is straightforward to compute its inverse and obtain g(p).
The power of [L0| resides in the fact that the coordinate chart is arbitrary. Given a coordinate chart
(or embeddding, as will be shown below) one can apply the coordinate free Laplace-Beltrami operator
as in to recover g for that coordinate chart.

4.2 Recovering a Rank-Deficient Embedding Metric

In the previous section, we have assumed that we are given a coordinate chart (U,x) for a subset
of M, and have shown how to obtain the Riemannian metric of M in that coordinate chart via the
Laplace-Beltrami operator.

Here, we will extend the method to work with any embedding of M. The main change will be
that the embedding dimension s may be larger than the manifold dimension d. In other words,
there will be s > d embedding coordinates for each point p, while g is only defined for a vector space
of dimension d. An obvious solution to this is to construct a coordinate chart around p from the
embedding f. This is often unecessary, and in practice it is simpler to work directly from f until
the coordinate charts representation is actually required. In fact, once we have the correct metric
for f(M), it becomes relatively easy to construct coordinate charts for M.

Working directly with the embedding f means that at each embedded point f,, there will be a
corresponding s x s matrix h, defining a scalar product. The matrix h, will have rank d, and its
null space will be orthogonal to the tangent space Ty f(M). We define h so that (f(M),h) is
isometric with (M, g). Obviously, the tensor h over Ty () f(M) @ Ty f(M)+ = R* that achieves
this is an extension of the pushforward of the metric g of M.

Definition 11 (Embedding (Pushforward) Metric) For all u,v € Ty f(M) D Ty f(M)*,
the embedding pushforward metric h, or shortly the embedding metric, of an embedding f at point
p € M is defined by the inner product

<Su vy = < dff (W), dff (v) >0, (6)
where df;  Tip) f (M) B Ty f (M) — T, M is the pseudoinverse of the Jacobian df, of f: M —
RS

In matrix notation, with df, = J, g = G and h = H, (@ becomes
ut J'HJv = u'Gu (7)
Hence,
H= (e 8)

In particular, when M C R", with metric inherited from the ambient Euclidean space, as is often
the case for manifold learning, we have that G = II*I.II, where I, is the Euclidean metric in R” and
IT is the orthogonal projection of v € R" onto T),M. Hence, the embedding metric h can then be
expressed as

H(p) = (J%) ' T1(p)' 1, TI(p) I . 9)

The constraints on h mean that h is symmetric semi-positive definite (positive definite on T, f (M)
and null on 7T}, f(M)+, as one would hope), rather than symmetric positive definite like g.
One can easily verify that h satisfies the following proposition:

Proposition 12 Let f be an embedding of M into R®; then (M, g) and (f(M),h) are isometric,
where h is the embedding metric h defined in . Furthermore, h is null over Ty, f(M)*.

11
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Proof Let u € T, M, then the map df} o df, : T,M — T,M satisfies df o df,(u) = u, since f has
rank d = dim(Tp,M). So Yu,v € T, M we have

< dfp(u), dfp(v) >ns)) = < df; o dfp(u), df; o dfy(v) >gp) = < U,V >gp) (10)

Therefore, h ensures that the embedding is isometric. Moreover, the null space of the pseudo-inverse
is Null(df;) = Im(df,)* = T, f (M), hence Yu € T, f (M) and v arbitrary, the inner product
defined by h satisfies

< UV Spf(p)) = < df;r (u) 7df;r (v) > = <0, dj}lL (v) > = 0. (11)

By symmetry of h, the same holds true if u and v are interchanged. ||

Having shown that h, as defined, satisfies the desired properties, the next step is to show that it
can be recovered using A, just as g was in Section

Proposition 13 Let f be an embedding of M into R*, and df its Jacobian.Then, the embedding
metric h(p) is given by the pseudoinverse of h, where

o 1. . , ,
W= Bz (' =11 @) (= F0) lp=w. =) (12)

Proof We express Ay in a coordinate chart (U, ). M being a smooth manifold, such a coordinate
chart always exists. Applying A to the centered product of coordinates of the embedding, i.e.

L(f = fip) (f7 = fi(p)), then () means that

Lo i j j 9 i 9 j j
AM§ (f —f (p)) (f] - f](p)) fimfi(p),fi=fi(p) = glk@ (f - f (p)) X Dk (fj - fj(p)) Fi=fi(p),f7=f7(p)
w0f"0F
Ox! Oxk
Using matrix notation as before, with J = df,,, G = g(p), H = h, H = h, the above results take the
form oFi ot
woftofr . _ 5
5l B (JG7'JY); = Hyj . (13)

Hence, H = JG~'J* and it remains to show that # = HT, i.e. that
(' art = (et (14)

This is obviously straightforward for square invertible matrices, but if d < s, this might not be the
case. Hence, we need an additional technical fact: guaranteeing that

(AB)" = Bt At (15)

requires C' = AB to constitute a full-rank decomposition of C, i.e. for A to have full column rank
and B to have full row rank (Ben-Israel and Greville, [2003)). In the present case, G~ has full rank,
J has full column rank, and J* has full row rank. All these ranks are equal to d by virtue of the fact
that dim(M) = d and f is an embedding of M. Therefore, applying repeatedly to JG~1J?,
implicitly using the fact that (G~'J") has full row rank since G™* has full rank and J has full row

rank, proves that h is the pseudoinverse of h. ||

Computing the pseudoinverse of h generally means performing a Singular Value Decomposition
SVD. It is interesting to note that this decomposition offers very useful insight into the embedding.

12
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Indeed, we know from that h is positive definite over T (,) f(M) and null over Ty(,) f(M)-. This
means that the singular vector(s) with non-zero singular value(s) of h at f(p) define an orthogonal
basis for Tt f(M), while the singular vector(s) with zero singular value(s) define an orthogonal
basis for T't) f (M)1 (not that the latter is of particular interest). Having an orthogonal basis
for T, f(M) provides a natural framework for constructing a coordinate chart around p. The
simplest option is to project a small neighborhood f(U) of f(p) onto Ty f(M), a technique we
will use in Section [§| to compute areas/volumes. Another interesting approach would be to derive
the exponential map for f(U). However, computing all the geodesics of f(U) is not a practical
solution unless the geodesics themselves are of interest for the application. In either case, computing
h allows us to acheive our set goal for manifold learning, i.e. construct a collection of coordinate
charts for D. As mentioned above, it is not always necessary, or even wise, to construct an Atlas of
coordinate charts explicitly. It is really a matter of whether charts are required to performed the
desired computations

Another fortuitous consequence of computing the pseudoinverse is that the non-zero singular
values yield a measure of the distortion induced by the embedding. Indeed, if the embedding were
isometric to M with the metric inherited from R?, then the embedding metric & would have non-zero
singular values equal to 1. This can be used in many ways, such as getting a global distortion for
the embedding, and hence as a tool to compare various embeddings. It can also be used to define an
objective function to minimize in order to get an isometric embedding, should such an embedding
be of interest. From a local perspective, it gives insight into what the embedding is doing to specific
regions of the manifold and it also prescribes a simple linear transformation of the embedding f that
makes it locally isometric to M with respect to the inherited metric ds. This latter attribute will
be explored in more detail in Section

5. Recovering the Riemannian Metric: The Algorithm

The results in the previous section apply to any embedding of M and can therefore be applied to
the output of any embedding algorithm, leading to the estimation of the corresponding g if d = s or
h if d < s. In this section, we first discuss the discrete version of the problem, and then present our
algorithm for the estimation procedure. Throughout, we assume that the intrinsic dimension d has
been estimated, and the embedding dimension s > d is already selected.

