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Abstract

We describenew resultsfor sharpupperandlower boundson theentriesin multi-way tablesof
countsbasedon a setof releasedandpossiblyoverlappingmarginal tables.In particular, we present
a generalizedversionof theshuttlealgorithmproposedby Buzzigoli andGiusti thatcomputessharp
integerboundsfor anarbitrarysetof fixedmarginals.We alsopresenttwo exampleswhich illustrate
thepracticalimportof theboundsfor assessingdisclosurerisk.

Keywords: Statisticaldisclosurecontrol;Log-linearmodels;Decomposablemodels;Reducible
models;Integerprogramming.

1 Intr oduction

In thispaper, weprovideanoverview of our recentwork to developboundfor entriesin contingency and
othernon-negative tables(seealsoDobraandFienberg (2001)). Our interestin this problemgrows out
of work to developa Web-basedtablequerysystem,coordinatedby theNationalInstituteof Statistical
Sciencesin thespirit of a pilot systemdescribedby Keller-McNulty andUnger(1998). Thesystemis
beingdesignedto work with adatabaseconsistingof a

�
-waycontingency tableandit allows only those

queriesthat comein the form of requestsfor marginal tables.What is intuitively clearfrom statistical
theoryis that,asmarginsarereleasedandcumulatedby users,thereis increasinginformationavailable
aboutthetableentries.Thesystemmustexamineeachnew queryin combinationwith thosepreviously
releasedmarginsanddecideif therisk of disclosureof individualsin thefull unreleased

�
-way tableis

toogreat.Thenit mightoffer oneof threeresponses:(1) yes—release;(2) no—don’t release;or perhaps
(3) simulatea new table,which is consistentwith thepreviously releasedmargins,andthenreleasethe
requestedmargin tablefrom it (c.f., DuncanandFienberg (1999);Fienberg, Makov, andSteele(1998);
Fienberg, Makov, MeyerandSteele(2001)).

Therearevariousapproachesto assessingrisk of disclosureandmostof themrelateto theinadvertent
“release”of small countsin the full

�
-way table (e.g. seeSkinnerandHolmes(1998); Fienberg and

Makov (1998);Samuels(1998)).Herewe follow theapproachof examiningupperandlowerboundson
thecell entries(seeBuzzigoliandGiusti(1999);Cox(1999);Fienberg (1999)andRoehrig,etal. (1999)).
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For moregeneralbackgroundon relatedmethodsof disclosurelimitation, we refertheinterestedreader
to Willenborg anddeWaal(1996;2000).

Theapproachwe outline in this paperdraws heavily on theideasassociatedwith thetheoryof log-
linearmodelsfor contingency tables(Bishopetal., 1975;Lauritzen,1996),wheretheminimalsufficient
statisticsarein factmarginal totalscorrespondingto thehighest-ordertermsin themodel. In Section2,
we give sometechnicalbackgroundandthen,in Section3, we presentresultsfrom DobraandFienberg
(2000)correspondingto decomposableandreduciblegraphicalmodels.Then,in Section4, we outline
a generalalgorithmthat computessharpboundsfor margins correspondingto any standardlog-linear
model. This algorithmgeneralizesthe“shuttle” algorithmapproachsuggestedby Buzzigoli andGiusti
(1999). We apply our resultsto two examples,a ��� tableanda ����� table,andwe discusssomeof the
possibleimplicationsfor disclosure.

2 TechnicalBackground

Boundsfor entriesin two-way contingency tablesgo back to seminalpapersby Bonferonni(1936),
Fréchet(1940),andHoeffding (1940).For an �	��
 tablewith entries��
������ androw margins ��
������ and
columnmargins ��
 ��� � , theseboundstake theform

����� ��
�������
 �����"!#
����$! �&%�' �)(*��
����,+-
 ���/.0
 ���1�2� (1)

For simplicity, we referto theseasFréchetbounds. Until recently, theonly multi-dimensionalgenerali-
zationsof this resultthathave beenutilized involved non-overlappingfixedmarginals. Our interesthas
beenin deriving computationallyefficient approachesto computingboundswhenthemarginalsoverlap
(c.f. therelatedwork describedin Joe(1997)).

