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Abstract

We describenew resultsfor sharpupperandlower boundson the entriesin multi-way tablesof
countsbasedon a setof releasedindpossiblyoverlappingmarginal tables.In particular we present
ageneralizedrersionof the shuttlealgorithmproposedy Buzzigoli andGiustithatcomputessharp
integerboundsfor anarbitrarysetof fixed mamginals.We alsopresentwo exampleswhichillustrate
thepracticalimport of theboundsfor assessingisclosurerisk.
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1 Intr oduction

In this papeywe provide anoverviewn of our recentwork to developboundfor entriesin contingeng and
othernon-ngative tables(seealsoDobraandFienbeg (2001)). Our interestin this problemgrows out
of work to develop a Web-basedablequerysystem coordinatedoy the Nationallnstitute of Statistical
Sciencesn the spirit of a pilot systemdescribedby KellerMcNulty andUnger(1998). The systemis
beingdesignedo work with a databaseonsistingof a k-way contingeng tableandit allows only those
gueriesthatcomein the form of requestfor mamginal tables. Whatis intuitively clearfrom statistical
theoryis that,asmagins arereleasecandcumulatedoy usersthereis increasingnformationavailable
aboutthetableentries. The systemmustexamineeachnew queryin combinationwith thosepreviously
releasednagins anddecideif therisk of disclosureof individualsin the full unrelease&-way tableis
too great. Thenit might offer oneof threeresponses(1) yes—releasg2) no—dont releasepr perhaps
(3) simulatea new table,which is consistentvith the previously releasednagins, andthenreleasehe
requesteanagin tablefrom it (c.f., DuncanandFienbeg (1999); Fienbeg, Makov, and Steele(1998);
Fienbeg, Makov, Meyer andSteelg(2001)).

Therearevariousapproachew assessingsk of disclosureandmostof themrelateto theinadwertent
“release”of small countsin the full k-way table (e.g. seeSkinnerand Holmes(1998); Fienbeg and
Makov (1998);Samuelg1998)). Herewe follow theapproactof examiningupperandlower boundson
thecell entrieg(seeBuzzigoliandGiusti(1999);Cox (1999);Fienbeg (1999)andRoehrig.etal. (1999)).



For moregenerabackgroundn relatedmethodsof disclosurdimitation, we referthe interestedeader
to Willenborg andde Waal (1996;2000).

Theapproachwe outlinein this paperdravs heavily ontheideasassociateavith thetheoryof log-
linearmodelsfor contingeng tables(Bishopetal., 1975;Lauritzen,1996),wherethe minimal sufficient
statisticsarein factmaiginal totalscorrespondindo the highest-ordetermsin the model. In Section2,
we give sometechnicalbackgroundandthen,in Section3, we presentesultsfrom DobraandFienbeg
(2000)correspondindo decomposablandreduciblegraphicalmodels. Then,in Section4, we outline
a generalalgorithmthat computessharpboundsfor maigins correspondingo ary standardog-linear
model. This algorithmgeneralizeshe “shuttle” algorithmapproactsuggestedy Buzzigoli and Giusti
(1999). We apply our resultsto two examples,a 2° tableanda 2'¢ table,andwe discusssomeof the
possibleémplicationsfor disclosure.

2 TechnicalBackground

Boundsfor entriesin two-way contingeng tablesgo backto seminalpapersby Bonferonni(1936),
Fréchet(1940),andHoefiding (1940).ForanI x J tablewith entries{n;;} androw magins{n;} and
columnmawgins{n.;}, theseboundstake theform

min{n;,n4;} > ni; > max{0,n;4 +nyj —ni4}, (1)

For simplicity, we referto theseasFrécetbounds Until recently the only multi-dimensionalyenerali-
zationsof this resultthathave beenutilized involved non-orerlappingfixed mamginals. Our interesthas
beenin derving computationallyefficient approacheto computingboundswhenthe maginalsoverlap
(c.f. therelatedwork describedn Joe(1997)).

