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. Fourier transform p(w) = ﬁ I e*"“’TZK(z)dz

. Choose D.

Sample wi.p i.i.d. from p! Sample Wo,1:D uniformly from [0, 27].

. Map data to features ¢(x =5 [cos(w X! +UJ0 i)j=1.p forall i=1":n.
. Solve SVM Primal problem obtain w € RP and mtercept beR.
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~
Requirements for a distance <~ metic d( ) =0°
- index () €lo1]

Depend on the application -:l l.

@ Applies to any two partitions of the same data set J

o Makes no assumptions about how the clusterings are obtained

@ Values of the distance between two pairs of clusterings comparable under the weakest

possible assumptions

o Metric (triangle inequality) desirable
o understandable, interpretable

Qe
< ~ D'y =l gz
a=(C, - C) K&)F‘C&’ Qf‘& Wi
A(:(C_l{) s sz()

' - Wi =WV
dowele g deuncy| = 2;‘ e
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The confusion matrix

Let A = {CI:K}7 A= {C{:K/}
Define ny = |Gy, m, = |C,,|
myer = |[GNCLl, k=1:K k' =1:K

note: D 4 Mygr = Ny o4 Migr = Miey D4 o Miggr =1
RKXK’

The confusion matrix M € is

_ K'=1:K'
M = [muliSk

o all distances and comparison criteria are based on M
@ the normalized confusion matrix P = M/n
myr

Pik! =

@ The normalized cluster sizes py = ni/n, p,, = nj,/n are the marginals of P

Pk = ZPW Pk = ZPW
K k

Marina Meila (UW Statistics) STAT/B|OST 527
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Matrix Representations

@ matrix reprentations for A
e unnormalized (redundant) representation

% _ 1 ie G — o
X,kf{o idC fori=1:n,k

e normalized (redundant) representation

1

K

Xk = /VIG| i€ G fori=1:nmk=1:K
0 i & Cy

therefore X, X,» = 8(k, k"), X orthogonal matrix
Xk = column k of X
e normalized non-redundant reprentation

@ Xy is determined by Xj.x_1

@ hence we can use Y € RAX(K=1) orthogonal representation
@ intuition: Y represents a subspace (is an orthogonal basis)
°

K centers in JRd7 d > K determine a K — 1 dimesional subspace plus a translation

Marina Meila (UW Statistics)
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Distances between clusterings: Misclassification error, VI

The Misclassification Error (ME) distance

Define the Misclassification Error (ME) distance dye

K
dve = 1 — max Zpk,w(k) m € {all K—permutations}, K < K'w.l.o.g
T k=1

Interpretation: treat the clusterings as classifications, then minimize the classification error
over all possible label matchings

Or: ndpe is the Hamming distance between the vectors of labels, minimized over all
possible label matchings

can be computed in polynomial time by Max bipartite matching algorithm (also known as
Hungarian algorithm)

Is a metric: symmetric, > 0, triangle inequality

due(A1, A2) + due(A1, Az) > dye(Az, Az)

easy to understand (very popular in computer science)

dye <1-1/K

bad: if clusterings not similar, or K large, dyg is coarse/indiscriminative
recommended: for small K

Marina Meila (UW Statistics) STAT/B|OST 527
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Distances between clusterings: Misclassification error, VI

The Variation of Information (V1) distance n ﬂﬂmﬂﬂaﬁow
Clusterings as random variables ‘WM

@ Imagine points in D are picked randomly, with equal probabilities
o Then k(i), k’(j) are random variables
with Pr[k] = pk, Prlk, k'] = prx

STAT/BIOST 527

Marina Meila:

Marina Meila (UW Statistics) STAT/B|OST 527



~
[
2]
[
[%2)
S
]
=
<
-~
(%]
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Distances between clusterings: Misclassification error, VI

Incursion in information theory Se\Pk
3
LX\S
Entropy of a random variable/clustering Hx = — >, p« In pi .\)\hb
0< Hpx <InK

Measures uncertainty in a distribution (amount of randomness)
Joint entropy of two clusterings

Hanr = — § Pk In pry
KoK/

Har ao < Ha + Hpar with equality when the two random variables are independent
Conditional entropy of A’ given A WW*UUI
info

Haija = _ZP ZPW Pk’

Measures the expected uncertainty about k/ when k is known
Har|a < Har with equality when the two random variables are independent
Mutual information between two clusterings (or random variables)

N 1
( “MM&M\C& Inn = Ha+Ha —Hara

HA/ - HA/‘A
=S

Marina Meila (UW Statistics) STAT/B|OST 527
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Distances between clusterings: Misclassification error, VI

Incursion in information theory (2)

@ Measures the amount of information of one r.v. about the other
@ Ip A > 0, symmetric. Equality iff r.v.'s independent

Lad powalized ML

'HA,AI (Wd)j e@
Variahon
U = Heg = Ian TnJomakion

metric. )

Marina Meila (UW Statistics) STAT/B|OST 527



Distances between clusterings: Misclassification error, VI

] The VI distance

-

(%2}

=4

o o Define the Variation of Information (VI) distance

i

£ dyi(A,A') = Hp+ Ha —2Ip 4
= HA‘A’ “F HA/IA

@ Interpretation: dy; is the sum of information gained and information lost when labels are
switched from k() to k()

o dy; symmetric, > 0

@ dy obeys triangle inequality (is a metric)

Other properties

o Upper bound
dvi < 2In Kmax if K, K < Kmax < /n
(asymptotically attained)

@ dy; < Inn over all partitions (attained)

@ Unbounded! and grows fast for small K

Marina Meila:
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Indices: Rand, Jaccard, NMI,

Other criteria and desirable properties

o Comparing clustering by indices of similarity i(A, A’)

o from statistics (Rand, adjusted Rand, Jaccard, Fowlkes-Mallows ...)

o Normalized Mutual Information

o range=[0,1], with i(A, A’) =1 for A = A’

o the properties of these indices not so good

o any index can be transformed into a “distance” by d(A, A’) =1 — i(A, A")
@ Other desirable properties of indices and distances between clusterings

e n-invariance

o locality

e convex additivity
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Indices: Rand, Jaccard, NMI,

~
M Rand, Jaccard and Fowlkes-Mallows
-
7
o
Q9 o Define Nj1 :.# pairs which are together in both clustenr-\gs, Nip = #. pairs together. in
'5: A, separated in A/, Np; (conversely), Np» =#number pairs separated in both clusterings
Iz o Rand index = %
o Jaccard index = #N“.
pairs

o Fowlkes-Mallows = Precision x Recall

o all vary strongly with K. Thereforek, Adjusted indices used mostly

. - N
oo I —1
adj(i) = ———
max(i) — i
1

09| “Rand

0.8 Larsen

0.7]

056 _ ¥

0.8 Fowlkes

0.5

0.4} \\ 0.75

03] o7
» o2 . 0.65 Jacard
3 Jacard R— Larsen
s 0.1 Fowlkes 0.6
s
£ 0.
< o 2 4 6 s 10 *%% 5 10 15 2 25 a0 3
2

Marina Meila (UW Statistics) STAT/B|OST 527



Indices: Rand, Jaccard, NMI,

] Normalized Mutual Information (NMI)

b

=4

o

=

< . In' A
[ AN = —
7 inmi (A, A) Ha + Hp/

o Takes values between [0,1]

@ No probabilistic interpretaion
IA/,A

Hp ar

s

@ Variant

Marina Meila:
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