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ABSTRACT The gravity inverse problem is the problem of finding the

We address the problem of identifying underground anomamass distributiorp from measurements of the gravitational

lies (e.g holes) based on gravity measurements.Our agproatorceG given in (1). Sometimes, only measurements of some

makes general assumptions about the shape of the hole, €égmponents of the spatial gradient@fare available, as in

that it can described by few wavelet coefficients. Such as(2).

sumptions are known under the namespfarsity assump- G(r) = —G/ p(r') 3 1)

tions Based on the recently developed compressed sensing [Ir

(CS) methodology we output an estimate mass density over , "o "o

the whole domain of interest in one global optimization step (G, — Gy, )(r) = 3G/p(r M =2 =y =y)]

Our algorithms performance is promising on medium scale

problems, even though the theoretical assumptions underly p(r')(
Gay(r) = 3G/

2 =)y —y') 5, 3)

ing CS do not hold for gravity problems of this kind.

Index Terms— Gravimetry, Compressed sensing In practice, the unknown mass density is represented in some

discretized form (e.g volume elements, 3D wavelets). For
1. APROBLEM: DISCOVERING UNDERGROUND simplicity, assume that is the mass of voxed = (z,y, z)
FEATURES of the domainV/, containing a total of=| = p unknown
: ) _masses. The measurement vectof isvith n elements (3
This paper sets forth a novel approach for solving geodpatig g ments per location if’ representss and 2 if T’ represents
inversion problems using cutting edge techniques fronisstat o gradients of?). Because of superposition, the relation be-

tics. Assume for instance that we want to obtain the mass defjeen the measurements and the masses is linear with a noise

sity function in a given domain of interest from gravitatn o 7 — Mjeme + & with j = 1 : n andé; the
' . s 1Ty = Yeez M, j =1: J
field measurements on the boundary of that domain. This is g,ise accounting for measurement noise, discretization error,

well-studied and difficult problem. In all except a few s@dci .. |n a realistic settings, the number of mass elementan
cases, the inverse problem has multiple solutions, and addi, larger tham, the number of measurementslence, the
tional constraints (physical, or problem related) are méldd gy g10m of linear equations above is often underdetermined.
regularize it and to select a single, plausible solution [1] 5 task is to find the zeros of the mass vector. This problem
In this paper we take a different slant on the problem: inyg seemingly easier, but it still can have multiple solusid2i.
stead of seeking a complete description of the mass density
p(z,y, z) inside the domain of intere3t, we will try to es-
timate only certain spatial features of the density. In poin

we assume that discrete gravimetric measurements are taken

on the ground, and we set out to map the near surface hole':'.rSt we app!y some simple preprocessing transformations t
We make one fundamental assumption: that the features e data, which can be termed “substracting the background”

be detected, i.e. the holes, are described by a small numb £ tlh_e effect of any known mass on the measurement). The
of parameters in the given representation. From an informd£sulting systemis t = MO+e (4)

tion p.o.v we seek an answer that can be represented with & o, € R" is the residual measuremefite R? contains
small number of bits, assuming that one exists. In this casgua ynknown parameters (eflg = m — me), M € R™P

we show experimentally that the problem has a unique solyz the measurement matrix,is the vector of residuals and
tion, which can be obtained by a class of algorithms knowr), _ ». Now our task is to find théarge componentsf 6.

ascompressed sensirgs). The compressed sensing theory of [3] refers tosgherse
Research supported by NURI grant HM1582-06-1-2035 (approximate) solutionsf (4). CS theory shows that when

2. ACOMPRESSED SENSING APPROACH




the colums of\/ satisfy some near-orthogonality constraints,
the noises; is independent, and there is a spdrselutiond*,
then the elements &f above the noise level can be recovered

bya5|m_ple linear program (LP). ) Given: ¢ € R™ measurement vectof; € R"*P measure-
Applied to our problem, the theorems above require thata ment matrix, average mass and mass spatial covari-
the hole occupies relatively few of the volume elements, tha ance function

the noise level is bounded. Both these conditions are often .
satisfied in real problems. The conditions referring to the”"€Processing B _
measurement matrik/, however, are generally not satisfyied 1. Choose a sparsifying transforso thatp = A6 with