Any contingency tablewith non-negative integerentriesandfixedmarginal totalsis a latticepoint in
theconvex polytope 3 definedby thelinearsystemof equationsinducedby thereleasedmarginals.The
constraintsgivenby thevaluesin thereleasedmarginalsinduceupperandlower boundson theinterior
cellsof theinitial table.Theseboundsor feasibilityintervalscanbeobtainedby solvingthecorrespond-
ing linearprogrammingproblems.The importanceof systematicallyinvestigatingtheselinearsystems
of equationsshouldbereadilyapparent.If thenumberof latticepointsin 3 is below a certainthresh-
old, we have significantevidencethat a potentialdisclosureof the entiredatasetmight have occurred.
Moreover, if theinducedupperandlower boundsaretoo tight or too closeto theactualsensitive value
in a cell entry, theinformationassociatedwith theindividualsclassifiedin thatcell maybecomepublic
knowledge.

Theproblemof determiningsharpupperandlowerboundsfor thecell entriessubjectto somelinear
constraintsexpressedin this form is known to be NP-hard(Roehriget al., 1999). Several approaches
have beenproposedfor computingbounds:however, almostall of themhave drawbacksthatshow the
needfor alternatesolutions.Network models(c.f. Cox (1999))needformal structureto work even for4
-way tablesandbesidesthereis no generalformulationfor higher-way tables.In someways,themost

naturalmethodfor solvinglinearprogrammingproblemsis thesimplex method.For theboundsproblem,
we would have to run theproceduretwice for every elementin thetableandconsequentlywe overlook
theunderlyingdependenciesamongthemarginalsby regardingthemaximization/minimizationproblem
associatedwith somecell asunrelatedto theparallelproblemsassociatedwith theremainderof thecells
in thetable.Althoughthesimplex methodworkswell for smallproblemsanddimensions,by employing
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it wewould ignorethespecialstructureof theproblembecausewewouldconsiderevery tableasa linear
list of cells. The computationalinadequacy of the simplex approachis further augmentedby the fact
thatwe maygetfractionalbounds(Cox,1999),which arevery difficult to interpret.To avoid fractional
bounds,onewould have to make useof integerprogrammingalgorithms,but their computationalcom-
plexity prevent their usageevenfor problemsof modestsize.Theseconsiderationssuggesttheneedfor
morespecialized,computationallyinexpensive algorithmsthat could fully exploit the specialstructure
of theproblemwe aredealingwith.

3 Bounds When Mar ginals Characterize Decomposableand Reducible
Graphical Models

Wevisualizethedependency patternsinducedby thereleasedmarginalsby constructinganindependence
graphfor thevariablesin theunderlyingcross-classification.Eachvariablecross-classifiedin thetable
is associatedwith a vertex in this graph. If two variablesare not connected,they are conditionally
independentgiventheremainder. Modelsdescribedsolely in termsof suchconditionalindependencies
aresaidto begraphical(e.g.,seeLauritzen(1996)).

3.1 Bound Results

Decomposablegraphicalmodelshave closedform structureandspecialproperties.The expected
cell valuescanbeexpressedasafunctionof thefixedmarginals.To bemoreexplicit, themaximumlike-
lihood estimatesaretheproductof themarginalsdividedby theproductof theseparators.By induction
on thenumberof MSSs,in DobraandFienberg (2000),we developedgeneralizedFréchetboundsfor
decomposablelog-linearmodelswith any numberof MSSs.ThesegeneralizedFréchetboundsaresharp
in thesensethatthey arethetightestpossibleboundsgiventhemarginals.In addition,wecandetermine
feasibletablesfor which theseboundsareattained.

Theorem 1 (Fr échetBounds for DecomposableModels). Assumethat the releasedsetof marginals
for a

�
-way contingencytable is thesetof MSSsof a decomposablelog-linear model. Thentheupper

boundsfor the cell entriesin the initial table are the minimumof relevant margins, while the lower
boundsare themaximumof zero, or sumof therelevantmarginsminustheseparators.

