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Marina Meilă (Statistics) STAT 548/CSE 547Winter, 2022 11 / 24



Finding important pages on the web. PageRank
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Finding important pages on the web. PageRank

PageRank idea

Definitions
A asymmetric adjacency matrix, Aij = 1 is link i → j
di =

∑
j Aij out-degree of page i

ri > 0 the importance/prestige of page i (higher is better)

PageRank principle: the importance of page j comes from the pages pointing to it

rj =
∑
i

Aij
ri

di
(1)

Division by di because prestige of i is equally divided between the pages i points to

In matrix form A ∈ {0, 1}n×n, r ∈ [0,∞)n

P = D−1A transition matrix r = PT r (2)

r is eigenvector of PT !

Marina Meilă (Statistics) STAT 548/CSE 547Winter, 2022 13 / 24



Finding important pages on the web. PageRank

PageRank idea

Definitions
A asymmetric adjacency matrix, Aij = 1 is link i → j
di =

∑
j Aij out-degree of page i

ri > 0 the importance/prestige of page i (higher is better)

PageRank principle: the importance of page j comes from the pages pointing to it

rj =
∑
i

Aij
ri

di
(1)

Division by di because prestige of i is equally divided between the pages i points to

In matrix form A ∈ {0, 1}n×n, r ∈ [0,∞)n

P = D−1A transition matrix r = PT r (2)

r is eigenvector of PT !
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Markov chains recap

P transition matrix, is stochastic matrix
P1 = 1 hence 1 is (left) e-vector with e-value λ1 = 1
λ1 = 1 is the largest e-value of P
What is the left e-vector corresponding to λ1 = 1?
πT = πTP the stationary distribution of P
π always exists, always π � 0, π unique when P ergodic

Mixture of random walks P,P′, with probability β ∈ (0, 1): Pmix = βP + (1− β)P′
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Algorithms for finding r

Eigen-solver, firnd 1st principal e-vector of PT

Power iteration
Input A
Init ri = 1/n

1 Compute d1:n
2 Repeat until convergence

1 ri ← ri/di for all i O(n)
2 rj ←

∑
i→j ri for all j O(|E |)
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Problem with directed graphs

strongly connected component (SCC)
ergodic set
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Teleporting Random Walk

Solution: have a single SCC
Teleporting random walk transition matrix

Ptele = βP + (1− β)
1

n
1n×n

with β ∈ (0, 1) (in practice β = 0.8− 0.9)
From each node i transition

on an outgoing edge uniformly at random, w.p. β (original r.w.)
to an arbitrary page, selected uniformly at random

Sinks are special case, β = 0 for sink.
Power iteration (simplified)

1 r ← βPT r (original Power Iteration, rescaled by β)
2 r ← r + 1−β

n
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Personalized PageRank

Prestige of pages w.r.t a topic

Problem: find pages most relevant to a topic
Define topic by (small) set S of known pages on the topic
S is seed set
Teleporting Uniform(S) instead of Uniform(all pages)

Uniform(S) can be replaced with other distribution over S

PPPR = βP + (1− β)
1

|S|
1[S]

Power iteration works similarly
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Example PPR vs PageRank
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Marina Meilă (Statistics) STAT 548/CSE 547Winter, 2022 21 / 24



Personalized PageRank
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Marina Meilă (Statistics) STAT 548/CSE 547Winter, 2022 24 / 24


	(Directed) networks
	Finding important pages on the web. PageRank
	Personalized PageRank