Table 1. The HoLE DETECTION BY COMPRESSEDSENS-
ING Algorithm.

in real world setting$. 0 sparse. (E.gl = identity, Haar wavelet)

Another requirement is that the noise valugsire inde- 2. C «— CArecompute measurement matrix
pendent. This requirement can be satisfied only if the ground 3. calculate variance of compound noise’ = tolerance
density is a constant antl represents the density, with no 5

sparsifying transform. Otherwise, the variations of theugnd B
dgnsig/yangd the transform introduce error correlation. 4. Substract background«— CA1p — ¢
The above considerations show that the theoretical resulfgparse solution
of [3] rarely, if ever, apply to our problem. In spite of this, 5. Solve the compressed sensing LP obtain solution
we have mo_dnﬁed and adapted t.he CS algorithm in a way thaf—’ostprocessing
works surprisingly well in a variety of hole detection siua . B 14
tions. 6. Reconstructdensity=p+ A~'6
The algorithm requires only an estimate W6fir(c) be- 7. Threshold and filter to detect the holes
sidest and M and works for arbitrary hole shapes and posi-
tions. Note that the algorithm’s goal is solely to map theshol
not to estimate the mass density. Hence, although the algshown in Figure 1a, b.
rithm outputs a mass estimate for each voxel, the values that Figure 1,d shows the algorithm’s output foBax. The
are not below the hole threshold should not be trusted. Eigurblue line is the estimated mass for each véxelThis is
1,d shows an instance of the algorithm’s output. thresholded and values lower than the threshold are marked
Our algorithm is described in Table 1. as “hole”. These are shown in green. The true hole voxels
are marked with red on the brown curve representing the true
mass. Note that imposing sparsity on the result makes the
mass estimate be 0 at most locations. One can also see that
Obtaining gravimetric field dataith ground truthis expen- with a different threshold, many of the currdtatise Positives

sive and difficult. Therefore, we present experiments on sim(FP) could have been corrected. Therefore, we are currently
ulated data working on an improved thresholding algorithm.

We artificially generate a measurement representing the. Figure 1,c shows the spatial reconstruction of Bu,
gravity gradient§ G, — Gyy, Gay) at75 — n/2 locations with the hole voxels in gray. The true hole is completely cov-
atzo — 0.5 above 2 volumé” of ;y: 16 % 16 = 16 — 4006 €red, butthere are many FP's outside. This is partly anteffec

voxels. The volume contains eitherBox hole or aTun-  ©f the wavelet transform, which will mark whole regions as
nel h(;le TheBox is ah — 4 x 2 x 3 — 24 voxel box,  nole” and “full” rather than individual voxels. One can als

placed randomly at different locations in the volume. Thenotice that theX, Y localization of the hole, computed as the
,Y mean of the hole voxels, is relatively good, but the

(z,y, z) location of the box is considered to be that of the bo RN L . !
ocalization is poor. This is typical of all our experiments

center. TheTunnel is a tunnel parallel to th& axis, with _ R
cross-section oft x 3 voxels; thush — 192. The ground Figure 2a,c shows( for an example localization errors
density is set at 1 with i.i.d noise uniformly distributed in for Box andTunnel on all 20 runs foe = 4, ¢ = 0.2. Inall
[—0/2, o/2]. We ran experiments Withsoy, Zrumel = 3, 4, 5 but 1 cases the error is within 1 unit from the truth. Results
ando = 0.1, 0.2 0.4. Most ground densities have a relative have little sensitivity tar, but they degrade with depth, and a
hole under = 6 can rarely be detected. The results are more

range of variablility comparable to or lower than these galu X .
We used the Haar wavelet transform on the data and for ea@fcurate forfunnel, suggesting that a hole with more volume
may be more detectable. Figure 2b, d show voxel level error

of theBox andTunnel and each parameter setting we gener- tes. Th te is defined w.r t fha |
ated 20 problem instances.Boxand aTunnel example are rates. The errorrate Is detined w.r. € voiume