When the log-linear model associatedwith the releasedset of marginals is not decomposable,it
is naturalto askourselveswhetherwe could reducethe computationaleffort neededto determinethe
tightestboundsby employing thesamestrategy usedfor decomposablegraphs,i.e. decompositionsof
graphsby meansof completeseparators.An independencegraphthat is not necessarilydecomposable,
but still admitsaproperdecomposition,is calledreducible(Leimer, 1993).Onceagain,wepointout the
link with maximumlikelihoodestimationin log-linearmodels.We definea reduciblelog-linear model
(DobraandFienberg, 2000)asonefor whichthecorrespondingMSSsaremarginalsthatcharacterizethe
componentsof a reducibleindependencegraph. If we cancalculatethemaximumlikelihoodestimates
for thelog-linearmodelscorrespondingto every componentof a reduciblegraph 5 , thenwe caneasily
derive explicit formulaefor the maximumlikelihoodestimatesin the reduciblelog-linearmodelwith
independencegraph5 (DobraandFienberg, 2000).

Theorem 2 (Fr échetBoundsfor ReducibleModels). Assumethat thereleasedsetof marginalsis the
setof MSSsof a reduciblelog-linearmodel.Thentheupperboundsfor thecell entriesin theinitial table
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are theminimumof upperboundsof relevantcomponents,while the lower boundsare themaximumof
zero, or sumof thelower boundsof relevantcomponentsminustheseparators.

3.2 Example1: Risk Factors for CzechAuto Workers

Thedatain Table1 comefrom aprospective epidemiologicalstudyof 1841workersin aCzechoslo-
vakiancar factory, aspartof an investigationof potentialrisk factorsfor coronarythrombosis(seeEd-
wardsand Havranek(1985)). In left-handpanelof Table 1, A indicateswhetheror not the worker
“smokes”, B correspondsto “strenuousmentalwork”, C correspondsto “strenuousphysicalwork”, D
correspondsto “systolic bloodpressure”,E correspondsto “ratio of 6 and 7 lipoproteins”andF repre-
sents“f amily anamnesisof coronaryheartdisease”.Assumewe areprovidedwith threemarginal tables
[BF], [ABCE], and[ADE] of this 8 -way table. Theseare the marginalscorrespondingto a graphical
modelwhoseindependencegraphis givenin Fig. 1, andthismodelfits thedatawell.

B no yes B no yes
F E D C A no yes no yes A no yes no yes

neg 9;:<9>=@?BA no 44 40 112 67 [0,88] [0,62] [0,224] [0,117]
yes 129 145 12 23 [0,261] [0,246] [0,25] [0,38]C =@?BA no 35 12 80 33 [0,88] [0,62] [0,224] [0,117]
yes 109 67 7 9 [0,261] [0,151] [0,25] [0,38]C :<9>=@?BA no 23 32 70 66 [0,58] [0,60] [0,170] [0,148]
yes 50 80 7 13 [0,115] [0,173] [0,20] [0,36]C =@?BA no 24 25 73 57 [0,58] [0,60] [0,170] [0,148]
yes 51 63 7 16 [0,115] [0,173] [0,20] [0,36]

pos 9;:<9>=@?BA no 5 7 21 9 [0,88] [0,62] [0,126] [0,117]
yes 9 17 1 4 [0,134] [0,134] [0,25] [0,38]C =@?BA no 4 3 11 8 [0,88] [0,62] [0,126] [0,117]
yes 14 17 5 2 [0,134] [0,134] [0,25] [0,38]C :<9>=@?BA no 7 3 14 14 [0,58] [0,60] [0,126] [0,126]
yes 9 16 2 3 [0,115] [0,134] [0,20] [0,36]C =@?BA no 4 0 13 11 [0,58] [0,60] [0,126] [0,126]
yes 5 14 4 4 [0,115] [0,134] [0,20] [0,36]

Table1: Czechautoworkersdatafrom EdwardsandHavranek(1985).Theleft-handpanelcontainsthe
cell countsandtheright-handpanelcontainstheboundsgiventhemargins[BF], [ABCE], and[ADE].