Any contingeng tablewith non-ngative integerentriesandfixedmaiginal totalsis alattice pointin
the corvex polytopeQ definedby thelinearsystenmof equationsnducedby thereleasednaginals. The
constraintggiven by the valuesin the releasednamginalsinduceupperandlower boundson theinterior
cellsof theinitial table. Theseboundsor feasibilityintervalscanbe obtainedby solvingthe correspond-
ing linear programmingproblems. The importanceof systematicallyinvestigatingtheselinear systems
of equationsshouldbe readily apparent.If the numberof lattice pointsin Q is belown a certainthresh-
old, we have significantevidencethat a potentialdisclosureof the entire dataseimight have occurred.
Moreover, if theinducedupperandlower boundsaretoo tight or too closeto the actualsensitve value
in acell entry theinformationassociatedvith the individualsclassifiedin that cell may becomepublic
knowledge.

The problemof determiningsharpupperandlower boundsfor the cell entriessubjectto somelinear
constraintsexpressedn this form is known to be NP-hard(Roehriget al., 1999). Several approaches
have beenproposedor computingbounds:however, almostall of themhave dravbacksthatshowv the
needfor alternatesolutions. Network models(c.f. Cox (1999))needformal structureto work even for
3-way tablesandbesideghereis no generafformulationfor higherway tables.In someways,the most
naturalmethodfor solvinglinearprogrammingproblemss thesimplex method.For theboundsproblem,
we would have to run the procedurdwice for every elementin thetableandconsequentlyve overlook
theunderlyingdependenciesmongthe maiginalsby regardingthe maximization/minimizatiorproblem
associateavith somecell asunrelatedo the parallelproblemsassociateavith theremaindeiof thecells
in thetable. Althoughthe simplex methodworkswell for smallproblemsanddimensionsby emplgying



it wewould ignorethespecialstructureof theproblembecauseve would considervery tableasalinear
list of cells. The computationainadequag of the simplex approachis further augmentedy the fact
thatwe may getfractionalbounds(Cox, 1999),which arevery difficult to interpret. To avoid fractional
bounds,onewould have to make useof integer programmingalgorithms,but their computationatom-
plexity preventtheir usagesvenfor problemsof modestsize. Theseconsiderationsuggesthe needfor

more specializedcomputationallyinexpensve algorithmsthat could fully exploit the specialstructure
of the problemwe aredealingwith.

3 Bounds When Mar ginals Characterize Decomposableand Reducible
Graphical Models

Wevisualizethedependencpatterngnducedby thereleasednaginalsby constructinganindependence
graphfor the variablesin the underlyingcross-classificationEachvariablecross-classifieth the table
is associatedvith a vertex in this graph. If two variablesare not connectedthey are conditionally
independengiventheremainder Modelsdescribedsolelyin termsof suchconditionalindependencies
aresaidto begraphical(e.g.,seeLauritzen(1996)).

3.1 Bound Results

Decomposablgraphicalmodelshave closedform structureand specialproperties. The expected
cell valuescanbeexpresseasafunctionof thefixedmaiginals. To be moreexplicit, the maximumlik e-
lihood estimatesrethe productof the mamginalsdivided by the productof the separatorsBy induction
on the numberof MSSs,in DobraandFienbeg (2000), we developedgeneralized-réechetboundsfor
decomposablg-linearmodelswith any numberof MSSs. Thesegeneralizedrréchetboundsaresharp
in thesensehatthey arethetightestpossibleboundsgiventhe mamginals.In addition,we candetermine
feasibletablesfor which theseboundsareattained.

Theorem 1 (FréchetBounds for DecomposableModels). Assumehat the releasedsetof marginals
for a k-way contingencytableis the setof MSSsof a decomposabléog-linear model. Thenthe upper
boundsfor the cell entriesin the initial table are the minimumof relevant margins, while the lower
boundsare the maximunof zeo, or sumof therelevantmargins minusthe sepaators.

