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Marina Meila:

Lecture IV — Hierarchical clustering. Comparing clusterings
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Marina Meila:

Hierarchical Methods of Clustering

Agglomerative (bottom up):

Initially, each point is a cluster %(‘Qﬂd’}

Repeatedly combine the two

“nearest” clusters into one

Divisive (top down):

Start with one cluster an

~\0o

Marina Meila (UW Statistics)
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ecursively split it
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Marina Meila:

Hierarchical clustering — Overview

(Dendrograms)

o Agglomerative (bottom up)
o Single linkage
@ based on Minimum Spanning Tree
o O(n?log n)
@ sensitive to outliers
o Heuristics — average linkage
o Agglomerative K-means

o Loss L(Ak)=0for K=n
When K < K — 1 (two clusters merged), L increases

°
@ For K=n,n—1,...2, iteratively merge the 2 clusters that minimize increase of £
°

(’)(n3) — too expensive for big data

@ Divisive (bottom down)

o Recursively split D into K = 2 clusters
o almost any clustering algorithm (e.g. K-means, min diameter)
o notable example Spectral clustering (later)

o Advantages

@ most important splits are first
@ can stop after only a few splits

Marina Meila (UW Statistics)
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Example: Hierarchical clustering
h=c e

Data:
—» 0 ... data point
X ... centroid

\ ® (5,0) ”
/
\ B /7

k=%
.,( ~O+qu+5d5 ='¢(4-0 Qd +345

[0l

(41 m\m) ‘

(—15( )

Deéndrogram
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Example: Hierarchical clustering
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\ u(-’ll M\H) “ K=n : h(n=1)
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0 (5, 0)

P Data: ﬁ\_‘ IT
o o ... data point

EH X ... centroid

Dendrogram
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Lecture V: Support Vector Machines and Kernel Machines

Lsahelly Styon

: s Ml [. Mae marpin

CQWMM Memé;)@stai:l;:shi:g:on. edu 2 corwex Oﬁ
. \’\ \/ Mk ; Y

VIMMM a'P Department of Statistics % . mw +n&

University of Washington

April, 2023



8
£
=

S

8
=3
T

£

3
x
-

H

&

8
£
=

]

8
>3
5

8
>
i

5

a

g

2
@
S

4
2

g

8
4
i
T
=3

o
£

8
=3

Linear SVM'’s 4

The margin and the expected classification error
Maximum Margin Linear classifiers 4— 1,
Linear classifiers for non-linearly separable data

Non linear SVM
The “kernel trick”
Kernels
Prediction with SVM

Extensions
L; SVM
Multi-class and One class SVM
SV Regression

why

Reading AoNPS Ch.: Ch. 12.1-3, HTF Ch.: Ch 14 (14.1,14.2-14.2.4 kernels, 14.4 and equations
(14.28,14.29) kernel trick, 14.5.1.—3 Support Vector Machines)7.1-7.4, 7.7

Additional Reading: C. Burges - “A tutorial on SVM for pattern recognition”

These notes: Appendices (convex optimization) are optional.
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The margin and the expected classification error

Theorem Let F = {sgn (w'x), ||w|| <A, ||x]| < R} and let p > 0 be any “margin”. Then for
any f € F, w.p 1 — § over training sets

walizahon e ,5
84 l%m)(f) < L/)+\/n (R;AZ Inn2+|ng WU (5)

clamf err onD I

where ¢ is a universal constant and L, is the fraction of the training examples for which
ncduding .
morgin ers VS r (©)

» a data point i that satisfies (6) for some p is called a margin error
» For p = 0 the margin error rate L,is equal to Loy
! fso, L’§
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The margin and the expected classification error

Theorem Let F = {sgn (w'x), ||w|| <A, ||x]| < R} and let p > 0 be any “margin”. Then for
any f € F, w.p 1 — § over training sets

Loi(f) < L,)+\/ (RA Inn2+|n1) (5)
n P2 )

where c is a universal constant and L, is the fraction of the training examples for which

y'wTx <p (6)

» a data point i that satisfies (6) for some p is called a margin error
» For p = 0 the margin error rate L, is equal to Lo
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Maximum Margin Linear classifiers Houw fUQAﬁﬂwff?

