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1 Inference Problems

Definitions

• A: transition matrix

• B: transmission matrix

• aij : transition probability from state i to state j

aij = Pr[ qt = j | qt = i ] (1)

• bik: emission probability

bik = Pr[ Ot = k | qt = i ] (2)

• π: initial distribution of q1

Assume:

• O1:T observed

• q1:T unobserved

1. Forward-Backward
Pr[ O1:T | A,B ] (3)

2. Viterbi algorithm

arg max
q1:T

Pr[ q1:T | O1:T ] (4)

3. Baum-Welch (ML Estimation): Estimate Â, B̂ from O1:T .

Pr[ q1 = i ] = πi (5)

Pr[ q2 = j ] =

N∑
i=1

πiaij (6)
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Note that here the i indicates the values of q1.

Pr[ qt = j ] =

N∑
i=1

Pr[ qt−1 = i ]aij (7)

Note that here the i indicates the values of qt−1.

Pr[ O1 = k ] =

N∑
i=1

πibik (8)

Note that here the i indicates the values of q1.

Pr[ Ot = k ] =

N∑
i=1

Pr[ qt = i ]bik (9)

Note that here the i indicates the values of qt.

• αt(i) = Pr[ O1(t), qt = i ]

• βt(i) = Pr[ Ot+1:T , qt = i ]

• α1(i) = Pr[ q1 = i ]Pr[ O1 | q1 = i ] = πibiOt

•

αt(i) =

N∑
j=1

αt−1(j)ajibiO1
(10)

=

N∑
j=1

Pr[ O1:t−1 | qt−1 = j ]Pr[ qt = i | qt−1 = j ]Pr[ Ot | qt = j ] (11)

=

N∑
j=1

Pr[ O1:t , qt−1 = j , qt = i] (12)

Note that here the j indicates the values of qt. There are N2 operations.

•

Pr[ O1:T ] =

N∑
i=1

αi(T ) =
∑

q1,...,qT

Pr[ q1...qT ]P [O1:T | q1:T ] (13)

In the first part of the equation, there are N2T operations. In the latter
part of the equation, there are NT sequences.

• βT (i) = 1
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•

βt(i) =

N∑
j=1

aijbjOt+1
(j) (14)

=

N∑
j=1

Pr[ qt+1 = j | qt = i ]P [Ot+2:T | qt+1 = j] (15)

Note that there are N2 operations. The run time for the backward pro-
cedure is approximately TN2.

• exercise: Pr[ O1:T ] from βi(t), t = 1 : T , i = 1 : N .

Pr[ O1:T ] =

N∑
i=1

αi(t)βi(t) =

N∑
i=1

P [O1:t , qi]P [Ot+1:T | qi] (16)

γi(t) = P [qt = i | O1:T ] =
P [qt = i , O1:T ]

Pr[ O1:T ]
(17)
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