5.1 Discretized Problem

Prior to explaining our method for estimating A for an embedding algorithm, it is important to
discuss the discrete version of the problem.

As briefly explained in Section 2] the input data for a manifold learning algorithm is a set of
points D = pq,...,p, C M where M is a compact Riemannian manifold. These points are assumed
to be an i.i.d. sample with distribution p(z) = e~U®) on M, which is absolutely continuous with
respect to the Lebesgue measure on M. From this sample, manifold learning algorithms construct a
map f, : D — R®, which, if the algorithm is consistent, will converge to an embedding f: M — R°.

Once the map is obtained, we go on to define the embedding metric h,,. Naturally, it is relevant
to ask what it means to define the embedding metric h,, and how one goes about constructing it.
Since f,, is defined on the set of points D, h,, will be defined as a positive semidefinite matrix over
D. With that in mind, we can hope to construct h, by discretizing equation . In practice, this
is acheived by replacing f with f, and A with some discrete estimator £~n75 that is consistent for
A

In what sense the estimators f,, h,, and Eme can be said to be consistent will be discussed
in Section |§| below. In the meantime, we still need to clarify how to obtain £~n€ As mentioned
previously, there exist many methods for obtaining an estimator of Ays. The most common, and
the one we favor here, is to construct a weighted neigborhood graph G, on the sampled points D

13



PERRAULT-JONCAS MEILA

by applying the heat kernel to the distance between points (Belkin and Niyogi, |2002)). Specifically,
the weight between nodes p and p’ of G, is given by k(p, p') = exp(—||p — p'||*/€), giving rise to the
adjacency matrix K,, = [ke(p,p')]pprep. If the sampling density p(z) is uniform over M, then one
can immediately construct the random walk graph Laplacian (Hein et al., 2007):

I, -T'K,
€

Loe : (16)

where T, is the diagonal matrix of outdegrees, i.e. T, = diag{t(p),p € D} with t(p) = >_ , cp Kn(p, ).

The random walk graph Laplacian ENn’E f applied to any function f € C?(M) is then known to con-
verge uniformly a.s. to Axf as n — oo and € — 0 (Ting et al., 2010)).

If p(x) is not uniform, or simply unknown (as is generally the case), it is necessary to renormalize
the adjacency matrix K,, before obtaining [Zme. This ensures that the random walk graph Laplacian
still converges to Apq (Coifman and Lafon), |2006; [Hein et al., 2007)). The renormalization proceeds
by defining a new adjacency matrix K, = T; ' K,T, ' for G,, along with a new outdegree matrix
T,, = diag{t(p), p € D} with i(p) = > peD K,(p,p"). The associated random walk graph Laplacian
is then given by

Lne= (17)

. I, -T;'K,
. .
This new random walk graph Laplacian is consistent for A4 irrespective of the sampling density
p(z), provided p(z) € C?(M) and p(x) is bounded away from zero, i.e. p(z) > [ for all z € M with
[>0.

We note that the heat kernel is not the only option available for defining the adjacency matrix
K, (see for example (Ting et al.} 2010)). An important variation to the heat kernel is the truncated
heat kernel, where k.(p,p’) = 0 if |[p — p’||> > € or some other multiple of e. This procedure really
defines two graphs, the 0,1 neighborhood graph indexed by ||p — p’[|> > € and the similarity graph
with weights exp(—||p — p||?/€) when two points are neighbors.

The use of a truncated kernel has two important consequences. First, the convergence of En’e
can be extended to non-compact manifolds (Hein et al., |2007) (provided additional conditions are
imposed on the curvature of M). Second, the truncation induces sparsity on K, and ENn,E, which
substantially reduces the computational complexity involved in estimating h.

With the discrete analogue to clarified, we are now ready to introduce the central algorithm
of this paper.

5.2 The METRICLEARN Algorithm

Figure [2| contains the algorithm we use to compute the embedding metric of the manifold in the
coordinates of the chosen embedding. Each step is introduced in some detail below.

As discussed above, the first step, common to many manifold learning algorithms, consists of
finding a set of neighbors for each data point p, and evaluating a similarity K, (p,p’) for each
pair of points p,p’ that are neighbors. Here, we stress the point that the bandwidth parameter e
determines the size of the neighborhood for each point, and, hence, the density of the graph. The
adjacency /similarity matrix K, represents the heat kernel applied to point differences ||p — p'||2.

Second, we use the similarity matrix K, to obtain ﬁn,s , an estimator of the Laplace-Beltrami
operator Apy, by following the procedure described in (Hein et al., [2007) (see also (Coifman and
Lafonl 2006; |Giné and Koltchinskii, 2006} Belkin et all |2009)). Again, we renormalize K, in order
for £, . to be a consistent estimator of Ay, even in the presence of non-uniformly sampled data.

Our third step calls for the selection of an embedding for the manifold. This can be done using
any one of the many existing manifold learning algorithms (GENERICEMBED), such as the Laplacian
Eigenmaps, Isomap or Diffusion Maps, provided that it satisfies the requirements we discuss in [6]
In short, the algorithm must have a well-defined h, i.e. be an embedding of M, and h,, must be
consistent for h.
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At this juncture, we note that there may be overlap in the computations involved in the first
three steps. Indeed, a large number of the common embedding algorithms, including Laplacian
Eigenmaps, Diffusion Maps, Isomap, and LLE, use a neighborhood graph and/or similarities in
order to obtain an embedding. In addition, Diffusion Maps and Eigemaps obtain an embedding for
the eigendecomposition ENn’e or a similar operator. While we define the steps of our algorithm in
their most complete form, we encourage the reader to take advantage of any efficiencies that may
result from avoiding to compute the same quantities multiple times.