Using the resultfrom Theorem1, we seethat theupperboundsfor thecell entriesinducedby the
marginals[BF], [ABCE], and[ADE] aretheminimumof thecorrespondingentriesin thefixedmargi-
nals,while thelowerboundsarethesumof thesameentriesminusthesumof thecorrespondingentries
in themarginalsassociatedwith theseparatorsof the independencegraph,i.e., [B] and[AE]. We give
theseboundsin theright-handpanelof Table1. Therearethreecell entriescontainingnon-zero“small”
counts,i.e. countsof “1” and“2” in Table1. Thecorrespondingboundsare D (*�@�FEBG , D (*� 4FH G and D (*�@��(�G .
Sincethe latter two of thesediffer, we seethat theupperandlower boundsarethereforedependentnot
only on thefixedmarginals,but alsoon thepositionthey occupy in thecross-classification.Moreover,
theboundsfor theentryof “1” arewider thantheboundfor oneof theentriesof “2”. At any rate,all
threeof thesepairsof boundsdiffer quite substantiallyandthuswe might concludethat thereis little
chanceof identifying theindividualsin thesmallcells.
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Figure1: Independencegraphinducedby themarginals[BF], [ABCE] and[ADE].

Now we stepbackandlook at aneven lessproblematicreleaseinvolving themargins: [BF], [BC],
[BE], [AB], [AC], [AE], [CE], [DE], [AD]. Theindependencegraphassociatedwith thissetof marginals
is thesamegraphin Fig. 1 but the log-linearmodelwhoseMSSscorrespondto thosemarginalsis not
graphical.Sincethe independencegraphdecomposesin threecomponents,[BF], [ABCE], and[ADE],
andtwo separators,[B] and[AE], aswehave seen,wecanapplytheresultfrom Theorem2.

The first component,[BF], is assumedfixed; hencethere is nothing to be done. The other two
componentsarenot fixed,however, andwe needto computeupperandlower boundsfor eachof them.
Usingthealgorithmpresentedin thenext section,wecalculatedboundsfor thecell entriesin themarginal
[ABCE] giventhemarginals[BC], [BE],[AB], [AC], [AE], [CE] (seeTable2). We did thesamefor the
marginal [ADE] giventhemarginals[AE], [DE], [AD] (seeTable3).

B no yes B no yes
E C A no yes no yes A no yes no yes9U: no 88 62 224 117 [0,206] [0,167] [0,404] [0,312]

yes 261 246 25 38 [0,421] [0,463] [0,119] [0,119]C : no 58 60 170 148 [0,181] [0,167] [0,363] [0,339]
yes 115 173 20 36 [0,314] [0,344] [0,119] [0,119]

Table2: Marginal [ABCE] from Table1 andboundsfor thismarginal givenall � -way totals.

E D A no yes A no yes9;: no 333 312 [182,515] [130,463]
yes 265 151 [83,416] [0,333]C : no 182 227 [0,333] [76,409]
yes 181 190 [30,363] [8,341]

Table3: Marginal [AED] from Table1 andboundsfor thismarginal givenall � -way totals.

Sincewe have upperandlower boundsfor eachof thecomponentsof a reduciblegraph,Theorem2
allowsusto piecetogethertheboundsfor thecomponents[BF], [ABCE] and[ADE] to obtainsharpinte-
gerboundsfor theoriginal 8 -way table- seeTable4. WeemphasizethatTheorem2 is asoundtechnique
for replacingtheoriginal problem,namely, computingboundsfor a 8 -way table,by two smallerones,
i.e.,computingboundsfor a V -wayanda

4
-way table.Thecomputationaleffort requiredfor implement-

5



B no yes
F E D C A no yes no yes

neg 9W:<9-=X?BA no [0,206] [0,167] [0,404] [0,312]
yes [0,421] [0,463] [0,119] [0,119]C =X?BA no [0,206] [0,167] [0,404] [0,312]
yes [0,416] [0,333] [0,119] [0,119]C :<9-=X?BA no [0,181] [0,167] [0,333] [0,339]
yes [0,314] [0,344] [0,119] [0,119]C =X?BA no [0,181] [0,167] [0,363] [0,339]
yes [0,314] [0,341] [0,119] [0,119]

pos 9W:<9-=X?BA no [0,134] [0,134] [0,126] [0,126]
yes [0,134] [0,134] [0,119], [0,119]C =X?BA no [0,134] [0,134] [0,126] [0,126]
yes [0,134] [0,134] [0,119] [0,119]C :<9-=X?BA no [0,134] [0,134] [0,126] [0,126]
yes [0,134] [0,134] [0,119] [0,119]C =X?BA no [0,134] [0,134] [0,126] [0,126]
yes [0,134] [0,134] [0,119] [0,119]