3. EXPERIMENTS

# undetected hole voxels<

1sparsity ofg is defined alternatively by smalnorm, for somé < 1 or FN = > (5)
. ; # hole voxels
by 6 having few non-zero entries.

2This can be seen by noting that two adjacent columns of M carehe 3Because of substracting the background the average masetests

close to each other shifted to 0.
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Fig. 1. Examples of BoxXa) and Tunnelb), a Box reconstruction and true hole superimposedd the result of the HDCS
Algorithm compared to the truth: true mass (brown), reanreséd mass (blue), true hole voxels (red), and estimatésl ho

voxels (green).
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Fig. 2. X Localization, false positive (FP) and false negative (FNgs for a box hole of sizéx 2 x 3 (left) and a tunnel hole
of size4 x 3 units (right). The holes are placed in rand@émy) positions, at depth = 4 from the surface; noise level= 0.2.

Table 2. Hole detection probabilities for a toy example (left) ahdBox described in text (right) estimated from 100 random

runs, 50 containing a box and 50 containing no hole. The eam@ estimated from the valid runs only.

Toy example Large example
o =04, h=24,n=234, p= 4096
False Misses  Valid
0 0, 0,
0%5 ala(;nisz 4l g) rugi % False Misses Valid
' ' depthz alarms % % runs%
0.10 0.11 0 89
3 0.08 0 95
0.20 0.08 0 85
4 0.03 0 83
0.30 0.10 0 88 5 0.05 017 86
0.40 0.13 0 84 ' '
0.80 0.16 0 81




# falsely detected voxels
# hole voxels

hence the FP rate can be larger than 1. The FN rate is very
good, while the FP rate is relatively large.

We also ran a set of detection experiments. In these, 50
problem instances containind@®x in a random position and
50 instances containing no hole were generated. The results
are shown in Table 2 along with results from a similar but
much smaller experiment, havipg= 180, h = 24, n = 24
and random. Some runs did not terminate with convergence
of the LP solver, and those were labeledalid. The error
ratesFalse alarm i.e detection of an inexisting hole and fail-
ing to detect, i.eMissingand existing hole, were computed
only on thevalid runs. One again notes the robustness to the
noise level (in the toy case). Therefore, in the second case,
we ran the experiments only for the largest.4. The results
also seem robust to the size of the problem, but there are sign
of degradation with the depth

FP =

4. DISCUSSION

The approach presented here is extremely versatile. It can
be immediately adapted to other types of gravimetric instru
ments, other types of fields (e.g magnetic), and to other fea-
tures than holes. In fact, our algorithm can robustly detagt
feature that can be represented by a superposition of nthtche
linear filters.

In the current experiments, we have mawbephysical as-
sumptions about the daxcept for sparsity. This is one of
the great strengths of compressed sensing. However, isis po
sible to further improve performance by incorporating phys
cal knowledge, and this is our current objective.

We are not aware of any solution to hole detection that
imposeso shape constraintsn the hole. The vast majority
of CS applications rely on a user-designed measurement ma-
trix M (this is the case in data compression), on very large
values ofp (at leastl0%), and on much larget/h ratios (here
h is the number of non-zero parameters, i.e the number of
hole voxels). In contrast, ou¥/ is given by the geometry of
the problem, and the experiments are pushing the envelope of
CS algorithms far beyond anything we have encountered (we
successfuly mapped “tunnels” witty h = 24/30 < 1). This
is a powerful new tool for a variety of detection problems.
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