When the log-linear model associatedvith the releasedset of maginalsis not decomposableit
is naturalto ask ourseheswhetherwe could reducethe computationakffort neededo determinethe
tightestboundsby emplgying the samestratgy usedfor decomposablgraphs,i.e. decomposition®f
graphsby meansof completeseparatorsAn independencgraphthatis not necessarilydecomposable,
but still admitsa properdecompositionis calledreducible(Leimer, 1993).Onceagain,we pointoutthe
link with maximumlik elihoodestimationin log-linearmodels.We definea reduciblelog-linear model
(DobraandFienbeg, 2000)asonefor whichthecorrespondingSSsaremaginalsthatcharacterizéhe
component®f a reducibleindependencgraph. If we cancalculatethe maximumlikelihoodestimates
for thelog-linearmodelscorrespondingo every componenbf a reduciblegraphg, thenwe caneasily
derive explicit formulaefor the maximumlikelihood estimatesn the reduciblelog-linear modelwith
independencgraphg (DobraandFienbeg, 2000).

Theorem 2 (FréchetBoundsfor Reducible Models). Assumehat thereleasedsetof maminalsis the
setof MSSof areduciblelog-linear model. Thentheupperboundsor thecell entriesin theinitial table
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are the minimumof upperboundsof relevant componentsyhile the lower boundsare the maximumof
ze, or sumof thelower boundsof relevantcomponentsninusthe sepaators.

3.2 Example1: Risk Factorsfor CzechAuto Workers

Thedatain Tablel comefrom a prospecire epidemiologicaktudyof 1841workersin a Czechoslo-
vakiancarfactory aspartof aninvestigationof potentialrisk factorsfor coronarythrombosig(seeEd-
wardsand Havranek (1985)). In left-handpanelof Table 1, A indicateswhetheror not the worker
“smokes”, B correspondso “strenuousmentalwork”, C correspondso “strenuousphysicalwork”, D
correspondso “systolic blood pressure” E correspondso “ratio of 8 and« lipoproteins”andF repre-
sents'family anamnesisf coronaryheartdisease” Assumewe areprovided with threemaginal tables
[BF], [ABCE], and[ADE] of this 6-way table. Thesearethe maimginals correspondingo a graphical
modelwhaoseindependencgraphis givenin Fig. 1, andthis modelfits the datawell.

B no yes | B no yes
F E D C|A no yes no yes{|A no yes no yes
negg <3 <140 no 44 40 112 67 [0,88] [0,62] [0,224] [0,117]
yes| 129 145 12 23 [0,261] [0,246] [0,25] [0,38]
> 140 no 35 12 80 33 [0,88] [0,62] [0,224] [0,117]
yes| 109 67 7 9 [0,261] [0,151] [0,25] [0,38]
>3 <140 no 23 32 70 66 [0,58] [0,60] [0,170] [0,148]
yes| 50 80 7 13 [0,115] [0,173] [0,20] [O,36]
> 140 no 24 25 73 57 [0,58] [0,60] [0,170] [0,148]
yes| 51 63 7 16 [0,115] [0,173] [0,20] [O,36]

pos <3 <140 no| 5 7 21 9 [0,88] [0,62] [0,126] [0,117]
yess 9 17 1 4| [0,134] [0,134] [0,25] [0,38]

>140 no| 4 3 11 8 [0,88] [0,62] [0,126] [0,117]

yess 14 17 5 2| [0,134] [0,134] [0,25] [0,38]

>3 <140 no| 7 3 14 14| [0,58] [0,60] [0,126] [0,126]
yess 9 16 2 3| [0,115][0,134] [0,20] [0,36]

>140 no| 4 0 13 11|| [0,58] [0,60] [0,126] [0,126]

yess 5 14 4 4| [0,115][0,134] [0,20] [0,36]

Tablel: Czechautavorkersdatafrom EdwardsandHavranek(1985). Theleft-handpanelcontainsthe
cell countsandtheright-handpanelcontainshe boundsgiventhe magins[BF], [ABCE], and[ADE].