Table4: Boundsfor Czechauto-workersdatafrom Table1 giventhemarginals[BF], [BC], [BE],[AB],
[AC], [AE], [CE], [DE], [AD].

ing andusingTheorem2 is minimal onceboundsfor thecomponentsareavailable,andthusexploiting
it in this fashioncouldleadto appreciablecomputationalsavings.

4 A GeneralBoundsAlgorithm

In Section3, we took advantageof the specialstructureof the conditionalindependencies“induced”
amongthe variablescross-classifiedin a table of countsby the set of fixed marginals. However, if
all (

� .ZY )-way marginal tablesaregiven, the correspondingindependencegraphis complete,hence
thereareno conditionalindependencerelationshipsto exploit. Fienberg (1999)notedthat, if the table
is dichotomous,the log-linearmodelof no

�
th-orderinteractionhasonly onedegreeof freedomand

consequentlythe countsin any cell can be uniquely expressedas a function of one single fixed cell
alone. By imposingthe non-negativity constraintsfor every cell in our contingency table,we arethen
ableto derive sharpupperandlower bounds.It turnsout thatdichotomoustablesarethekey to derive
sharpboundsfor a

�
-way tablegivenanarbitrarysetof fixedmarginals.

4.1 Terminology and Notation

Let [ denotethesetof cellsof all possibletablesthatcouldbeformedby collapsingtheoriginal
�
-way

table \ not only acrossvariables,but alsoacrosscategories. The elementsin [ areessentiallyblocks
formedby joining tableentriesin \ . If thesetof cell entriesin \ thatdefinea “super-cell” ] �&^ [ is
includedin the setof cells defininganother“super-cell” ]`_ ^ [ , we write ] ��a ]b_ . With this partial
ordering, cd[�� a e hasa maximalelement,namelythe grandtotal of \ andseveral minimal elements,
i.e., the cell entriesin the initial table \ . The grandtotal of \ is maximalbecauseall the cells in \
“contribute” to it. On theotherhand,a cell entry in \ is minimal in [ sinceany block of cells in [ is
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constructedfrom onesinglecell in \ or by joining at leasttwo otherblocks. Onecanrepresent[ asa
hierarchyof cells inducedby theordering“ a ”, with thegrandtotal at thetop level andthecells in \ at
thebottomlevel of thehierarchy.

Considerthreeblocksof cells ] � , ]b_ and ]bf . If ]`_ canbeformedby joining ] � and ]`f , we write

] � g ]`fihj]b_�k (2)

Theoperator“ g ” is equivalentto joining two blocksof cellsin [ to form athird block. Theblocksto be
joinedhave to becomposedfrom thesamecategoriesin (

� .jY ) dimensionsandthey arealsorequired
not to shareany categoriesin theremainingdimension.If eitherof theseconditionsdoesnot hold, their
unionis notgoingto beablock of cellsin [ .

Denoteby lmcn] e and opcn] e thecurrentupperandlower boundsfor the“super-cell” ] ^ [ . Let

lmcd[ erq hs�)ltcn] euq ] ^ [p� and ovcd[ ewq hs�Fovcn] euq ] ^ [&�2k (3)

lmcd[ e and opcd[ e aretheboundsarrayswe aretrying to determine.Every ] ^ [ couldhave avalue x�cn] e
assignedto it. If ] correspondsto anentryin afixedmarginal,weactually“know” thevalue x�cn] e of that
entry, hencewesetthecurrentlowerboundandthecurrentupperboundof ] to betheknown value xycn] e .

