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Prediction problems &

Linear regression <_"

Linear regression for non-linear f

Reading: Ch.
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Prediction

> Data D = {(x",y!), (x*,y%),... (x",y")}
» Inputs x1" € R, or RY
» Outputs yb"

» Goal Learn/estimate f(x) predictor for y

v

By type of output

» Classification if y € Sy discrete
> y € {0,1} (or {£1}) binary classification
» y e {1,2,... m} multiclass classification

» Regression if y € R continuous
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Prediction

: :Data D= D= {(XR,yl)R(x %), (X" y™)} TQ,MNI“G; Yoy

nputs x1" € or N
» Outputs yli" Ou.ﬂ'l‘k-r gl—ée:\;““;:l\\gc?n) \Oz =% ép:d
» Goal Learn/estimate f(x) predictor for y \.&*

» By type of output

» Classification if y € Sy discrete _,—fL \} -‘.
O *h

» y € {0,1} (or {£1}) binary classification

> y € {1,2,... m} multiclass classification mwn&

» Regression if y € R continuous
—

d
> Model family F = {fy : RY — Sy,0 € ©} ‘F ‘.R QR}

F = L linear functions } linear regression/classification
F = { polynomes of degree 2, 3, ...} polynomial regression/classification
} logistic regression

- e - o

vvyy

— 1
B {1+e—5TX+50
neural network regression/classification
kernel regression/classification
F = { monotonic functions } isotonic regression
support vector regression/classification
regression/classification trees (and random forests)
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(sea also last3pagn) o
Model q'?qu\ % - ll ('7\"’8’) l i%‘:n_%

> y' = Bo+ Bix' + € for x}" € R (univariate regression)
> yi = Bo+ Bixi + Baxh + ... Bax} + € for x1" € RY (multivariate regression)
y € R is output/response
x1" for j = 1: d are input(s)/covariates/features/attributes/. . .
1.4 are regression coefficients, 3y is intercept
el'" € R is noise, X" ~ N(0,02) i.id.
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Linear regression

Model
> y' = Bo+ Bix' + € for x1" € R (univariate regression)
> yi = Bo+ Bixi + Boxh + ... Bax} + € for x1" € RY (multivariate regression)
y € R is output/response
x1" for j = 1: d are input(s)/covariates/features/attributes/. . .
1.4 are regression coefficients, 3y is intercept
el'" € R is noise, X" ~ N(0,02) i.id.
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Solution by Maximum Likelihood D = ﬁ (ﬂﬂ]);\‘ﬂ:\/\}[

» Likelihood Probability y | X, parameters

» Parameters B, B1.4, 02 Ma\ﬁ(uﬂikooo(. (\fl h' ><' | Fb fél dJU2)

> Bo't, B (o) _;riiax I(yIX, Bo, Br.d,0?) E———-——’A ;ll
_@( data ];aru.w\s

1. hikatihood 5
LY o) = YNGR,

_.(‘3 -?a(h)
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Linear regression model in matrix form

For a single data point (x', y')

B1 X
g=| P | cre xi—| % | cnr?
84 )
Then,
Y= Bo+(x)B+¢€
For all D
y! (HT
y = )’2 € R" X (XQ)T e RMxd € —
v ();n')'r

y = Bol+XB+e with Cov(e) = o°ly

(WD)
N
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The (log)-likelihood

» What is random? the noise ¢
> Express noise as function of (x1", y1i)

é =y —B—B8Tx  ~ N(0,0%) (5)

L:n

» Likelihood

> Let py ,2(€) = U\/ﬂe7272 = N(&0,02)

i=1

» Then
n
Lo, Brd,0°) = []poo2(€) (6)
i=1
- H PSS @)
i1 ovar
1 i =Bg=BTX)?
- i 1%6 - (8)
s » log-likelihood
(Bo, Bra,0%) = ©)
g n
= Y {gmet-Fmen -3 (V-s-s) 5 o
B

2

1 1 < . )
= fg Ino? — 5 In(27) + constant — 557 IZ:; (y’ —Bo — ,BTX') (11)




Maximizing the log-likelihood w.r.t 3

» For simplicity, let 8o = 0; hence y’ = 8T x' 4 ¢
> log-likelihood

1 & . N2
I(B1:q,02) = —g Ing? — 292 ; (y‘ —Bo — ,BTX’> + constant (12)
» For any o2,
n
. N2
argmax /(g?, 8) = argmin Z (y’ — Bo — BTX’) “« (13)
p =t
a Least Squares Problem ,l Ved”
1 Qofemfus
4
Ut = (XTX)7IxTy (14)

with (XTX)~IXT = X' the pseudoinverse of X
> BML s linear in y!

> In matrix form ming |ly — XB||?
» Solution
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