Using the resultfrom Theoreml, we seethat the upperboundsfor the cell entriesinducedby the
mamginals[BF], [ABCE], and[ADE] arethe minimum of the correspondingentriesin the fixed magi-
nals,while the lower boundsarethe sumof the sameentriesminusthe sumof the correspondingntries
in the maginalsassociatedvith the separator®f the independencgraph,i.e., [B] and[AE]. We give
theseboundsin theright-handpanelof Tablel. Therearethreecell entriescontainingnon-zerd‘'small”
counts,i.e. countsof “1” and“2” in Table1. The correspondindoundsare 0, 25], [0, 38] and|0, 20].
Sincethe lattertwo of thesediffer, we seethatthe upperandlower boundsarethereforedependentot
only on thefixed maginals,but alsoon the positionthey occupy in the cross-classificationMoreover,
the boundsfor the entry of “1” arewider thanthe boundfor oneof the entriesof “2”. At ary rate,all
threeof thesepairsof boundsdiffer quite substantiallyandthuswe might concludethat thereis little
chanceof identifying theindividualsin thesmallcells.
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Figurel: Independencgraphinducedby the maginals[BF], [ABCE] and[ADE].

Now we stepbackandlook at an evenlessproblematicreleasdanvolving the magins: [BF], [BC],
[BE], [AB], [AC], [AE], [CE], [DE], [AD]. Theindependencgraphassociategvith this setof mamginals
is the samegraphin Fig. 1 but the log-linearmodelwhoseMSSscorrespondo thosemamginalsis not
graphical.Sincetheindependencgraphdecomposem threecomponents|BF], [ABCE], and[ADE],
andtwo separatordB] and[AE], aswe have seenwe canapplytheresultfrom Theorem2.

The first component,[BF], is assumedixed; hencethereis nothingto be done. The othertwo
componentarenot fixed, howvever, andwe needto computeupperandlower boundsfor eachof them.
Usingthealgorithmpresentedh thenext sectionwe calculateounddor thecell entriesin themaginal
[ABCE] giventhemaginals[BC], [BE],[AB], [AC], [AE], [CE] (seeTable2). We did the samefor the
maiginal [ADE] giventhemaginals[AE], [DE], [AD] (seeTable3).

B no yes ||B no yes

E C|A no yes no yes||A no yes no yes

<3 no 88 62 224 117 [0,206] [0,167] [0,404] [0,312]
yes| 261 246 25 38 [0,421] [0,463] [0,119] [0,119]

>3 no 58 60 170 148 [0,181] [0,167] [0,363] [0,339]
yes| 115173 20 36 [0,314] [0,344] [0,119] [0,119]

Table2: Marginal [ABCE] from Table1l andboundsfor this maginal givenall 2-way totals.

E D J|A no yes||A no yes

<3 no 333 312 [182,515] [130,463]
yes| 265 151 [83,416] [0,333]

>3 no 182 227 [0,333] [76,409]
yes| 181 190 [30,363] [8,341]

Table3: Marginal [AED] from Tablel andboundsfor this maginal givenall 2-way totals.

Sincewe have upperandlower boundsfor eachof the component®f areduciblegraph, Theorem?2
allows usto piecetogethettheboundsfor thecomponent$§BF], [ABCE] and[ADE] to obtainsharpinte-
gerbounddor theoriginal 6-way table- seeTable4. We emphasizéhatTheoren is asoundtechnique
for replacingthe original problem,namely computingboundsfor a 6-way table, by two smallerones,
i.e.,computingboundsfor a4-way anda 3-way table. Thecomputationaéffort requiredfor implement-
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B no yes