Support Vector Machines appeared from the convergence of Three Good Ideas
Assume (for the moment) that the data are linearly separable.
» Then, there are an infinity of linear classifiers that have 1:01 = 0. Which one to chooze?
t idea Select the classifier that has maximum margin p on the training skt.
» For any parameters (w, b) that perfectly classify the data L(w, b) = 0.
» Among these, the best (w, b) is the one that minimizes p in 5

» Hence, we should choose
argmax ., st (d(x, Hy,p) > pfori=1:n, (7)

0 WMl'ed\_/,,_p,g,g:Z(w,b):o

where d() denotes the Euclidean distance and H,, , = { x| w”x + b = 0} is the decision
boundary of the linear classifier.

_|wT x+b| . .
» Because d(x, Hy,p) = i (proof in a few slides) (7) becomes

[wTx + b|

argmax , gt ———— — > pfori=1:n, (8)
p,w,b:L(w,b)=0 HWH

—~

m,(ﬁam&()



Maximum Margin Linear classifiers s:gn wF X+Ho =Y ‘3&\1’117
We continue to transform (8) %‘(\JTX'\'&))'> o

> If all data correctly classified, then y/(wTx! + b) = |w T x/ + b\ Therefore (8) has the
same solution as

i(wTxi + b
@ argmaxp, s.t. y'(w'x'+b) > pfori=1:n, 9)
pow,b [lwl]

» Note now that the problem (9) is underdetermined. Setting w <— Cw, b <— Cb with C > 0
does not change anything.

» We add a cleverly chosen constraint to remove the indeterminacy; this is||w|| = 1/p,
which allows us to eliminate the variable p. We get

1 ; ;
argmax —, s.t. y'(w/x' +b)> 1fori=1:n, (10)
w,b llW“

Note: the successive problems (7),(8),(9),. .. are equivalent in the sense that their optimal
solution is the same.

st 5(\/\))""(0)

o,r%W\ — 'o\)(\
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Alternative derivation of (10)

Bt idea Select the classifier that has maximum margin on the training set, by the alternative
definition of margin.

Formally, define min;_y., y'f(x’) be the margin of classifier f on D. Let f(x) = w” x + b,
and choose w, b that

maximize,, crn peRr _mlin yi(wTx"+ b) s.t.[(w,b) =0
1=1ln

» Remarks

» (if data is linearly separable), there exist classifiers with margins > 0

P one can arbitrarily increase the margin of such a classifier by multiplying w and b by a positive
constant.

P Hence, we need to “normalize” the set of candidate classifiers by requiring instead

maximize _rn{n d(x, Hy,p), s-t. yi(w'x' +b)> 1fori=1:n, (11)
1=1:n

where d() denotes the Euclidean distance and H,, , = { x| w'x + b = 0} is the decision
boundary of the linear classifier.

> Under the conditions of (11), because there are points for which |w'x + b| = 1, maximizing
d(x, Hy,p) over w, b for such a point is the same as

max L st.miny;(w x4+ b) =1 (12)
W e S5
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| [
Second idea @ Wun Iwj st :] (Wix'+b)21 for i
The Second idea is to formu[ate (12} as a quadratic optimization problem.
Lo BT o 5 P e
mIE2HW|| sty'(w'x'+b)>1fralli=1:n (13)

This is the Linear SVM (prima) optimization problem

> This problem has a strongly convex objective ||w]||?, and constraints y/(w T x’ 4 b) linear
in (w, b).
» Hence this is a convex proolem, and can be studied with the tools of convex optimization.

quadratic biniat
onvex 9| funble NI R
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The distance of a point x to a hyperplane H,, p

wix+b
dix,Hyp) = Lot (14)
[[wll
Intuition: denote b
W= 2 b= " x =w'x (15)

lwll” llwll”

Obviously H,, », = H;, , and x" is the length of the projection of point x on the direction of w.
The distance is measured along the normal through x to H; note that if x/ = —b then

x € Hy p and d(x, Hy p) = 0; in general, the distance along this line will be |x’ — (—b)|.



