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Random Variables

Expected Value

Common Distributions

Useful Theorems

Estimators and Estimation Theory
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Random Variables

X ⇠ F or X ⇠ p
For two random variables X ,Y , their joint CDF is

PXY (x , y) = F (x , y) = P(X  x ,Y  y).

The corresponding joint PDF is

p(x , y) =
@2F (x , y)

@x@y
.

The conditional PDF of Y given X = x is

p(y |x) =
p(x , y)

p(x)
,

where p(x) =
R1
�1 p(x , y)dy
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Expected Value

E(g(X )) =

Z
g(x)dF (x) =

(R1
�1 g(x)p(x)dx , if X is continuous
P

x g(x)p(x), if X is discrete
.

I E(
Pk

j=1 cj gj (X )) =
Pk

j=1 cj · E(gj (Xi )).

I Notation µ = E(X )

I Var(X ) = E((X � µ)2) is the variance of X .

I If X1, · · · ,Xn are independent, then

E (X1 · X2 · · ·Xn) = E(X1) · E(X2) · · ·E(Xn).

I If X1, · · · ,Xn are independent, then

Var

 
nX

i=1

aiXi

!
=

nX

i=1

a2i · Var(Xi ).

I Covariance

Cov(X ,Y ) = E((X � µx )(Y � µy )) = E(XY )� µxµy

I (Pearson’s) correlation

⇢(X ,Y ) =
Cov(X ,Y )

�x�y
.
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Conditional Expectation

The conditional expectation of Y given X is the random variable E(Y |X ) = g(X ) such that
when X = x , its value is

E(Y |X = x) =

Z
yp(y |x)dy ,

where p(y |x) = p(x , y)/p(x).
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Theorem ((Weak) Law of Large Numbers)
Let X1, · · · ,Xn ⇠ F and µ = E(X1). If E|X1| < 1, then the sample average

X̄n =
1

n

nX

i=1

Xi

converges in probability to µ. i.e.,

X̄n
P! µ.

Theorem (Central Limit Theorem)
Let X1, · · · ,Xn ⇠ F and µ = E(X1) and �2 = Var(X1) < 1. Let X̄n be the sample average.
Then

p
n

✓
X̄n � µ

�

◆
D! N(0, 1).

Note that N(0, 1) is also called standard normal random variable.
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Convergence for random variables

I random sample X1, · · · ,Xn ⇠ F are IID (independently, identically distributed) from a
CDF F .

I For a sequence of random variables Z1, · · · ,Zn, · · · , we say Zn converges in probability to
a fixed number µ i↵ for any ✏ > 0,

lim
n!1

P(|Zn � µ| > ✏) = 0

Notation Zn
P! µ.

I Let F1, · · · ,Fn, · · · be the corresponding CDFs of Z1, · · · ,Zn, · · · . For a random variable
Z with CDF F , we say Zn converges in distribution to Z if for every x ,

lim
n!1

Fn(x) = F (x).

Notation Zn
D! Z .
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Estimators and Estimation Theory

Let X1, · · · ,Xn ⇠ F be a random sample.
I parameter of interest ✓ = ✓(F )

I the mean of F , the median of F , standard deviation of F , first quartile of F , ...
I P(X � t) = 1 � F (t) = S(t) survival function
I unknown parameter � for exp(�) distribution

I statistic Tn ⌘ T (X1, · · · ,Xn) a function of the random sample

I estimator ✓̂n = a statistics we use to estimate ✓(F )

Question “given the parameter of interest, how can I use the random sample to infer it?”
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How good is an estimator?

bias: Bias(✓̂n) = E(✓̂n)� ✓
variance Var(✓̂n),

Example.

I Let X1, · · · ,Xn ⇠ F and µ = E(X1) and �2 = Var(X ).
I parameter of interest is the population mean µ.
I a natural estimator is the sample average µ̂n = X̄n.
I bias(µ̂n) = µ� µ = 0, Var(µ̂n) = �2

n .
I Hence, when n ! 1, both bias and variance converge to 0.
I we say µ̂n is a consistent estimator of µ.

Definition
An estimator ✓̂n is called a consistent estimator of ✓ if ✓̂n

P! ✓.

Lemma
Let ✓̂n be an estimator of ✓. If bias(✓̂n) ! 0 and Var(✓̂n) ! 0, then ✓̂n

P! ✓. i.e., ✓̂n is a
consistent estimator of ✓.