The fourth and final step of our algorithm consists of computing the embedding metric of the
manifold in the coordinates of the chosen embedding. If the embedding dimension s is larger than the
manifold dimension d, we will obtain the rank d embedding metric h,; otherwise, we will obtain the
Riemannian metric g,,. In practice, hj will not have rank d and so it is important, when computing
the pseudo-inverse, to set to zero the s — d smallest singular values of hl. This is the key reason
why s and d need to be fixed in advance. Failure to set the smallest singular values to zero will
mean that h, will dominated by noise. Although estimating d is outside the scope of this work, it is
intersting to note that the singular values of hf may offer a window into how to do this by looking
for a “singular value gap”.

Note also that in step 4 (a), we use the symbol - to refer to the elementwise product between
two vectors. Specfically, for two vectors z,y € R™ denote by x -y the vector z € R™ with coordinates
z = (z1Y1,- -, TnYn). This product is simply the usual function multiplication on M restricted to
the sampled points D C M.

In summary, the principal novelty in our METRICLEARN algorithm is its last step: the estimation
of the embedding metric h. The embedding metric establishes a direct correspondence between
geometric computations performed using (f(M), h) and those performed directly on (M, g) for any
embedding. Thus, once augmented with h, all embeddings become geometrically equivalent.

5.3 Computational Complexity

Obtaining the neighborhood graph involves computing n? distances in r dimensions. If the data
is high- or very high-dimensional, which is often the case, and if the sample size is large, which is
often a requirement for correct manifold recovery, this step could be by far the most computationally
demanding of the algorithm. However, much work has been devoted to speeding up this task, and
approximate algorithms are now available, which can run in linear time in n and have very good
accuracy (Ram et al.,|2010|) Ultimately, this computationally intensive preprocessing step is required
by all of the well known embedding algorithms, and would remain necessary even if our goal were
solely to embed the data, and not to compute the Riemannian metric.

Step 2 of the algorithm operates on a sparse n X m matrix. If the neighborhood size can be
considered constant, then the time for this step is linear in n.

The computation of the embedding in step 3 is algorithm-dependent. For the most common
algorithms, it will involve eigenvector computations. These can be performed by Arnolidi iterations
that each take O(n x s) computations. This step, or a variant thereof, is also a component of many
embedding algorithms. A notable exception is Isomap, which iterates over this step, and is thus
significantly slower than e.g Diffusion Map.

Finally, the newly introduced step 4 involves obtaining an s X s matrix for each of the n points,
and computing its pseudoinverse. Obtaining the h.,, matrices takes order n operations (assuming the
£~n76 matrix is sparse) times s x s entries, for a total of s2n operations. The n SVD and pseudoinverse
calculations take order s operations.

Thus, finding the Riemannian metric makes a small contribution to the computational burden
of finding the embedding. The overhead is linear in the data set size n and polynomial in the
embedding dimension s. For s with small values, we can consider the overhead as linear.
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Algorithm METRICLEARN

Input D as set of n data points in R, s the number of the dimensions of the embedding, €
the bandwidth parameter, and GENERICEMBED(D, s, €) a manifold learning algorithm, that
outputs s dimensional embedding coordinates

1. Construct the similary matrix
For each pair of points p,p’ € D, set k.(p,p’) = etllp=p'II” if p,p’ are neighbors and 0 otherwise.
Two points are neighbors if ||p — p’||? < € the graph with nodes in the data points and with
an edge connecting every pair of neighbors is called the neighborhood graph of the data. Let

Kn = [ke(pap/)]lhp/ED

2. Construct the Laplacian matrix
(a) For each point p € D compute t,,(p) = >, cp Kn(p,p'); and form the diagonal matrix

T, = diag{tn(p), p € D}
(b) L
(c) L

K, = T;'S,T!
tn(p) = Y ep Knlp,p), T = diag{t,,p € D}
(d) Define £, ;= (In - Tn_lf(n) /€.

et
et

3. Obtain the embedding coordinates fn(p) = (fL(p),..., fi(p)) of each point p € D by

[fn(p)lpep = GENERICEMBED(D, s, €,)

4. Calculate the embedding metric h,(p) at each point
(a) For i and j from 1 to s calculate the column vector h# of dimension n = |D| byE|

W= 5 (B 5 = o Bl = £ (Bncf)] "

(b) For each data point p € D, form the matrix h,(p) = [A¥(p)]i je1.. s The embedding
metric at p is then given by h,(p) = hl (p).

Output (fn(p)7 h”ﬂ (p))pGD

a. Equation (18) is trivially equivalent to applying equation (12} to all the points of p € D at once.

Figure 2: The METRICLEARN Algorithm.
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6. Consistency of the Riemannian Metric

The consistency of graph Laplacians is well established in the literature (von Luxburg et al., 2008;
[Hein et al., [2007; Belkin and Niyogi, |2007; |Giné and Koltchinskii, 2006; [Ting et al., |2010). Thus
obtaining a consistent estimate £,, . of Ay is straightforward; in fact, we relied on this in Section
above. However, a consistent estimate ﬁme is not sufficient to guarantee a consistent estimate of the
embedding h. Three conditions are required to guarantee the consistency of the present method.

The first two conditions are obvious and have already been alluded to in Section[2} 1) the manifold
learning algorithm must construct a proper embedding f : M — R® of M and 2) the estimator f,, of f
must be consistent. To our knowledge, very few algorithms carry explicit theoretical guarantees that
these two conditions will be satisfied. In fact, the most significant work on the subject
let al.l 2000; Belkin and Niyogi, 2007) focuses on proving that f, — f, but omits the important
question of whether f is indeed an embedding. It is not the aim of this paper to address this
problem for all algorithms; we simply highlight the problem to underline the fact that obtaining
the embedding % in manifold learning algorithms involves two important assumptions that are not
always verified. Nevertheless, for illustrative purposes, we will consider the special case of Laplacian
Eigenmaps and show that it can be constructed so as to satisfy condition 1, while condition 2 is
already established (Giné and Koltchinskii, [2006; Belkin and Niyogi, 2007)).

The third condition arises because the consistency of the embedding f,, — f is not sufficient
to prove that the estimate of the embedding itself is consistent. Using the plug-in estimator for
R (p) = 1/2Am(f(z) — Fi(P))(f7(x) = £7(P))|ump, as is done in METRICLEARN , means that to
establish consistency, it must also be true that Vi, 5 € {1,...,s}

Lo, (Fal@) = [u®) (f2(@) = i) la=p = Apm(f' (@) = F ) (@) = 7 (P)]amp - (19)

Here, the sequence of bandwidths €, is such that €, — 0 as n — oco. The rate at which ¢, needs
to go to zero depends on how [17175 is constructed and on the type of convergence. For example, if
En,en is as defined in equation , then ¢, — 0 and nefl‘|r2 — 0 is sufficient to prove that En’en
converges uniformly a.s. to Ay, i.e. |[Ln.e, (F)(@) = A (F)(@)|]oo “5 0, Vf € C%(M) (Ting et al.
2010).

