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Prediction problems

Linear regression

Linear regression for non-linear f

Reading: Ch.
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Prediction

I Data D = {(x1, y1
), (x2, y2

), . . . (xn, yn
)}

I Inputs x1:n 2 R, or Rd

I Outputs y1:n

I Goal Learn/estimate f (x) predictor for y

I By type of output

I Classification if y 2 SY discrete

I y 2 {0, 1} (or {±1}) binary classification

I y 2 {1, 2, . . .m} multiclass classification

I Regression if y 2 R continuous

I Model family F = {f✓ : Rd ! SY , ✓ 2 ⇥}
I F = { linear functions } linear regression/classification

I F = { polynomes of degree 2, 3, . . .} polynomial regression/classification

I F = { 1

1+e��T x+�0

} logistic regression

I neural network regression/classification

I kernel regression/classification

I F = { monotonic functions } isotonic regression

I support vector regression/classification

I regression/classification trees (and random forests)
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Linear regression

Model

I y i
= �0 + �1xi + ✏i for x1:n 2 R (univariate regression)

I y i
= �0 + �1xi1 + �2xi2 + . . .�dxid + ✏i for x1:n 2 Rd

(multivariate regression)

y 2 R is output/response

x1:nj for j = 1 : d are input(s)/covariates/features/attributes/. . .

�1:d are regression coe�cients, �0 is intercept

✏1:n 2 R is noise, ✏1:n ⇠ N(0,�2
) i.i.d.
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Linear regression model in matrix form

For a single data point (xi , y i
)

� =

2

664

�1

�2

. . .
�d

3

775 2 Rd xi =

2

664

xi
1

xi
2

. . .
xid

3

775 2 Rd
(1)

Then,

y i
= �0 + (xi )T� + ✏i (2)

For all D

y =

2

664

y1

y2

. . .
yn

3

775 2 Rn
X =

2

664

(x1)T

(x2)T

. . .
(xn)T

3

775 2 Rn⇥d ✏ =

2

664

✏1

✏2

. . .
✏n

3

775 (3)

y = �01 + X� + ✏ with Cov(✏) = �2Id (4)
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Solution by Maximum Likelihood

I Likelihood Probability y |X, parameters

I Parameters �0,�1:d ,�2

I �ML
0

,�ML
1:d , (�

2
)
ML

= argmax
�0,�1:d ,�

2
l(y |X, �0,�1:d ,�2

)
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The (log)-likelihood

I What is random? the noise ✏1:n

I Express noise as function of (x1:n, y1:n
)

✏i = y i � �0 � �T xi ⇠ N(0,�2
) (5)

I Likelihood

I Let p
0,�2 (✏) = 1

�
p

2⇡
e
� ✏2

2�2 = N(✏; 0,�2
)

I Then

L(�0,�1:d ,�
2
) =

nY

i=1

p
0,�2 (✏i ) (6)

=

nY

i=1

1

�
p
2⇡

e
� (✏i )2

2�2 (7)

=

nY

i=1

1

�
p
2⇡

e
� (yi��0��T xi )2

2�2 (8)

I log-likelihood

l(�0,�1:d ,�
2
) = (9)

=

nX

i=1

⇢
�
1

2
ln�2 �

1

2
ln(2⇡)�

1

2

⇣
y i � �0 � �T xi

⌘
2 1

2�2

�
(10)

= �
n

2
ln�2 �

1

2
ln(2⇡) + constant�

1

2�2

nX

i=1

⇣
y i � �0 � �T xi

⌘
2

(11)
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Maximizing the log-likelihood w.r.t �

I For simplicity, let �0 = 0; hence y i
= �T xi + ✏i

I log-likelihood

l(�1:d ,�
2
) = �

n

2
ln�2 �

1

2�2

nX

i=1

⇣
y i � �0 � �T xi

⌘
2

+ constant (12)

I For any �2
,

argmax
�

l(�2,�) = argmin
�

nX

i=1

⇣
y i � �0 � �T xi

⌘
2

(13)

a Least Squares Problem

I In matrix form min� ky � X�k2
I Solution

�ML
= (X

T
X)

�1
X
T y (14)

with (X
T
X)

�1
X
T ⌘ X

†
the pseudoinverse of X

I �ML
is linear in y !
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Statistical properties of �ML

I Assume the true model is y i
= �T xi + ✏i with ✏ ⇠ N(0,�2

).

I Here �,�2
are true parameters and we assume we know them.

I
I �ML

is a random variable. Let us calculate its mean and standard deviation.

I Expectation of �ML

E [�ML
] = E [X †y ] = E [X

†
(X� + ✏)] (15)

= E [X
†
X]� + E [X †✏)] (16)

= X
†
X|{z}

Id

� + X † E [✏)]
| {z }

0

= � (17)

Hence, E [�ML
] = � and we say that �ML

is unbiased

I Covariance of �ML

I By a similar (but longer) calculation, we obtain that

Cov(�ML
) = �2

(XX
T
)
�1 2 Rd⇥d

(18)

I In fact, �ML
has a Normal distribution. Remember from (15)

�ML
= � + X †✏. (19)

This is a linear transformation of ✏, a Gaussian variable. Therefore,

�ML ⇠ N(�,�2
(XX

T
). (20)

I This is a multivariate Normal distribution over Rd
,
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Estimation of �2

I Let ✏̂i = y i � (xi )T�ML
, for i = 1 : n

I ✏̂i called the residuals

I If we plug in �ML
in the log-likelihood equation (12) we obtain

l(�2,�ML
) = �

n

2
ln�2 �

1

2�2

nX

i=1

(✏̂i )2 + constant (21)

I Maximizing this expression w.r.t. �2
gives

(�2
)
ML

=
1

n

nX

i=1

(✏̂i )2 (22)

I The predictor is f (x) = xT�ML

I Hence, for a new x 2 Rd
, our guess of y is ŷ = f (x)
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Double Descent 
 
Beyond the Bias-
Variance trade-off 
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What is observed 

n  Classical regime p < N 

n  Modern/Deep Learning/High dimensional regime N > n 
n  Think N fixed, p increases,  gamma=p/N 
n  Training error = 0 (interpolation) 
n  Test error decreases with p (or gamma) 

Double descent 
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Belkin, Hsu, Ma, Mandal 2018 
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What is observed 

n  Double descent curves for the generalization error  
n  Random Fourier Features (RFF)  
n  ReLU 2 layer networks (with random first layer weights) 
n  Random Forests, l2-Adaboost 
n  Linear regression 

n  With and without noise 

Belkin, Hsu, Ma, Mandal 2018 




