STAT 583: Advanced Theory of Statistical Inference Spring 2018

Lecture 3: Applications
Lecturer: Fang Han May 09

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
They may be distributed outside this class only with the permission of the Lecturer.

“Don’t get involved in partial problems, but always take flight to where there is a free view over the whole
single great problem, even if this view is still not a clear one.”

— Ludwig Wittgenstein, on his notebook (November 01, 1914).

3.1 M-estimators
Recalling the theory on M-estimation in Chapter 1, we now finally have the language to state and verify it
in its full generality.

Theorem 1 (Linearization of M-estimator, Theorem 3.2.16 in VW1996). Let T, be a stochastic processes
indexed by an open subset © of Euclidean space andT : © — R be a deterministic function. Assume 6 — T'(6)
is twice continuously differentiable at a point of mazximum 6y with nonsingular second-derivative matriz V.
Suppose that

Ty = T)(0,) = 70 (T = T)(00) = (0 — 00)" Z + 00 (|00 — 0| + 7 llfn — 6ol + 731, (3.1)

for every random sequence §n = 6y + op(1) and a uniformly tight sequence of random vectors Z,. If the

sequence 0y, = 0 and satisfies T, (6,) > supy T () — 0p(r2) for every n, then
n(Bn — 0) = =V ~1Z, + 0p(1).

Remark 2. The M-estimation linearization theorem, in its full generality, does mot require (3n to be a
regular root-n type estimator, does not require the data X1, ..., X, to be either identically or independently
distributed. There is, however, one constraint: Equation (3.1) does require a certain notion of “stochastic
differentiability” for T'y,, and hence rules out estimators like Manski’s score estimator:

GManski ﬁeﬂggab}i—lz]l(n > 0)1(X[3>0).
T =1

For this, Pollard’s cube root asymptotics kicks in (“Cube Root Asymptotics”, Kim and Pollard, AoS 1990).

Proof of Theorem 1. Step 1. We first prove §n is r,,-consistent estimator of fy. Equation (3.1) and Taylor
expanding I' (in Peano form) yield, for every sequence h,, = op(1),

T (B0 + i) = T (00) = T(B0 + n) = T(00) + 7 1 Zo + 0p (ry [l l| + e |* + 77)

T ~ ~ ~ -
= ihZth + rr_Llhz;Zn + OP(||hnH2 + 747:1”]171” + 7“;2).
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Choosing Bn = (9\” — 6y, using the condition Fn(an) > supy () — op(r;?) and Apax(V) < —c for some
universal constant ¢ > 0, we have

L - ~ ~
_OP(T;2) < §hZth + Trtlhgzn + OP(th”2 + 7';1||hnH + 7’;2)
< —c|lhnl? + |0 (1) + op(1hn|l? +7,%),

implying R
{e+op(WHIlhall = Op(r; 1)} < Op(r;?),

and completes the first part’s proof.
Step 2. As soon as we proved ||h,|| = Op(r; 1), we have
op(ry il + [hnl® +77%) = 0p(r?).

We then have

(00 + hn) — Tu(b0) = %vaﬁn + 1 W Z + op(r?),

T(00 =, 'V =1 2,) = T (6o) = —%r;ngV’lZn +op(r,?).

Subtracting the second from the first and noticing that

Ty (0 + hn) — Do(60 — v ' V71Z,) > —op(r;2),

we have 1
02 o (b1 VT Z) TV (b + 1V 20) 2 —op(ry?).

Since V is strictly negative, we conclude
Tn(b\n - 00) = _V_lZn + OP(].).

This completes the proof. O

Under i.i.d. models, usual choices of '), and I are
T'(0) = Pmy and T, (0) =P,my,

where myg is a “pseudo-likelihood” function indexed by the parameter § € ©. For this, picking r, = /n,
Equation (3.1) translates to

Gn(mg, —ma,) = (B — 00) " Grrng, + op (|10 — boll + Vl|8 — bo|* +n~1/2), (3.2)
which is technically ready to be verified using empirical processes techniques.

Proposition 3 (Lemma 3.2.19 in VW1996). Suppose there exists a vector-valued function g, such that,
for some § > 0,

{ma —mg, — (6 — )T ring,
10 — ol

2
and P{me —mg, — (0 — Qo)Tmeo} =o(]|6 — 6o|1?).

2|0 — 6ol < 5} is P-Donsker,

Then Equation (3.2) is satisfied with the remainder as op(||0 — 6ol|), and hence we have \/ﬁ(é\n —0y) =
*VﬁlGnmgo + Op(l).
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Proof. Tt is equivalent to proving

lim  sup

‘Gn{mg —myg, — (0 — 09) g, } ’ 2
6—=09.10—0,] <8

10— 6ol

Zn(0)

Let Z be the Gaussian sequence as the weak convergence limit of Z,,. By the Donsker’s property, we remain
to verify, defining p?(61,02) = P(Z(01) — Z(02))?, we have

Noticing that
. 2
P[m.g — Me, — (9 — 90)Tm90]
16 = 6ol ’

we immediately have the property holds. O

P(Z(0) - Z(60))* =

The Donsker property in Proposition 3 is arguably difficult to verify in certain cases. If we have established
0, as a \/n-consistent estimator of 6y, then a more straightforward criterion could be built. Indeed, if so,
verifying (3.2) is equivalent to verifying, for any sequence 8,, = 6y + Op(1//n),

G"\/ﬁ(m% —ma,) = \/ﬁ(gn - OO)TGnm% +op(1).

