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Linear SVM'’s (I °
The margin and the expected classification error/ l owwwﬁw

Maximum Margin Linear classifiers
Linear classifiers for non-linearly separabw . &6
\ on
Non linear SVM S BM

The “kernel trick”
Kernels
Prediction with SVM

Extensions
L; SVM
Multi-class and One class SVM
SV Regression

Reading AoNPS Ch.: Ch. 12.1-3, HTF Ch.: Ch 14 (14.1,14.2-14.2.4 kernels, 14.4 and equations
(14.28,14.29) kernel trick, 14.5.1.—3 Support Vector Machines)7.1-7.4, 7.7

Additional Reading: C. Burges - “A tutorial on SVM for pattern recognition”

These notes: Appendices (convex optimization) are optional.
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Second idea

The Second idea is to formulate (10) as a quadratic optimization problem.

. —— Conver
n&:;\EHsz stly/(w'x' +b) > 1foralli=1:n OTx (13)
This is the Linear SVM (primal) optimizaiion problem ‘P‘o'
» This problem has a strongly convex objective ||w||2, and constraints y/(w T x’ 4 b) linear

in (w, b).
» Hence this is a convex problem, and can be studied with the tools of convex optimization.
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Optimization with Lagrange multipliers
2 The Lagrangean of (13) is

Lwib,a) = SlwlP = 3 auly/(wTx + b) ~ 1] (16)

i

[KKT conditions]
At the optimum of (13)
w = Za;yixi with a; > 0 (17)
i

and b=y’ — w'x' for any i with o > 0.
> Support vector is a data point x’ such that a; > 0.

» According to (17), the final decision boundary is determined by the support vectors (i.e.
does not depend explicitly on any data point that is not a support vector).

2The derivations of these results are in the Appendix
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Dual SVM optimization problem

>

>

vy

Any convex optimization problem has a dual problem. In SVM, it is both illuminating and
practical to solve the dual problem.
The dual to problem (13) is

1 o .
maxZa; - Za;ajy’yfx’ TXj s.t a; > Ofor all iand Za;y' =0. (18)
i i i

This is a quadratic problem with n variables on a convex domain.
Dual problem in matrix form

» Denote o = [j]iz1:n, ¥ = [y"],vzlz,,, Gj = xiT><j, (_;,-j = y"ij"ij,
G = [Gy] € R™*", G = [Gu] € R™",
1 ~
max1'a— ~a’Ga sta>=0andy a = 0. (19)
aERN 2
gla)=1Ta — %aTGoz is the dual objective function
G is called the Gram matrix of the data. Note that G = diag {y*"} " Gdiag {y'"}.

At the dual optimum

» «; > 0 for constraints that are satisfied with equality, i.e. tight
» «; = 0 for the slack constraints
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Non-linearly separable problems and their duals %Miaﬂ _\_vak

The C-SVM Q% g
1
minimize, ¢ 5||W||2 +C> ¢ (20)
s.t. yiwTx +b) > 1—¢;
& >0
In the above, &; are the slack variables. Dual3:
T, 00 = o g i i T
4 o{ a"’( G°( maximizeq Za,— =5 Za,-ajy yix"' x; (21)
i i
s.t. C > «; > 0for all i

Zaiyi =0

= two types of SV
> a; < C data point x' is “on the margin” < y/(w'x/ + b) =1 (original SV) §(='O
> a; = C data point x' cannot be classified with margin 1 (margin error) .
s y'(wixi +b) <1 §|>O

¥ <=0 et 4 y(uieb) =t et

a;p >0, § >0, pj >0

3Lagrangean L(w, b, &, a, 1) = S[|w|2+ CX; & — X aily! (wlx! + b) — 1+ &] — 35, pi€; with W\w
L






]l The v-SVM
: inimi SIwl = v+ 3¢ (22)
minimize —[|W — UV — i
w,b,€,p 5 P i i
st y(wixX'+b) > p—¢ (23)
& =0 (24)
p>0 (25)
where v € [0, 1] is a parameter.
Dual*:
o 1 P JiT
maximizeq —EZa;aJ—yyx X (26)
i
1 .
s.t. ~ > «a;j >0foralli (27)

Za,—yi =0 (28)
Zoa,- > v (29)

Properties If p > 0 then:
» v is an upper bound on #margin errors/n (if >°; aj = v)
» v is a lower bound on #(original support vectors + margin errors)/n
» 1»-SVM leads to the same w, b as C-SVM with C =1/v

*Lagrangean L(w, b, £, p, o, 1, 0) = S[|w|[? —vp+ 15 & — 5 uly’(wlx' +b) — p+ &] — 0 pi&i — 8p
with a; >0, 6 >0, p; >0
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A simple error bound
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##support vectors of f11
n+1

where f, denotes the SVM trained on a sample of size n.
Exercise Use the Homework 6 to prove this result.

Loi(fa) < E (30)
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