As this example illustrates, consistency of ﬁne is generally established for a fixed function
f € C3(M) rather than a random function f,, defined on the graph G,, (Hein et all 2007} |Giné|
|and KoltchinskiiL |2006|; |Ting et al.L |2010I). This means that proving the consistency of L, ., or its
eigenvectors in addition to proving the consistency of f,, does not suffice to establish .

The key to establishing is to determine under what conditions

HAMfi_En,enfriL £>07 (20)

o0

where the Lo-norm is taken over the sampled points p; € Dwith, [ € {1,...,n}. Indeed, from it
follows that ‘AM fifi — En,en fifi 50 (see lemma and hence equation

Clearly, since h, is s x s, i.e. finite dimensional, then element-wise convergence implies conver-
gence of h,. A minor point must be made here, however: convergence of h, does not guarantee
convergence of its pseudoinverse h,,, since the pseudoinverse f is not a continous operation. This
does not present a problem in our case, since the sequence h., has rank d for any n, so the probability
of h,, being at a discontinuity point of 1 is zero.

Although one can work directly with , as we will do below, we also that

HA/\/lf2 - 'Cmenfi + /jn,enfi - £~7’7f75nf1?7,

|Anes' = Lot

[Anes = Ene,

oo o0

Zn,enfi - En,enfyiz

IN

|
oo

oo
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Hence, assuming that f! € C3(M) and that M is a compact manifold, we know there exits €, — 0

as n — oo such that
a.s.

HAMfi—Zn,en i 239,

The problem, then, is reduced to showmg‘ ’ﬁn e fi— — L, e fi 2 0.

We now turn we to the special case of the Laplacian E1genmaps where (| can be shown to be
true. Although this proof might not easily extend to manifold algorithms other than the Diffusion
Maps, we nevertheless establish that it is possible to recover h for at least one embedding. From
the point of view of preserving the geometry of (M, h), this is really all we need. The fact that the
Eigenmaps and Diffusion Maps are some of the most interesting embeddings (Belkin et al., [2006; |Lu
et al., 2007)) is merely an added bonus.

6.1 Consistency of Laplacian Eigenmaps

As discussed in the previous section, three conditions are sufficient to obtain a consistent estimator
of the embedding of g on the embedding f(M):

1. fis an embedding of M into R¥ and for each i € {1,..., K}, the coordinate f € C?(M).

—falle 0

3. The empirical embedding satisfies H‘vasn fi=Lpe fi

Lovie{l,...,m}.

The goal of this section is to show that these conditions can indeed be statisified and, by doing so,
provide some hints as to how they can be shown to be satisfied in other algorithms. The special case
considered here is that of the eigenmaps on a compact manifold with uniform sampling density and
Vol(M) = 1. These conditions are needed to make use of the key results in (Giné and Koltchinskiil
2006; [Belkin and Niyogil 2007)), which immediately establish condition 2. The assumptions regarding
uniform sampling density and volume of M can be relaxed without trouble, but doing so would
introduce considerable technicalities without offering further insight. The compactness condition,
on the other hand, is key in proving condition 1, i.e. that the eigenfunctions of the Laplace-Beltrami
operator define an embedding and cannot be removed. To prove condition 1, we simply need to
show that there is a map ® constructed from a finite number of eigenfunctions acting as coordinates
and ordered from lowest to highest eigenvalues (omitting Ao = 0, for which the eigenfunction is
constant), such that ® is an embedding of M.

Proposition 14 There ezists a finite s € N such that the map ® : M — R® where the it" coordinate
Gi,i=1,...,s, of ® is the i'" eigenfunction of Anq, defines a smooth embedding of M into R®.

Proof To construct this embedding, we start from another embedding ¥ of M into RF. If M C
R* for some k, which is generally the case for manifold learning algorithms, then we can use the
identity embedding ¥(M) = M. An alternative approach is to appeal to Whitney’s Embedding
Theorem (Lee, 1997)), which guarantees that a d-dimensional manifold can be smoothly embedded in
2d Euclidean space. Either way, there exists a smooth function ¥ which defines a smooth embedding
of M into R¥.

Since the eigenfunctions of A4 are complete in Ly(M) (Rosenberg), 1997) and M is assumed to
be compact, then each of the coordinates can be expressed in terms of the eigenfunctions of A as
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Using seperability, there exist countably many points p; that are dense in M. For each point p;, we
consider the map dV¥,,, : T, M — Ty(,,)¥(M). Because ¥ is an embedding, the rank of d¥,, is d.
Expressed in local coordinates x around p;, this means that

o0
( ;13"'a1/};:d) = Zal(i)(¢l,wla"'7¢l,wd)7 1= 17"'7k
1=0
spans a linear space of dimension d. Meanwhile, (¢%,, ..., ,) is alinear combination of (¢ ;1,. .., ¢y za)

forl € {0,1,...}, hence span (i, ..., )i € {1,....k}) C span (¢rar .-+ dpp0),l € {0,1,...})
ﬁ This means that at point p;, there exists L; C {0,1,...} defined as L; = {l1j,...,lq;} such
that span ((QSLII, coy Opga),l € L(pj)) =3

Defining the map @[z, = (¢1,02...,¢1,) at p;, we have that d®|r, : T, M = To|, (»,)®|r, (M)
is of rank d. By the inverse function theorem, there exists an open set U; C M with p; € U; so
that U; is diffeomorphic to |1, (U;). Since the points p; are dense in M, U32,U; = M and by
compactness of M, there exists a finite subcover R C {1,2,...} such that U;crU; = M. Finally,
we define s = maxjcy, ,r; | and ®|,,, = (¢1,¢2...,¢,). Hence, & = @[ is a smooth embedding of
M into R¥ | i.e. M is diffeomorphic to ®(M). ]

Interestingly, this proof could be used to construct an algorithm to estimate what s is appropriate
for a given manifold when using the LE. Indeed, one could add eigenvectors to the map ® until
h,(p) has rank d at each point p € M. This would then constitute an embedding of M. The main
difficulty with such an approach would lie in estimating the rank of h.,(p).

As mentioned before, condition 2 follows directly from (Giné and Koltchinskii, [2006; [Belkin and
Niyogi, 2007). We now need to prove condition 3:

50, (21)

o0

H‘Cn,enqsi - En,ew,d)n,i

Although it is easy to establish 21| for the Eigenmaps, it is even simpler to work directly from [20]in
this case.

||A1¢z - )\n,zgﬁn,z”m

< Nidi = Ani@ill o 1 Ani®i — Anidnill o
= N = Ml 16l oo + 1 Ansil 190 — b
0,

[Amds = L, bu|

| [’}

1=

since [A; — Ani| 2 0 as shown in (Belkin and Niyogi, 2007) and ||¢;||., < oo since ¢; € C (M)
and by compactness of M.