F E D C|A no yes no yes
neg <3 <140 no [0,206] [0,167] [0,404] [0,312]
yes| [0,421] [0,463] [0,119] [0,119]
> 140 no [0,206] [0,167] [0,404] [0,312]
yes| [0,416] [0,333] [0,119] [0,119]
>3 <140 no [0,181] [0,167] [0,333] [0,339]
yes| [0,314] [0,344] [0,119] [0,119]
> 140 no [0,181] [0,167] [0,363] [0,339]
yes| [0,314] [0,341] [0,119] [0,119]
pos <3 <140 no [0,134] [0,134] [0,126] [0,126]
yes| [0,134] [0,134] [0,119], [0,119]
> 140 no [0,134] [0,134] [0,126] [0,126]
yes| [0,134] [0,134] [0,119] [0,119]
>3 <140 no [0,134] [0,134] [0,126] [0,126]
yes| [0,134] [0,134] [0,119] [0,119]
> 140 no [0,134] [0,134] [0,126] [0,126]
yes| [0,134] [0,134] [0,119] [0,119]

Table4: Boundsfor Czechauto-workersdatafrom Table1 giventhe maginals[BF], [BC], [BE],[AB],
[AC], [AE], [CE], [DE], [AD].

ing andusing Theorem?2 is minimal onceboundsfor the componentsreavailable,andthusexploiting
it in this fashioncouldleadto appreciableomputationakavings.

4 A General BoundsAlgorithm

In Section3, we took advantageof the specialstructureof the conditionalindependencie§nduced”
amongthe variablescross-classifiedn a table of countshby the setof fixed marginals. However, if
all (k — 1)-way maginal tablesare given, the correspondingndependencgraphis complete,hence
thereareno conditionalindependenceelationshipgo exploit. Fienbeg (1999)notedthat, if thetable
is dichotomousthe log-linear model of no kth-orderinteractionhasonly one degreeof freedomand
consequenththe countsin ary cell can be uniquely expressedas a function of one single fixed cell
alone. By imposingthe non-ngatiity constraintsor every cell in our contingenyg table,we arethen
ableto derwve sharpupperandlower bounds.It turnsout thatdichotomoudablesarethe key to derive
sharpbounddfor a k-way tablegivenanarbitrarysetof fixedmamginals.

4.1 Terminology and Notation

Let T denotethesetof cellsof all possibletablesthatcouldbeformedby collapsingthe original k-way
tablen not only acrossvariables,but alsoacrosscatejories. The elementdn T areessentiallyblocks
formedby joining tableentriesin n. If the setof cell entriesin n thatdefinea “supercell” t; € T is
includedin the setof cells defininganother‘supercell” to € T, we write t; < to. With this partial
ordering, (T, <) hasa maximal element,namelythe grandtotal of n and several minimal elements,
i.e., the cell entriesin the initial tablen. The grandtotal of n is maximalbecausell the cellsin n
“contribute” to it. Ontheotherhand,a cell entryin n is minimalin T sinceary block of cellsin T is



constructedrom onesinglecell in n or by joining at leasttwo otherblocks. OnecanrepresenfT asa
hierarchyof cellsinducedby the ordering” <", with the grandtotal at the top level andthecellsin n at
the bottomlevel of the hierarchy

Considertthreeblocksof cellsty, to andts. If ¢t canbeformedby joining ¢; andts, we write

t1 @ty = to. (2)

Theoperator'®” is equivalentto joining two blocksof cellsin T to form athird block. Theblocksto be
joined have to be composedrom the samecateyoriesin (k¥ — 1) dimensionsandthey arealsorequired
notto shareary cateyoriesin theremainingdimension.If eitherof theseconditionsdoesnot hold, their
unionis notgoingto beablock of cellsin T.

Denoteby L(t) andU (t) the currentupperandlower boundsfor the“supercell” ¢ € T. Let

L(T) := {L(t) : t € T} andU(T) := {U(¢) : t € T}. 3)

L(T) andU (T) aretheboundsarrayswe aretrying to determine Everyt € T couldhave avalueV ()
assignedoit. If ¢ corresponds$o anentryin afixedmamginal, we actually“know” thevalueV (¢) of that
entry hencewe setthe currentiower boundandthe currentupperboundof ¢ to betheknown valueV ().

