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Definitions and setup

We will look at estimating categorical distributions from samples, when the number of
outcomes m is large.

> Let S = {1,...m} be the sample space, and P = (01, ...0m,) a distribution over S.

» We draw n independent samples from P, obtaining the data set D

> Define the counts {n; = #;j appears in D, i =1,...n}. The counts are also called
sufficient statistics or histogram.

» Define the fingerprint (or histogram of histogram) of D as the counts of the counts, i.e
{ r« = #countsn; = k, for k =0,1,2...}
Example m = 26 alphabet letters

Data Counts n; Fingerprint ry
nj=0:a,b,g,j,1,m,n, rn=12=|{a,b,g,...,y,2}|
the red fox is quick Efi’f_’y’;f - . n i;2,: |{c?d,f,h,.,,,u,x}|
n = 16 letters j=1:c,d,f,h,k,0,q,r,5,%,u,x rn=2=|{e,i}|
nj=2:e,i B=...rm=
2 nj=0:a,b,c...,x,z n=26—-6—1—-1—1=17
] nj=1:f,i,n,r,t,w n=6=|{f,i,n,r,t,w}|
3 ho ho who s on first nj=2:s rn=1=|{s}|
H n =15 letters nj=3:h r3 =1 = |{h}|
g nj=4:o0 rp=1=|{o}]
2
% > It is easy to verify that nj € 0: n, hence ro., may be non-zero (but roy1,n12,... = 0), and
8 that
2 m=r+n+...p, n=0Xnrn+lxn+...kxXr+... (1)
<
E




. = sawmply size
Smoothing on an example -] .
(o= { a¥e ‘w = algnangt Se =3\
O ofthrwie
P the counts {n; = #j appears in D, i = 1,...n} (or sufficient statistics or histogram)

P fingerprint (or histogram of histogram) of D as the counts of the counts _ C
{ r« = #countsn; = k, for k =0,1,2...},and Ry = {j, nj =k, } W\."‘ "t 0

Example. m = 26-alphabet letters ‘T ‘l u,“ohs
Data Counts n; Fingerprint r, OS
nj=0:a,b,g,j,1,m,n, =12 = |{a,b,g,...,y,2z}|
. . PyV,W,¥,2Z rn =12 = |{c,d,f,h,...,u,x}|
< the red fox is quick P N :
% — 16 letters nj71.c,?,f,h,k,o,q,r,s,t,u,x ni=2=|{e,i}|
C__._. nj=2:e,i nl=...n=0
w=0 wj >0 £= et

| (o) nje-v\;mm @W<(VX{’M ‘
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Smoothing on an example

P the counts {n; = #;j appears in D, i = 1,...n} (or sufficient statistics or histogram)
P fingerprint (or histogram of histogram) of D as the counts of the counts
{ r« = #countsn; = k, for k =0,1,2...},and Ry = {j, nj =k, }

Example m = 26 alphabet letters

Data Counts n; Fingerprint ry
nj=0:a,b,g,j,1,m,n, rn=12=|{a,b,g,...,y,2}|
the red fox is quick P,V,W,y,2 n =12=|{c,d,f,h,...,u,x}|
n = 16 letters nj=1:,d,f,h,k,0,q,r,s,t,u,x rn=2=[{e,i}
— nj=2:e,i r=...r,=20
\

W =0
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Smoothing on an example

P the counts {n; = #;j appears in D, i = 1,...n} (or sufficient statistics or histogram)
P fingerprint (or histogram of histogram) of D as the counts of the counts
{ r« = #countsn; = k, for k =0,1,2...},and Ry = {j, nj =k, }

Example m = 26 alphabet letters

Data Counts n; Fingerprint ry
nj=0:a,b,g,j,1,m,n, rn=12=|{a,b,g,...,y,2}|
. . P,V,W,¥,2 n =12 = |{c,d,f,h,...,u,x}|
the red fox is quick — 5 .
n = 16 letters nj=Llic,d,f,h.k,0,q,1,s,t,u,x rp=2=|{e,i}|
nj=2:e,i wni=1 rn=...n=20

\ =X rEwmneT A6-0=l
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Lecture Notes IV — Continuous distributions. Parametric density

estimation.
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CDF and PDF. Samplin
DF 2nd POF, Samping o

Examples of continuous distributions e_
ML estimation for continuous distributions e
ML estimation by gradient ascent