7. Previous work

Besides the differential geometry background, for which we refer the reader to (Lee, 2003)), this work
draws upon two previous directions of research.

One is Laplacian estimation, and its consistency, which has already been discussed in detail in
Sections 2.3 and

The second and related direction is the theoretical work on analyzing the properties of manifold
learning algorithms. Not surprisingly, most of the work has concentrated on the recovery of flat
manifolds, i.e. of manifolds that are locally isometric to an Euclidean space.

(Bernstein et al., [2000) establish that Isomap’s output is isometric to the original manifold only
when the parameter space is Euclidean and convex. (Donoho and Grimes| 2005) make a similar

3. In fact, the two are equal by virtue of dim (M) = d.
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argument w.r.t the continuous variant of the Isomap algorithm (called therein Continous Isomap).
The domain of interest in this paper are Image Articulation Manifolds, however many of the results
presented are more general. In particular, the paper develops a method to endow manifolds corre-
sponding to simple articulations with a Euclidean metric. In (Donoho and Grimes, [2003)) the same
authors propose the Hessian Eigenmaps algorithm, which is able to recover isometric coordinates up
to a rigid deformation, under the relaxed assumption that the domain of the coordinates is connected
(instead of convex, as in the Continuous Isomap).

Further insights into the Continuous Isomap algorithm’s behaviour come from (Zha and Zhangj
2003) who prove a more general theorem about the output of Continuous Isomap. This result allows
to both prove isometric recovery (under given conditions) and to predict the distortions in the
classical example of the swiss roll (rectangular density mapped non-linearly to higher dimensions).

Other methods focused on obtainig locally isometric maps. Among these, the already cited
Hessian Eigenmaps method of (Donoho and Grimes|, 2005)) finds embeddings that are locally isometric
to flat, connected neighborhoods . The method of (Brand, 2003|) forms the embedding by aligning
locally linear patches. The Local Tangent Space Alignment of (Zhang and Zha),2004) also uses locally
linear patches (estimates of tangent planes) which are merged according to a least squares cost. The
method of (Weinberger and Saull, [2004]) enforce local isometry in a Semidefinite Programming (SDP)
framework.

Another SDP formulation for manifold embedding was introduced by (Sha and Saul, [2005);
their Conformal Eigenmaps conformally maps triangles in each neighborhood, thus succeeding in
preserving angles.

Departing with this work, (Lin and Zhay, |2008) propose a direct approach to global isometry. In
their framework, a reference point p on the manifold is chosen; p will represent the origin of a system
of normal coordinates for the manifold (it is assumed, as usual, that the manifold is covered by a
single chart). Then, shortest paths from p, taken as surrogates for geodesic distances, are mapped
recursively into the normal coordinate system.

Our work is outside this paradigm, but completes it. The Metric Learning method takes the
non-isometric embedding produced by an algorithm such as the above, and augments it with the
explicit Riemannian metric estimate in the coordinate system of the algorithm. It is also evident
that, were an algorithm to output an atlas instead of a single chart, the Metric Learning method
would apply seamlessly to this type of output.

Yet other work has brought to light the limitations of existing ML algorithms in recovering the
geometry. A variety of counterexample are scattered in the literature; for a convenient synopsis we
recommend the software (Wittman, [2005) and the companion paper.

A more theoretical approach comes from (Goldberg et all 2008). They studied the family of
algorithms including LLE, LEM, DFM, HEM, LTSA which compute the coordinates as solutions of a
quadratic optimization subject to “normalization” constraints. They remarked that the algorithms
generally do not produce an isometric mapping, and went on to define “successful recovery” as
recovery up to an affine transformation. They further proved that for d = 2 successful recovery” is
not possible if the manifold aspect ratio is too large. This definition of recovery (Goldberg et al.|
2008)) poses thus a global constraint on the coordinates recovered, equivalent to having a mapping f
that is isometric up to an affine transformation. Thus, our results do not contradict the findings of
this paper, but circumvent them. Note that f can be an embedding rather than a coordinate map,
even though (Goldberg et al., [2008) assumes a coordinate map, and most of the results of (Goldberg
et al., [2008)) will still hold.

8. Experiments

The following experiments on simulated data demonstrate that the METRICLEARN algorithm works
and highlight a few of its immediate applications.
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8.1 g as a Measure of Local Distortion

Our first set of experiments is intended to illustrate the output of the METRICLEARN algorithm.
Figure [3] shows the embedding of a 2D hourglass-shaped manifold. Laplacian Eigenmaps, the em-
bedding algorithm we used (with s = 3) distorts the shape by excessively flattening the top and
bottom. METRICLEARN outputs a s X s quadratic form for each point p € D, represented as ellip-
soids centered at each p. Because d = 2, h has rank 2. Practically, this means that the ellipsoids
are flat along one direction T’ () f (M)*. If the embedding correctly recovered the local geometry,
hy would equal I3|¢(aq), the identity matrix restricted to Ty, f(M): it would define a circle in the
tangent plane of f(M), for each p. We see that this is the case in the girth area of the hourglass,
where the ellipses are circular. Near the top and bottom, the ellipses’ orientation and elongation
points in the direction where the distortion took place and measures the amount of (local) distortion
introduced.

It is important to mention that this distortion is somewhat counterintuitive. The more the space
is compressed, the larger the embedding metric will be so as to make each vector “count for more”.
Inversely, the more the space is stretched, the smaller the embedding metric will be.

We constructed the next example to demonstrate how our method applies to the popular Sculp-
ture Faces dataset. This dataset was introduced by (Tenenbaum et al.| 2000) along with Isomap
as a prototypical example of how to recover a simple low dimensional manifold embedded in a high
dimensional space. Specifically, the dataset consists of n = 698 64 x 64 gray images of faces. The
faces are allowed to vary in three ways: the head can move up and down; the head can move right
to left; and finally the light source can move right to left. With only three degrees of freedom, the
faces define a three-dimensional manifold in the space of all 64 x 64 gray images. In other words,
we have a three-dimensional manifold M embedded in [0, 1]40%.

As expected given its focus on preserving the geodesics distances, the Isomap seems to recover the
simple rectangular geometry of the dataset. LTSA, however, does not perform so well and significant
distortion is present in the corners, where the space is overstrectched (embedding is compressed).
Meanwhile, the Laplacian Eigenmaps peforms the worst in terms of preserving the original geometry.
It is interesting that it is the embedding for which we have theoretical guarantees of consistency
that distorts the space the most. That being said, the theoretical guarantees say nothing about how
distorted the embedding is likely to be.

