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The missing data problem

Imputation for MAR

Imputation for MAR with Monothone Missing data
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Missing data: the problem

I Data sampled i.i.d. ∼ F , but some (parts of each sample) are missing
I Here we denote data point = (X i ,Y i ) where X i is always observed, Y i may be missing or

not.

I A new random variable R, R i = 0 when Y i not observed, R i = 1 when observed

I What is the distribution of R?
MCAR Missing Completely At Random R ⊥ X ,Y

MAR Missing At Random R ⊥ Y |X
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What is the distribution of R?

I Let data D = {(x1, y1), . . . (xn, yn)} ∪ {xn+1, . . . xn+m}
I complete data{(x1, y1), . . . (xn, yn)} with R1:n = 1
I data with missing values {xn+1, . . . xn+m} with Rn+1:n+m = 0

MCAR Missing Completely At Random R ⊥ (X ,Y )

I no bias if only observed Y values {y1, . . . yn)} used
I Can also use imputation as in MAR case

MAR Missing At Random R ⊥ Y |X
I bias possible if only observed Y values {y1, . . . yn)} are used

because R 6⊥ Y
I {(x1, y1,R1), . . . (xn, yn,Rn)} together with {(xn+1,Rn+1), . . . (xn+m,Rn+m)} has information

about {yn+1, . . . yn+m}
I Probability distribution of missing values Y n+1:n+m is

Y ∼ p(Y |X ,R = 0) and p(Y |X ,R = 0) = p(Y |X ,R = 1) (1)
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Imputation for MAR

p(Y |X ,R = 0) = p(Y |X ,R = 1)

I Idea
1. Estimate p(Y |X ,R = 1) the distribution of Y |X from the observed data

2. “Guess” (Sample) ỹn+1:n+m ∼ p(Y |X ,R = 1)

3. Use y1:n ∪ ỹn+1:n+m to estimate θ̂



S
T
A
T

4
0
3
G
o
o
d
N
o
te
:
L
ec

tu
re

V
II

6

Estimate p(Y |X ,R = 1) from D1 = {(x1, y1,R1), . . . (xn, yn,Rn)}
Example X ∈ {1, . . .K} discrete variable

I For each k = 1, . . .K , estimate pk (Y ) ≡ p(Y |X = k)

Estimation methods
I Kernel Density Estimation (KDE)

pk (y) =
1

nkh

∑
i :x i=k

Kh(y
i − y) (2)

nk = number of x i = k, K = kernel function, Kh(z) = K(z/h), h = kernel width (can
depend on k)

I Parametric distributions (e.g. Normal(µk , σ
2
k ))

Sampling ỹ i from KDE
Given p1, . . . pk , x

i = k, i > n
1. Sample i ′ ∼ 1 : nk uniformly

2. Sample ỹ i ∼ N(x i
′
, h2)
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Multiple Imputation

Given p1, . . . pk , x
i = k, i = n + 1 : n +m, B ≥ 1 an integer

for i = n + 1 : n +m, b = 1 : B
1. Sample i ′ ∼ 1 : nk uniformly

2. Sample ỹ i,b ∼ N(x i
′
, h2)

3. Use data {y1:n}︸ ︷︷ ︸
×B

∪{ỹ i,b, for i = n + 1 : n +m, b = 1 : B}
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Imputation for MAR with Monothone Missing data

I Example Clinical trials with drop-out Each patient i is observed for a t = 1, 2, . . .T i with
T i ≤ p. Hence y i = (y i

1, . . . y
i
T i ).

I T can depend on the previous values y1:T but not on the future values yT=1:p .

I T i is the missingness variable
I x i1:t is the “always observed” data
I x it+1:p is the missing data
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Estimating p(T |X )

I Assume for simplicity X1:p ∈ {1, . . .K}
I Dependence of missingness T on observed

X1:T (MAR)
I (Recursively for t = 1, 2, . . . p − 1)
I Start with t = 1

P(T = 1|X ) = P(T = 1|X1) (3)

for each k P(T = 1|X = k) =
#{x i with t i = 1, x i1 = k}
#{x i with t i ≥ 1, x i1 = k}

I For t = 2

P(T = 2|X ) = P(T = 2|X1,X2) (4)

for each k1, k2 P(T = 2|X1,2 = k1,2) =
#{x i with t i = 2, x i1,2 = k1,2}
#{x i with t i ≥ 2, x i1,2 = k1,2}

. . .
I For t

P(T = t|X ) = P(T = t|X1:t) (5)

for each k1:t P(T = 2|X1:t = k1:t) =
#{x i with t i = t, x i1:t = k1:t}
#{x i with t i ≥ t, x i1:t = k1:t}
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