Let Ty bethesetof cellsin T for which the lower boundis currently equalto the upperbound.
Thesearethecellsthathave avalueassignedo them:

V(t)=L(t) =U(t) &t €Ty 4

Whentheiterative proceduralescribedelawv starts, Ty will containonly thecellsin thefixedmaiginals.
For theremainingcellsin T, we couldsetL(t) andU (t) to betheboundsLy(t), Uy (t) inducedby fixing
the one-dimensionamnaiginalsof n. Theseboundsarelooserthantheboundswe aretrying to calculate
sinceit is reasonabléo assumehat the one-dimensionamaiginals can be obtainedby collapsingthe
maiginalswe considerto be fixed. In addition, the log-linear modelinducedby the one-dimensional
maginalsis decomposablehenceL(t) andUy(t) canbe easily calculatedoy emplgying Theoreml.
Theintenals [L(t), V (¢)], t € T, aretheinitial feasibility intervals for the iterative procedurewe will
describebelow.

As the algorithm progressesthe boundsfor the cellsin T areimproved and more and more cells
areaddedto T. To be moreprecise,‘improving” the boundsmeansdecreasindghe upperboundsand
increasinghelowerbounds Whentheboundsassociateavith acell t becomesqualthecell isincluded
in Ty andis assignedavalueV (t) := L(t) = V(t). We arenow ableto statethe boundsproblemin a
new equivalentform:

“Find sharpinteger boundsfor thecellsin T if thevaluesof somecellsTy, C T arefixed.

4.2 The GeneralizedShuttle Algorithm

Thefundamentaideabehindthe“shuttle” algorithmis thatthe upperandlower boundgor thecellsin T

areinterlinked. Although Buzzigoli and Giusti (1999)sketchedthis innovative ideafor the 3-way table
problemgiventhethree2-way maiginals,they did notaccuratelyidentify andexploit thefull hierarchical
structureof the cells containedin the mamginals of a frequenyg counttablen. The methodwe outline
herebuilds on their approactandsequentiallimprovesthe boundsfor all the cellswe areinterestedn

until no furtheradjustmentanbe made.



As before we assumehat,for everycell ¢ € T, we know avalid lowerboundL(t) andavalid upper
boundU (¢). With thesenotationstheinitial setof fixedcellsis

To:={teT:L(t)=U(t)}. (5)

For all thecellst in Ty, we assignavalueV (t) := L(t) = V(t). Welet @ = Q(T) denotethetriplets
of cells

Q(T) :={(t1,t2,t3) ET x T x T : t; D13 = t}, (6)

which representhe cell dependenciewe aretrying to satisfy We sequentiallygo throughall thesede-
pendencieandupdatethe upperandlower boundsin thefollowing way. Consideratriplet (¢, to,t3) €
Q. Wehavet; < to andts < to. If all threecells have fixed values,i.e., t1,t9,t3 € Ty, we check
whetherwe cameacrossaninconsisteng Theprocedurestopsif

V(t1) + V(ts3) # V(t2)- (7)

Assumethatt;,t3 € Ty, andte ¢ Ty. Thenty canonly take onevalue,namelyV (¢1) + V (t3). If
V(t1) + V(t3) ¢ [L(t2), U(t2)], we encounteredninconsisteng andexit the procedure Otherwisewe
set

V(ty) = L(te) = Ulte) := V(1) + V(t3), (8)

andincludet; in thesetT of cellshaving afixedvalue. Similarly, if ¢1,t2 € Ty andts ¢ Ty, t3 can
only beequalto V (t2) =V (t1). If V(t2) =V (t1) ¢ [L(ts3),U(¢3)], we againdiscoveredaninconsisteng
If thisis nottrue,we set