Let [{z be the setof cells in [ for which the lower boundis currentlyequalto the upperbound.
Thesearethecellsthathave avalueassignedto them:

xycn] e h|lmcn] e hsovcn] e~} ] ^ ["z�k (4)

Whentheiterativeproceduredescribedbelow starts,[{z will containonly thecellsin thefixedmarginals.
For theremainingcellsin [ , wecouldset lmcn] e and opcn] e to betheboundsl�zFcn] e , o�z2cn] e inducedby fixing
theone-dimensionalmarginalsof \ . Theseboundsarelooserthantheboundswe aretrying to calculate
sinceit is reasonableto assumethat the one-dimensionalmarginalscanbe obtainedby collapsingthe
marginalswe considerto be fixed. In addition, the log-linearmodel inducedby the one-dimensional
marginalsis decomposable,hencelwz2cn] e and o�z2cn] e canbe easilycalculatedby employing Theorem1.
The intervals D ltcn] e �Xx�cn] e G , ] ^ [ , arethe initial feasibility intervals for the iterative procedurewe will
describebelow.

As the algorithmprogresses,the boundsfor the cells in [ areimproved andmoreandmorecells
areaddedto [{z . To bemoreprecise,“improving” theboundsmeansdecreasingtheupperboundsand
increasingthelowerbounds.Whentheboundsassociatedwith acell ] becomeequal,thecell is included
in [ z andis assigneda value x�cn] emq h�lmcn] e h�xycn] e . We arenow ableto statetheboundsproblemin a
new equivalentform:

“F ind sharpinteger boundsfor thecellsin [ if thevaluesof somecells [ z�� [ arefixed.”

4.2 The GeneralizedShuttle Algorithm

Thefundamentalideabehindthe“shuttle” algorithmis thattheupperandlowerboundsfor thecellsin [
areinterlinked. AlthoughBuzzigoli andGiusti (1999)sketchedthis innovative ideafor the

4
-way table

problemgiventhethree� -waymarginals,they did notaccuratelyidentify andexploit thefull hierarchical
structureof the cells containedin the marginalsof a frequency counttable \ . The methodwe outline
herebuilds on their approachandsequentiallyimprovestheboundsfor all thecellswe areinterestedin
until no furtheradjustmentcanbemade.
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As before,weassumethat,for everycell ] ^ [ , weknow avalid lowerboundlmcn] e andavalid upper
bound ovcn] e . With thesenotations,theinitial setof fixedcellsis

["z q hs��] ^ [ q lmcn] e hsovcn] e �2k (5)

For all thecells ] in [{z , we assigna value x�cn] eiq hslmcn] e h�xycn] e . We let ��h���cd[ e denotethetriplets
of cells

�{cd[ erq hs��cn] � ��]`_���]bf e ^ [��,[��,[ q ] ��g ]bfihj]`_B��� (6)

which representthecell dependencieswe aretrying to satisfy. We sequentiallygo throughall thesede-
pendenciesandupdatetheupperandlowerboundsin thefollowing way. Considera triplet cn] � ��]`_���]bf e ^� . We have ] ��a ]b_ and ]bf a ]b_ . If all threecells have fixed values,i.e., ] � ��]b_���]`f ^ ["z , we check
whetherwecameacrossaninconsistency. Theprocedurestopsif

x�cn] � e +�xycn]`f e$�h�x�cn]b_ e k (7)

Assumethat ] � ��] f ^ [ z , and ] _��^ [ z . Then ] _ canonly take onevalue,namely xycn] � e +�x�cn] f e . Ifxycn] � e +-xycn]`f e �^ D lmcn]b_ e ��ovcn]b_ e G , weencounteredaninconsistency andexit theprocedure.Otherwisewe
set

xycn]`_ e h�lmcn]b_ e hsovcn]b_ erq h�xycn] � e +�x�cn]bf e � (8)

andinclude ] _ in theset [ z of cellshaving a fixedvalue. Similarly, if ] � ��] _ ^ [ z and ] f,�^ [ z , ] f can
only beequalto xycn]`_ e .	xycn] � e . If xycn]`_ e .vx�cn] � e �^ D ltcn]`f e ��opcn]`f e G , weagaindiscoveredaninconsistency.
If this is not true,we set

x�cn] f e h|ltcn] f e hZovcn] f euq h�x�cn] _ e .-xycn] � e and [ z q h�[ z�� ��] f �2k (9)