Reading: Ch.5, 6



CDF and PDF refresher 2. S= (Cl\b)

S C_ 00, 00.) o umwML Cumulatlve distribution funcnon

Cumulative distribution )
function (CDF) J
A0, K| OF y
Foo = pix < Sk C =F(x)
— 1. F > 0 positivity. ch - 5_0: 'Z ; B0 100
- 2. lim F=0 = ¢ (_‘01 Probability density function
e 0.1
- 3 xli>rgoF:1 :Pr‘(—wlb)‘_l Al
> 4. F is an increasing function 0.05 | ‘\‘
Probability density [function] ' ,f
(PDF)
e ,J -
™ @) _foo 50 0 50 100

P(a.b) = Pla.b] = F(b)-F(a Fa) / F(x)dx = Fb)=F@)

normalization condition

/wf(x)dx -1 @
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CDF and PDF refresher

Cumulative distribution function

| S
Cumulative distribution
function (CDF) 05

Fx) = PIX<x (1)

~ A

1. F > 0 positivity. oo 50 0 50 100
2. lim F=0 Probability density function

X— — o0 0.1
3. 1im F=1
X—» 00
4. F is an increasing function 0.05
Probability /density, [function]
(PDF)
dF
f= 2 ~foo 100
Ix
b
P(a,b) = Pla,b] = F(b)—F(a) = / F(x)dx omla = 1
— e— a

. . e (3)
normallzat:n condition ¢ Cq \(O>
- f(x)dx = 1| (4) areo. D J
i . uwnwdeC

- Fo0Z0 focall x5
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Examples of continuous distributions

7777/_

ly #

777777

Fi = {upa,p, a < b} uniform ) . X
= ®) | b 5
o _ [ & xels combdl & a K h{
(xia,b) = { 0, otherwise orea= A “\g}
—_— (6) - a
Fa = {N(;p,o%)} norm(a7|) W\‘ !
x—u)? .
f(x; p, 0'2) = \;276_( Za%) M“k%\ .—00|®3
® 2 d = 0
F(x;a,b) = [pperrary a>0 logistic SC— *
—ax—b ©) ~-< >
f(x;a, b) = ﬂieefax—b)? .?0(‘ 0-“'3
(10)

F {oas ?mmgw_s a b,



Examples of continuous distributions (,fol )

Normal - JL= maan Pammdafs Lor T2
% van’amca;o

0.4

Fi = {upy, a< b} uniform
. (5) y
H = b—a’ x € [37 b] i
flxia.b) = { 0, otherwise iy Sau T
(6)
F2 = {N(';H,Uz)} normal o
(7) .
2 1 Gew? D I
flxip,0%) = a\/ﬁe 20 e s IU-3
(8) —— /\
1
F(x;a,b) = , a>0 logistic 15 |
1+ e—ax—b | T/ |
© ' [
—ax—b
ae \
f(x;a,b) = —— " / Gy «
(1 + e—ax—b)z | %/ %
(10) b — // n 1:[
5 -4 -3 -2 1 1 2 N




Examples of continuous distributions

Fi = {upa,p, a < b} uniform

. (5)
) -~ =5, X E€Jab]
flxia,b) = { 0, " otherwise
(6)
Fa = {N(;p, 0%} normal
(M)
" 2) 1 ew?
X, 0) = e 2
" oV2n
(8)
1 S
F(x;a,b) = [pperrary a >0 logistic
E)
ae” ¥~
f(x;ia,b) = Tte by
(10)

v

QL1

Xy0 = F(x)=>4
x->~°° %F(\&)%O

¥ (’*3 = '\"?K_X)
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Examples of continuous distributions

«q\\
Fi = {upa,p, a < b} uniform
1 ®) rd
) -~ =5, X E€Jab]
flxia,b) = { 0, " otherwise
(6)
Fa = {N(;p, 0%} normal
(7) N
o a1 b e
T, 00) = e 2
(i 1:.0%) oV2m [ %
(8)
F(x;a,b) = [pperrary a >0 logistic £
C) \
ae” ¥~
f(x;ia,b) = Tte by
(10)

£x)= $6x) for a=1,70 ]
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ML estimation for continuous distributions
Lilatihoof of © Flc
L@)=T £(%]0)
= P [8) Jor S discrete
log - Cikeli 1008
Max /kaM fnm"&
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