V(tg) = L(tg) = U(tg) = V(tg) — V(t1) andTy := Ty U {tg}. 9)

In thecasewhents, t3 € Ty andt; ¢ Ty, we proceedn ananalogousnanner Now we examinethe
situationwhenatleasttwo of thecellst1, t2, t3 donot have afixedvalue. For eachof thethreecellsnot
having afixedvalue,we updatets upperandlowerboundssothatthe nenv boundssatisfythedependengc
t1 @ t3 = to. Suppose; ¢ Ty. Thentheupdatedooundsfor ¢; will be

U(tl) = min{U(tl), U(tg) — L(tg)} andL(tl) = max{L(tl), L(tg) — U(tg)} (10)
If t3 ¢ Ty, weupdateL(ts) andU (t3) in thesameway. Finally, if ¢2 ¢ T, we set
U(tz) := min{U(t2), U(t1) + U(t3)} andL(t2) := max{L(t2), L(t1) + L(t3)}. (12)

After updatingthe boundsof somecell ¢ € T, we checkwhetherthe new upperboundis equalto the
new lower bound.If thisis true,i.e. L(t) = U(t), weincludet in thelist of cellshaving afixedvalue:

T() = T() U {t}, (12)

andsetV(t) := L(t) = U(t). We continuegoing throughall the dependencies Q until the upper
boundsno longer decreasethe lower boundsno longerincreaseand no new cells are addedto T.
The procedurewill cometo anendif andonly if aninconsisteng is detectecr if the upperandlower



boundscannotbe subsequentlymproved. Either oneof thesetwo eventswill eventuallyoccur hence
the procedurave describedstopsafterafinite numberof steps.

Unfortunately the boundswe endup with arenot necessarilgharp exceptin: (i) thedecomposable
caseand(ii) the caseof a dichotomousk-way tablewith all (k — 1)-way maginalsfixed. To be more
explicit, if themaginalswe fix aretheMSSsof adecomposablig-linearmodel,the boundscalculated
by thegeneralizeghuttlealgorithmwill coincidewith theboundsobtainedoy makinguseof Theoreml,
whereasn casq(ii), thegeneralizedhuttlealgorithmwill successfullydeterminghebestintegerbounds
by expressingary cell asa function of ary othercell, andthenimposingthe non-ngativity conditions
ontheseconstraints.

For thegeneral-way boundsproblemwith anarbitrarysetof fixed maiginals,we needto “correct”
the boundsby constructingfeasibleinteger tablesfor which thoseboundsare actually attained. We
explorethe spaceQ by repeatediyassigningvaluesto the cellsin the original table. We do not perform
an exhaustve searchof Q sincewe immediatelyadjustthe upperandlower boundsfor the remaining
cellsin T oncewe pick a valuefor a cell entry and consequentlyhe valueswe attemptto assignto
a particularcell are chosenfrom the currentfeasibility interval associatedvith that entry Additional
technicaldetailscanbefoundin Dobra(2000a).

We note that eachboundcan be checled independentlyof arny other bound, henceadjustingthe
boundscanbe donein parallelon a multi-processomachine. The computationtime could be further
decreasedy using the following artifice: oncea feasibleinteger table containinga countequalto a
boundfor somecell entryis constructedwe checkto seewhetherotherupperor lower boundscanalso
befoundin thattable. This way, we will nothave to attemptto constructanothertablefor thesebounds.
This simpletrick provesto bevery efficientin the caseof large sparsecontingeny tables.