In thecasewhen ]`_���]bf ^ [{z and ] � �^ ["z , we proceedin ananalogousmanner. Now we examinethe
situationwhenat leasttwo of thecells ] � ��]`_���]bf do not have a fixedvalue.For eachof thethreecellsnot
having afixedvalue,weupdateits upperandlowerboundssothatthenew boundssatisfythedependency] � g ]`fihj]b_ . Suppose] � �^ [{z . Thentheupdatedboundsfor ] � will be

opcn] � ewq h �&��� �Fovcn] � e ��ovcn]b_ e .0ltcn]`f e � and lmcn] � erq h �&%�' �)lmcn] � e ��lmcn]b_ e .�opcn]`f e �2k (10)

If ]`f �^ ["z , we updatelmcn]bf e and ovcn]bf e in thesameway. Finally, if ]b_ �^ [{z , we set

opcn] _ ewq h �&��� �Fovcn] _ e ��ovcn] � e +<opcn] f e � and lmcn] _ ewq h �&%�' �)lmcn] _ e ��lmcn] � e +�ltcn] f e �2k (11)

After updatingtheboundsof somecell ] ^ [ , we checkwhetherthenew upperboundis equalto the
new lowerbound.If this is true,i.e. lmcn] e hsopcn] e , we include ] in thelist of cellshaving afixedvalue:

["z q h�["z � ��]@�2� (12)

andset x�cn] e�q h�lmcn] e h�opcn] e . We continuegoing throughall the dependenciesin � until the upper
boundsno longer decrease,the lower boundsno longer increaseand no new cells are addedto ["z .
Theprocedurewill cometo anendif andonly if an inconsistency is detectedor if theupperandlower
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boundscannotbe subsequentlyimproved. Either oneof thesetwo eventswill eventuallyoccur, hence
theprocedurewe describedstopsafterafinite numberof steps.

Unfortunately, theboundswe endup with arenotnecessarilysharp,exceptin: (i) thedecomposable
case,and(ii) thecaseof a dichotomous

�
-way tablewith all (

� .<Y )-way marginalsfixed. To bemore
explicit, if themarginalswefix aretheMSSsof adecomposablelog-linearmodel,theboundscalculated
by thegeneralizedshuttlealgorithmwill coincidewith theboundsobtainedby makinguseof Theorem1,
whereasin case(ii), thegeneralizedshuttlealgorithmwill successfullydeterminethebestintegerbounds
by expressingany cell asa functionof any othercell, andthenimposingthenon-negativity conditions
on theseconstraints.

For thegeneral
�
-way boundsproblemwith anarbitrarysetof fixedmarginals,we needto “correct”

the boundsby constructingfeasibleinteger tablesfor which thoseboundsare actually attained. We
explorethespace3 by repeatedlyassigningvaluesto thecells in theoriginal table.We do not perform
an exhaustive searchof 3 sincewe immediatelyadjusttheupperandlower boundsfor the remaining
cells in [ oncewe pick a valuefor a cell entry, andconsequentlythe valueswe attemptto assignto
a particularcell arechosenfrom the currentfeasibility interval associatedwith that entry. Additional
technicaldetailscanbefoundin Dobra(2000a).

We note that eachboundcan be checked independentlyof any other bound,henceadjustingthe
boundscanbe donein parallelon a multi-processormachine.The computationtime could be further
decreasedby using the following artifice: oncea feasibleinteger table containinga countequalto a
boundfor somecell entry is constructed,we checkto seewhetherotherupperor lower boundscanalso
befoundin thattable.This way, we will nothave to attemptto constructanothertablefor thesebounds.
Thissimpletrick provesto bevery efficient in thecaseof largesparsecontingency tables.