It is important to stress that, a priori, it is not obvious which one of the embeddings best recovers
the geometry, especially between Isomap and LTSA, since the fact that the parameter spaceﬂ is a
rectangular prism does not guarantee that the resulting manifold will have the exact same shap
Therefore, the Isomap and LTSA could easily be considered equally valid representations of M. In
fact, when LTSA was introduced in (Zhang and Zha, 2004), the authors considered this particular
dataset, and at no point did they suggest that LTSA’s performance was inadequate in comparison
to Isomap. It is truly only by computing h that we can appreciate the distortion induced by LTSA
on this dataset.

Our next example, Figure[5] shows a mostly successful reconstruction of a common example, the
swissroll with a square hole in the middle. This is a popular test dataset because many algorithms
have trouble dealing with its unusual topology. In this case, the LTSA recovers the geometry of the
manifold up to an affine transformation. This is evident from the deformation of the embedding
metric, which is parallel for all points in Figure [5| (b).

One would hope that such an affine transformation of the correct geometry would be easy to
correct; not surprisingly, it is. In fact, we can do more than correct it. For any embedding, there is
a simple transformation that turns the embedding into a local isometry. Obviously, in the case of an
affine transformation, locally isometric implies globally isometric. We describe these transformations

4. Face and light source orientation.
5. Specifically, one would expect M to be a diffeomorphism of the parameter space.
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Original data Embedding with h estimates

Figure 3:

Estimation of h for a 2D hourglass-shaped manifold in 3D space. The embedding is
obtained by Laplacian Eigenmaps. The ellipses attached to each point represent the
embedding metric h estimate for this embedding. At each data point, h, is a 3 x 3
symmetric semi-positive definite matrix of rank 2. Near the “girth” of the hourglass, the
ellipses are round, showing that the local geometry is recovered correctly. Near the top
and bottom of the hourglass, the elongation of the ellipses indicates that distances are
larger along the direction of elongation than the embedding suggests. For clarity, in the
embedding displayed, the manifold was sampled regularly and sparsely. The black edges
show the neigborhood graph G that was used. For all images in this figure, the color code
has no particular meaning.
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Figure 5: (a) Swissroll with a hole in R?. (b) LTSA embedding of the manifold in R? along with
metric.

along with a few two-dimensional examples in the context of data visualization in the following
section.

8.2 Locally Isometric Visualization

Visualizing a manifold in a way that preserves the manifold geometry means obtaining an isometric
embedding of the manifold in 2D or 3D. This is obviously not possible for all manifolds; in particular,
only flat manifolds with intrinsic dimension below 3 can be “correctly visualized” according to this
definition. This problem has been long known in carthography: a wide variety of cartographic
projections of the Earth have been developed to map parts of the 2D sphere onto a plane, and
each aims to preserve a different family of geometric quantities. For example, projections used
for navigational, meteorological or topographic charts focus on maintaining angular relationships
and accurate shapes over small areas; projections used for radio and seismic mapping focus on
maintaining accurate distances from the center of the projection or along given lines; and projections
used to compare the size of countries focus on maintaining accurate relative sizes .

The METRICLEARN algorithm offers a natural way of producing locally isometric embeddings,
and therefore locally correct visualizations for two- or three-dimensional manifolds. The procedure
is based on the transformation of the points that will guarantee that the embedding is the identity
matrix.

Given (f(D),h(D)) Metric Embedding of D

1. Select a point p € D on the manifold

2. Transform coordinates f(p') < hgl/gf(p’) for p" € D

Display D in coordinates f

As mentioned above, the transformation f ensures that the embedding of the new embedding f
is given by h, = I, i.e. the unit matrix at ]El As h varies smoothly on the manifold, h will also

6. Again, to be accurate, hy is the restriction of I5 to Tf(p)f(./\/l).
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be close to I at points near p, and therefore the embedding will be approximately isometric in a
neighborhood of p.
Figures [6] [7] and [§] exemplify this procedure for the Swiss roll with a rectangular hole of Figure

8.3 Estimation of Geodesic Distances

The geodesic distance da(p, p’) between two points p, p’ € M is defined as the length of the shortest
curve from p to p’ along manifold M, which in our example is a half sphere of radius 1. The geodesic
distance d being an intrinsic quantity, it should evidently not change with the parametrization.

We performed the following numerical experiment. First, we sampled n = 1000 points uniformly
on a half sphere. Second, we selected two reference points p,p’ on the half sphere so that their
geodesic distance would be 7/2. We then proceeded to run three manifold learning algorithms on
D, obtaining the Isomap, LTSA and LE embeddings. All the embeddings used the same 10-nearest
neighborhood graph G.

For each embedding, and for the original data, we calculated the naive distance ||f(p) — f(p')|]-
In the case of the original data, this represents the straight line that connects p and p’ and crosses
through the ambient space. For Isomap, ||f(p) — f(p’)|| should be the best estimator of d(p,p’),
since Isomap embeds the data by preserving geodesic distances using MDS. As for LTSA and LE,
this estimator has no particular meaning, since these algorithms are derived from eigenvectors, which
are defined up to a scale factor.

We also considered the graph distance, by which we mean the shortest path between the points
in G, where the distance is given by ||f(¢:) — f(¢:_1)||:

l
do(f (). £() = min{> [1£(a:) = (@il 1 > 1(do = ps s @ov-- a0 = ) path in G}, (22)
=1

Note that although we used the same graph G to generate all the embeddings, the shortest path
between points may be different in each embedding since the distances between nodes will generally
not be preserved.

The graph distance dg is a good approximation for the geodesic distance d in the original data
and in any isometric embedding, as it will closely follow the actual manifold rather then cross in the
ambient space.

Finally, we computed the discrete minimizing geodesic as:

l

dm(f(p), f(P) = min{)_H(gi,qi1), 1> 1, (90 =p, a1, @2, .- @ = p/) path in G} (23)
i=1

where

M) = 5/(7@) — Fa ) (Fla) — flai1))
5 a) = Fla ), (Flai) — o) (24)

is the discrete analog of the path-length formula ([2|) for the Voronoi tesselation of the Spac{] Figure |§|
shows the manifolds that we used in our experiments, and Table [1| displays the calculated distances.