4.3 Example 1 Revisited

We have alreadyappliedthis generalalgorithmto the separableeomponentf the 6-way Czech
auto-worker datain Table 1, to get sharpboundsfor a separabldgable. Herewe notewhat happensn
the otherspecialcasewhenno “correction” is requiredfor feasibletables:whenall 5-way mamgins are
released.The spaceof tablesQ in this casecontainsonly two integertables:the original tablen itself
anda secondtable whoseentriesare found by addingor subtractingone unit from the corresponding
entriesin n. Consequentlythe feasibility intenals [L(t), U (t)] for all the cellsin n have lengthone.
This meanghatreleasingll 5-way maginscouldwell compromisdghe confidentialityof theindividuals
correspondingo theentriescontainingcountsof “1” and“2” andperhapsventheentriescontainingthe
countof “3".

4.4 Example2: The National Long Term Care Survey

Our secondexampleinvolvesa 2'¢ contingeng tablen extractedfrom the “analytic” datafile for Na-
tional Long-Term CareSunwey createdby the Centerof DemographicStudiesat Duke University Each
dimensioncorrespondso a measureof disability definedby an actvity of daily leaving, andthe table
containsinformationcross-classifyingndividualsaged65 andabove. For a detaileddescriptionof this
extractseeEroshe&a (2000).

We have appliedthe generalizedshuttlealgorithmof Section4.2to computesharpupperandlower
boundsfor the entriesin this tablecorrespondingo a numberof differentsetsof fixed maginals. Here
we describeone complex calculationfor the setinvolving threefixed 15-way maiginals obtainedby

LT

collapsingn acrosghevariables’'managingmoney”, “taking medicine”and“telephoning”.
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Of the 2'¢ = 65,536 cellsin the table, 62, 384 containzeroentries. Sincethe tamget tableis so
sparsereleasinghreemarginalsof dimensiorfifteenwill leadto the exactdisclosureof mostof thecell
entries. To be moreexact, only 128 cells have the upperboundsstrictly biggerthanthe lower bounds!
Thedifferencebetweerthe upperandlower boundss equalto 1 for 96 cells,2 for 16 cells,6 for 8 cells,
and10 for 8 cells.

Wetake acloserlook to theboundsassociatedavith “small” countsof “1” or“2”. A numberof 1,729
cellscontaina countof “1”. Fromthese,1, 698 cells have the upperboundsequalto the lower bounds.
The differencebetweenthe boundsis 1 for 28 of the remainingcountsof “1”, is 2 for two othercells
andis equalto 6 for only oneentry As for the499 cellswith acountof “2”, the differencebetweerthe
boundss zerofor 485 cells,is 1 for 10 cellsandis 2 for 4 othercells.

Thegeneralizedghuttlealgorithmcornvergedin approximatehtwentyiterationsto the“correct” sharp
boundsandit took lessthansix hoursto completeon a single-processamachineat the Departmenbf
Statistics,Carngjie Mellon University We re-checkd theseboundsby determiningthe feasibleinteger
tablesfor which they areattainedon the TerascaleComputingSystemat the Pittshurgh Supercomputing
Center We useda parallelimplementatiorof theshuttlealgorithmandthecomputationsook almostone
hourto completeonfifty-six processorsWe arecurrentlyexploring waysto speedup thecalculationsas
well asapproximationghatwill allow usto applyourresultsto largertables.

5 Conclusions

In this papemwe have explainedhow log-linearmodelstatisticaltheorycanhelpidentify situationswvhen
explicit formulasexist for computingthe bestinteger boundson the entriesof a cross-classificatioof
arbitrary dimensiongiven a set of marginal totals (the decomposablease). When suchformulasdo
not exist, we illustratedhow to derive similar formulasthathelpto reducethe computationakffort (the
reduciblecase). In addition,we explainedhow log-linear modelsprovide the basisfor correctingthe
shuttlealgorithm originally proposedby Buzzigoli and Giusti, and transformit into a generalproce-
durefor computingsharpinteger boundsgiven ary setof mamginals. The generalizedghuttlealgorithm
describedhere simultaneouslycomputessharpinteger boundsfor all the cells by fully exploiting the
structureof the boundsproblemfor multi-way contingenyg tablesand, in addition, it can updatethe
boundsasmoremaiginalsarebeingreleased.
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