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Definitions and setup

We will look at estimating categorical distributions from samples, when the number of
outcomes m is large.

I Let S = {1, . . .m} be the sample space, and P = (✓1, . . . ✓m) a distribution over S .
I We draw n independent samples from P, obtaining the data set D
I Define the counts {nj = #j appears in D, i = 1, . . . n}. The counts are also called

su�cient statistics or histogram.
I Define the fingerprint (or histogram of histogram) of D as the counts of the counts, i.e

{ rk = #counts nj = k, for k = 0, 1, 2 . . .}
Example m = 26 alphabet letters
Data Counts ni Fingerprint rk

the red fox is quick
n = 16 letters

nj =0:a,b,g,j,l,m,n,
p,v,w,y,z
nj =1:c,d,f,h,k,o,q,r,s,t,u,x
nj =2:e,i

r0 = 12 = |{a,b,g,...,y,z}|
r1 = 12 = |{c,d,f,h,...,u,x}|
r2 = 2 = |{e,i}|
r3 = . . . rn = 0

ho ho who s on first
n = 15 letters

nj = 0 : a,b,c...,x,z
nj = 1 : f,i,n,r,t,w
nj = 2 : s
nj = 3 : h
nj = 4 : o

r0 = 26 � 6 � 1 � 1 � 1 = 17
r1 = 6 = |{f,i,n,r,t,w}|
r2 = 1 = |{s}|
r3 = 1 = |{h}|
r4 = 1 = |{o}|

I It is easy to verify that nj 2 0 : n, hence r0:n may be non-zero (but rn+1,n+2,... = 0), and
that

m = r0 + r1 + . . . rn n = 0⇥ r0 + 1⇥ r1 + . . . k ⇥ rk + . . . (1)
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Smoothing on an example

I the counts {nj = #j appears in D, i = 1, . . . n} (or su�cient statistics or histogram)
I fingerprint (or histogram of histogram) of D as the counts of the counts

{ rk = #counts nj = k, for k = 0, 1, 2 . . .}, and Rk = { j, nj = k, }
Example m = 26 alphabet letters
Data Counts ni Fingerprint rk
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Lecture Notes IV – Continuous distributions. Parametric density
estimation.
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CDF and PDF. Sampling

Examples of continuous distributions

ML estimation for continuous distributions

ML estimation by gradient ascent

Reading: Ch.5, 6
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CDF and PDF refresher

Cumulative distribution
function (CDF)

F (x) = P[X  x] (1)

1. F � 0 positivity.

2. lim
x!�1

F = 0

3. lim
x!1

F = 1

4. F is an increasing function

Probability density [function]
(PDF)

f =
dF

dx
(2)

P(a, b) = P[a, b] = F (b)�F (a) =

Z b

a
f (x)dx

(3)
normalization condition

Z 1

�1
f (x)dx = 1 (4)
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Examples of continuous distributions

F1 = {u[a,b], a < b} uniform
(5)

f (x ; a, b) =

⇢
1

b�a , x 2 [a, b]
0, otherwise

(6)

F2 = {N(.;µ,�2)} normal
(7)

f (x ;µ,�2) =
1

�
p
2⇡

e
� (x�µ)2

2�2

(8)

F (x ; a, b) =
1

1 + e�ax�b
, a > 0 logistic

(9)

f (x ; a, b) =
ae�ax�b

(1 + e�ax�b)2

(10)
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ML estimation for continuous distributions
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ML estimation for continuous distributions




