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E[σ̂2] = E

[
1

n

n∑
i=1

(Xi − µ̂)2

]
(1)

=
1

n
E

[
n∑

i=1

(X 2
i − 2µ̂Xi + µ̂2)

]
(2)

=
1

n

{ n∑
i=1

E[X 2
i ]︸ ︷︷ ︸

σ2+µ2

+E[−2µ̂
n∑

i=1

Xi︸ ︷︷ ︸
nµ̂

+nµ̂2]

}
(3)

=
1

n

{
n(σ2 + µ2) + E[−2nµ̂2 + nµ̂2]

}
(4)

= σ2 + µ2 − E[µ̂2] (5)

= σ2 + µ2 − (E[µ̂]2 + Var µ̂) (6)

= σ2 + µ2 − (µ2 + σ2/n) (7)

= σ2 −
1

n
σ2 (8)

This derivation used the second moment formula E[Z2] = VarZ + E[Z ]2.