As expected, for the original manifold, ||f(p) — f(p')|| fares poorly. Crossing in the ambient space
necessarily underestimates daq, while dg is a very good approximation of du4, since it follows the

7. By Voronoi tesselation, we mean the partition of the space into sets of points closest to the sampled data points.
If the embedding is assumed to be constant on the sets of the partition, then h will change at equidistant points
between sampled points.
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Figure 6: Locally isometric visualization for the Swiss roll with a rectangular hole, embedded in
d = 2 dimensions by LTSA. Top, left: the LTSA embedding with selected point p (red),
and its neighbors (blue). Top, right: The locally isometric embedding. Middle row, left:
Neighborhood of p for the LTSA embedding. Middle row, right: Neighborhood of p for
the locally isometric embedding. Bottow row, left: procrustes between the neighborhood
of the p for the LTSA embedding and the original manifold projected on T, M. The
procrustes dissimilarity measure is D = 0.30 (standardized sum of squares error). Bottom
row, right: procrustes between the locally isometric embedding and the original manifold.
The procrustes dissimilarity measure is D = 0.02.
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e original e embedding

Figure 7: Locally isometric visualization for the Swiss roll with a rectangular hole, embedded in
d = 2 dimensions by Isomap. Top, left: the Isomap embedding with selected point p (red),
and its neighbors (blue). Top, right: The locally isometric embedding. Middle row, left:
Neighborhood of p for the Isomap embedding. Middle row, right: Neighborhood of p for
the locally isometric embedding. Bottow row, left: procrustes between the neighborhood
of the p for the Isomap embedding and the original manifold projected on T, M. The
procrustes dissimilarity measure is D = 0.21 (standardized sum of squares error). Bottom
row, right: procrustes between the locally isometric embedding and the original manifold.
The procrustes dissimilarity measure is D = 0.06.
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Figure 8: Locally isometric visualization for the Swiss roll with a rectangular hole, embedded in
d = 2 dimensions by Laplacian Eigenmaps. Top, left: the Laplacian Eigenmaps embedding
with selected point p (red), and its neighbors (blue). Top, right: The locally isometric
embedding. Middle row, left: Neighborhood of p for the Laplacian Eigenmaps embedding.
Middle row, right: Neighborhood of p for the locally isometric embedding. Bottow row,
left: procrustes between the neighborhood of the p for the Laplacian Eigenmaps embedding
and the original manifold projected on T, M. The procrustes dissimilarity measure is
D = 0.10 (standardized sum of squares error). Bottom row, right: procrustes between
the locally isometric embedding and the original manifold. The procrustes dissimilarity
measure is D = 0.07.
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Figure 9: Manifold and embeddings (black) used to compute the geodesic distance. Points that
were part of the geodesic, including endpoints, are shown in red, while the path is shown
in black. The LTSA embedding is not shown here: it is very similar to the Isomap. (a)
Original manifold (b) Laplacian Eigenmaps (c) Isomap.

Shortest
Embedding | [|f(p) — f(»')|| | Path dg | Metric d | d Relative Error
Original data 1.41 1.57 1.62 3.0%
Isomap s = 2 1.66 1.75 1.63 3.7%
LTSA s =2 0.07 0.08 1.65 4.8%
LEs=3 0.08 0.08 1.62 3.1%

Table 1: The errors in the last column are with respect to the true distance d = w/2 ~1.5708 .

manifold more closely. Meanwhile, the opposite is true for Isomap. The naive distance ||f(p)— f(p')||
is close to the geodesic by construction, while dg overestimates d since dg > ||f(p) — f(p')|| by the
triangle inequality. Not surprisingly, for LTSA and LE, both these estimates are wrong by nearly
two orders of magnitude. This simply stresses the fact that the estimates ||f(p) — f(p')|| and dg
have no absolute meaning insofar as those algorithms are concerned.

However, the estimates d are quite similar for all embedding algorithms, and they provide a good
approximation for the true geodesic distance. It is interesting to note that d is the best estimate
of the true geodesic distance even for the Isomap, whose focus is specifically to preserve geodesic
distances. In fact, the only estimate that is better than d for any embedding is the graph distance
on the original manifold.

8.4 Volume Estimation

The last set of our experiments demonstrate the use of the Riemannian metric in estimating areas.
We used an experimental procedure similar to the case of geodesic distances, in that we created
a two-dimensional manifold, and selected a set W on it. We then estimated the area of this set
by generating a sample from the manifold, embedding the sample, and computing the area in the
embedding space using a discrete form of .

One extra step is required when computing areas that was optional when computing distances:
we need to construct coordinate chart(s) to represent the area of interest. Indeed, to make sense of
the Euclidean volume element dz' ... dz?, we need to work in R%. Specifically, we resort to the idea
expressed at the end of Section which is to project the embedding on its tangent at the point p
around which we wish to compute da' ... dz?. This tangent plane Ty, f(M) is easily identified from
the SVD of h, and its singular vectors with non-zero singular values. It is then straightforward to
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Figure 10: (a) Manifold along with W, the computed area. (b) Laplacian Eigenmaps embedding
with embedding metric h. (c) A locally isometric coordinate chart constructed from the
Laplacian Eigenmaps along with the Voronoi tessellation. For Figures (b) and (c), the
point at the center of W is in red, the other points in W are in blue and the points not
in W are in green.The sample size is n = 1000.

Embedding | Naive Area of W | Vol(W) | Vol(W) Relative Error
Original data 0.747 0.86 2.5%
Isomap 1.74F 0.83 1.3%
LTSA 8.56e-04 0.86 2.8%
LE 6.37e-041 0.83 0.95%

Table 2: T The naive area/volume estimator is obtained by projecting the manifold or embedding on
TyM and Ty, f(M), respectively. This requires manually specifying the correct tangent
planes, except for LT'SA, which already estimates T, f(M). Similarly to LTSA, \fol(W)
is constructed so that the embedding is automatically projected on Ty (,) f(M). Here, the
true area is ~ 0.8409

use the projection IT of an open neighborhood f(U) of f(p) onto Ty, f(M) to define the coordinate
chart (U,z =1IIo f) around p. Since this is a new chart, we need to recompute the embedding h for
it.

By performing a tessellation of (U,z = Il o f) (we use the Voronoi tesselation for simplicity),

we are now in position to compute Az'...Az? around p and multiply it by y/det (h) to obtain
AVol ~ dVol. Summing over all points of the desired set gives the appropriate estimator:

Vol(W) = Y /det (hy) Az’ (p) ... Aa(p). (25)

peW

Here, the estimator \fol(W) performs better than the naive estimator, i.e. projecting on the
tangent plane and obtaining the area from the Voronoi tessellation, for all embeddings. In fact,
based on the relative error, Vol(W) seem to perform better than the estimator of distances d.
Surprisingly, \fol(W) performs better than the naive estimator used on the original data. This is
probably due to the fact that a fair amount of distortion is induced by projecting the manifold on
T¢(p)f(M) and only through the embedding metric can this distortion be accounted for.
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9. Discussion

Significance Our work departs from the standard manifold learning paradigm: instead of focusing
on finding an embedding that preserves as much as possible of the original data geometry, we augment
any embedding with the appropriate metric that ensures its faithfulness to the original geometry.