4.3 Example1 Revisited

We have alreadyappliedthis generalalgorithm to the separablecomponentsof the 8 -way Czech
auto-worker datain Table1, to get sharpboundsfor a separabletable. Herewe notewhat happensin
theotherspecialcasewhenno “correction” is requiredfor feasibletables:whenall 5-way marginsare
released.Thespaceof tables 3 in this casecontainsonly two integer tables:theoriginal table \ itself
anda secondtablewhoseentriesare found by addingor subtractingoneunit from the corresponding
entriesin \ . Consequently, the feasibility intervals D ltcn] e ��opcn] e G for all the cells in \ have lengthone.
Thismeansthatreleasingall 5-waymarginscouldwell compromisetheconfidentialityof theindividuals
correspondingto theentriescontainingcountsof “1” and“2” andperhapseventheentriescontainingthe
countof “3”.

4.4 Example2: The National Long Term CareSurvey

Our secondexampleinvolvesa ����� contingency table \ extractedfrom the “analytic” datafile for Na-
tional Long-TermCareSurvey createdby theCenterof DemographicStudiesat Duke University. Each
dimensioncorrespondsto a measureof disability definedby an activity of daily leaving, andthe table
containsinformationcross-classifyingindividualsaged8FE andabove. For a detaileddescriptionof this
extractseeErosheva (2000).

We have appliedthegeneralizedshuttlealgorithmof Section4.2 to computesharpupperandlower
boundsfor theentriesin this tablecorrespondingto a numberof differentsetsof fixedmarginals.Here
we describeone complex calculationfor the set involving threefixed Y�E -way marginals obtainedby
collapsing\ acrossthevariables“managingmoney”, “taking medicine”and“telephoning”.
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Of the �����Wh�8FE��@E 4 8 cells in the table, 8F��� 4FH V containzeroentries. Sincethe target table is so
sparse,releasingthreemarginalsof dimensionfifteenwill leadto theexactdisclosureof mostof thecell
entries.To bemoreexact,only Y�� H cellshave theupperboundsstrictly biggerthanthe lower bounds!
Thedifferencebetweentheupperandlowerboundsis equalto Y for �F8 cells, � for Y�8 cells, 8 for

H
cells,

and Y�( for
H

cells.
Wetakeacloserlook to theboundsassociatedwith “small” countsof “ Y ” or “ � ”. A numberof Y��X���F�

cellscontaina countof “1”. Fromthese,Y��@8F� H cellshave theupperboundsequalto the lower bounds.
The differencebetweenthe boundsis Y for � H of the remainingcountsof “ Y ”, is � for two othercells
andis equalto 8 for only oneentry. As for the V��F� cellswith a countof “ � ”, thedifferencebetweenthe
boundsis zerofor V H E cells,is Y for Y�( cellsandis � for V othercells.

Thegeneralizedshuttlealgorithmconvergedin approximatelytwentyiterationsto the“correct” sharp
boundsandit took lessthansix hoursto completeon a single-processormachineat theDepartmentof
Statistics,Carnegie Mellon University. We re-checked theseboundsby determiningthefeasibleinteger
tablesfor which they areattainedon theTerascaleComputingSystemat thePittsburgh Supercomputing
Center. Weusedaparallelimplementationof theshuttlealgorithmandthecomputationstookalmostone
hourto completeonfifty-six processors.Wearecurrentlyexploringwaysto speedupthecalculationsas
well asapproximationsthatwill allow usto applyour resultsto largertables.

5 Conclusions

In thispaperwehaveexplainedhow log-linearmodelstatisticaltheorycanhelpidentify situationswhen
explicit formulasexist for computingthebestinteger boundson theentriesof a cross-classificationof
arbitrarydimensiongiven a set of marginal totals (the decomposablecase). Whensuchformulasdo
not exist, we illustratedhow to derive similar formulasthathelpto reducethecomputationaleffort (the
reduciblecase). In addition,we explainedhow log-linearmodelsprovide the basisfor correctingthe
shuttlealgorithmoriginally proposedby Buzzigoli andGiusti, and transformit into a generalproce-
durefor computingsharpintegerboundsgivenany setof marginals. Thegeneralizedshuttlealgorithm
describedheresimultaneouslycomputessharpinteger boundsfor all the cells by fully exploiting the
structureof the boundsproblemfor multi-way contingency tablesand, in addition, it can updatethe
bounds,asmoremarginalsarebeingreleased.
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