Our method essentially frees users to select their preferred embedding algorithm based on con-
siderations unrelated to the geometric recovery; the metric learning algorithm then obtains the
Riemannian metric corresponding to these coordinates. Once these are obtained, the distances,
angles, and other geometric quantities can be estimated in the embedded manifold by standard
manifold calculus. These quantities will preserve their values from the original dataEI and are thus
embedding-invariant in the limit of n — oc.

In essence, while existing manifold learning algorithms, when faced with the impossibility of
mapping curved manifolds to Euclidean space, choose to focus on distances, angles, or specific prop-
erties of local neighborhoods and thereby settle for trade-offs, our method allows for dimensionality
reduction without sacrificing any of these data properties. Of course, this entails recovering and
storing more information than the coordinates alone. The information stored under the Metric
Learning algorithm is of order s2 per point, while the coordinates only require s values per point.

Metric Learning also has other implications for the field of manifold learning. As our experiments
with geodesic distances show, one can now obtain comparable distance estimates from methods
designed to preserve distances, like Isomap, as well as from other methods, like the Laplacian
Eigenmap. Hence, one could use the faster LE method instead of the slower Isomap and still
preserve the geodesic distances. This is only an example of the many new possibilities and research
questions that our method introduces. We will expand on some of them in the following paragraphs.

Each manifold learning algorithm produces its own coordinate system. Hence, it is not easy to
compare (or align) outputs of different algorithms other than by visual inspection. This drawback
has been highlighted in the literature by (Lin and Zhal [2008), among others. Our method addresses
this drawback by granting access to intrinsic, coordinate invariant manifold properties through the
estimate of the Riemannian metric, and allowing for the comparison of various algorithms based on
these intrinsic quantities. For example, one can quantitatively compare geodesic distance estimates
from different algorithms to find which one converges faster or is less sensitive to noise. Thus, by
augmenting each algorithm with its Riemannian (pushforward) metric, we have provided a way to
unify their outputs.

Moreover, our method eliminates the need for users to base their choice of embedding algorithm
on the algorithm’s capacity to preserve the geometry of the data: any algorithm can be made
to preserve that geometry, so more emphasis can be put on other considerations, such as ease of
implementation, running time, flexibility, rates of convergence, or other problem-specific properties
of interest. In this way, Metric Learning has the capacity to fundamentally change the way non-linear
dimension reduction is carried out in practice.

Extensions In the next few paragraphs, we discuss the possibility of extending Metric Learning
to multiple dimension choices, multiple charts, and noisy data.

In practice, the embedding dimension s is often not given, and is larger than d. In such situations,
one tests a range of values of s, and proceeds to choose an optimal one. This is typical of re-
normalized Laplacian embedding algorithms like LE and DM, which do not assume that s = d. For
these algorithms, the embedding coordinates correspond to eigenvectors of a given matrix, so it is
practical to obtain a whole range of embeddings with dimensions between d and sMAX by solving
a single eigenproblem for sMAX eigenvectors. Thus, embeddings of higher dimensions are obtained
by adding new eigenvectors to embeddings of lower dimension. It is easy to see that the hf pseudo-
inverse metric can also be obtained incrementally, by simply applying to the new coordinate

8. This is true in the absence of noise. See the following paragraphs for a discussion of noisy manifold data.
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vector pairs. The previously computed elements of hf will remain the same. Recursively updating
a s x s pseudoinverse is O(s?) per added dimension (Harville, 1997).

Another potential extension relates to noise in the data. Indeed, the original data often lies near
a manifold, but not exactly on it. We call this case noisy. We do not have theoretical results about
the behavior of the Riemannian metric estimate among noisy data; however, empirically, it has been
observed that manifold learning with noisy data has a smoothing effect, bringing the data near the
embedding of the noiseless manifold. Indeed, our own preliminary experiments, indicate that metric
learning is tolerant of noise. In fact, the estimates from noisy data, for low noise, are usually as
close to the true distance as the estimates from zero-noise data.

Until now, we have implicitly worked under the assumption that original geometry of data is
important for the analysis. However, not everyone agrees that the original geometry is interesting
in of itself and that it should be discarded in favor of a new geometry that better highlights the
important features of the data. For example, clustering algorithms stress the importance increasing
the dissimilarity (distance) between different classes regardless of what the original geometry dic-
tates. This is in fact one of the arguments advanced by (Nadler et al.l 2006 in support of spectral
clustering which pulls points towards regions of high density.

Even in situations where the new geometry is considered more important, however, understand-
ing the relationship between the original and the new geometry using Metric Learning - and, in
particular, the pullback metric - could be of value and offer further insight. Indeed, while we ex-
plained in Section |8 how the embedding metric i can be used to infer how the original geometry
was affected by the map f, we note at this juncture that the pullback metric, i.e. the geometry
of (f(M),ds) pulled back to M by the map f, can offer interesting insight into the effect of the
transformation/ embeddingﬂ In fact, this idea has already been considered by (Burges| [{1999) in the
case of kernel methods where one can compute the pullback metric directly from the definition of
the kernel used. In the framework of Metric Learning, this can be extended to any transformation
of the data that defines an embedding.
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10. Appendix
Lot f—Lns, foll 20 and||fn— fll, 2 0 with f,g €

C3 (M) and M compact, then HAMfg — EAnytn fngn 20 if ﬁn’tn takes the form

Lemma 15 If both f, and g, satisfy ‘

n

ﬁn,tng (I) = Z hn(I7Xl) (g(l?) - g(Xl)) 5

=1

for some positive kernel h,(x,y).

Proof
HAMfg_ﬁn,tnfngn o S ‘ ﬁn,tn (fg_fngn) ‘OOJ'_O;D (1)

S ‘ ﬁn,tng(fffn) oo+‘ ﬁn,tnfn (gfgn) ‘oo

So the first term to control is

Lo G0 = FD @] < [ halar, X0) (000) ((F — Fu) @) ~ (7 - f@(&-)))’
i=1
|2 (@, X3) (9(2) = 9(X0) (f = fu) (X)
< Ng@)lle [£ntn (F = fa) (@)]

1S = fallo [t (9)@)] -

ﬁn,tng (f - fn)

Taking the sup over the sampled points on both sides we get ’ ‘ % 0. Similarly,
(oo}

Lot (o= 92) ()] =[S e, X0) () (9 = 90)&) — (9 - gnxxz-)))‘
=1

+

Z hon(, Xi) (fn(2) — fn(X3)) (9 — gn)(Xi)

IN

Lot (9= g0) (@)

En,tn fn .

fnllo

+11gn — 9ll o

ﬁn,tnfn (g - gn)

Again, taking the sup over the sampled points on both sides implies ‘ ) 20 as
oo

required.
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