The result to verify it is Lemma 3.2.21 in VW1996, which we shall not cover due to the scope limit. However,
it renders an important corollary.

Corollary 4 (Lipschitz class, Example 3.2.22 in VW1996). Let X1,...,X,, be i.i.d. random variables with
common law P, and let my be measurable functions indexed by 8 € ©. Assume, for every 01,02 in a
neighborhood of 0y (the mazimum of Pmy),

Ime, () — me, (x)] < m(z)]|61 — b2,
P[m9 — Moy — (9 - Ho)T’ﬁ’lgo]Q = O(He - 90”2)’ (33)

for functions mm and me,, with Pm?(x) < co. Further assume 6 — Pmy is twice continuously differentiable at
0o with a nonsingular second-derivative matriz V.. Then, if 0,, mazimizes 0 — P,myg (up to an op(1/n)-term)
and is consistent for 0y, then

o~

\/ﬁ(ﬁn — 9()) = —V_I(Grnmgo + Op(l).

Remark 5. If we have the Hessian of mg to be Lipschitz, then everything is nice and clear. Howewver,
it requires a marvelous amount of work to extend the result to the case that the first derivative of myg is
Lipschitz.

Example 6 (Example 3.2.23 in VW1996, LAD regression, a proof scratch). We are now finally ready to
study the motivating example: least absolute deviation regression (LAD) estimator for the linear regression
model Y = XT3+ e:

R 1 n
0, = argmin — Z Y; — XiT9| =P, mg,
oekr T

where P,, is the empirical measure of the pairs (X;,Y;) and mg(x,y) = |y — 27 0|. We remains to verify

(1) 0y is the minimum of P|Y — 0T X| = Ple — (0 — 00)T X|, which holds if Ple| < oo and median(e) = 0.

(2) The first condition in Equation (3.3) is automatically satisfied.



34 Lecture 3: Applications

(3) The second condition in Equation (3.3) holds by noticing

2
P|lY — XT9| — Y — X1y — (9—00)TXsign(Y—XT90)} =0o(]|0 — 6o?).

We end up proving that \/ﬁ(@1 — 0p) is ASN with mean 0 and covariance V- P(XXT)V=1, with V the
second derivative matriz of 6 — P|Y — X710|.

Remark 7. We only slightly touch the M-estimation theory. As a matter of fact, M-estimation theory is
one of the most exciting and fruitful fields in mathematical statistics. People of interest to learn more are
highly recommended to attend ECONS583, which introduces topics on estimation and testing in linear and
nonlinear regression models, with asymptotic theory and bootstrapping.

3.2 Z-estimation

As has been discussed in Chapter 1, M-estimation usually could be reduced to Z-estimation, which motivates
Z-estimation theory. Another reason for considering Z-estimations is the popularity of estimating equation
methods, which do not explicitly impose a loss function to solve. As will be seen soon, Z-estimation theory
is interestingly much simpler than M-estimation theory provided a simple condition holds, which, however,
is arguably strong.

Theorem 8 (Linearization of Z-estimator, Theorem 3.3.1 in VW1996). Let ¥,, and ¥ be random maps and
a fixed map, respectively, from © to a Banach space such that

V(T — ) (0,) — V(8 — ©)(00) = op(1 + /|6 — o)), (34)

and such that the sequence \/n(V,, — W) (6y) weakly converges to a tight random element Z. Let 6§ — ¥ (0) be
Frechet-differentiable at 6y, namely,

1%(8) — W(bo) — e, (6 — bo)|| = o(]|6 — o)),

with a continuously invertible derivative ¥q,. If W(6y) = 0 and B, satisfies \Ifn(é\n) = op(n~1?) and converges
in probability to Oy, then o
VW, (0 — 00) = —v/n(Wn — ¥)(6o) + op(1),

and

Vil — b0) = U5 {v/n (¥, — ¥)(60)} + op(1).

Proof. Step 1. We first prove that én is a root-n consistent estimator of 6y. By the definition of §n and
Equation (3.4),

~

= — V(T — ©)(0) + op(1 + v/n| 6, — 6o (3.5)

Since the derivative Wy, is continuously invertible (you could picture Wy, as the Hessian matrix of a certain
loss function), there exists a positive constant ¢ such that

¥, (6 — 6o)|| > cll6 — 6ol
for every 6 and 6. Frechet differentiability condition then yields

[(6) — ¥ (bo)]| = |6 = boll + o([|6 — bol)-
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Applying it to (3.5) yields
Va0 = Boll(c + 0p (1)) < Op(1) + 0p(L+ V|0 — boll).
This proves that gn is a y/m-consistent estimator of 6y in norm.

Step II. We then prove the ASN of §n Applying Frechet differentiability condition again to LHS of (3.5),
we obtain

V(E(0,) — U (6o)) = /B, (0 — b0) + 0p (vl — o))
= V/nWg, (0 — ) + op (1),

which is further equal to —y/n(¥,, — ¥)(6y) + op(1). Finally, the continuous mapping theorem closes the
proof. O

Under i.i.d. models, the usual choices of ¥,, and ¥ are
U, (0) =Ppihg and T(6) = Py,

for given measurable functions 1y indexed by ©. If so, for proving the stochastic differentiable condition
(3.4), it is sufficient to prove

1Gn(vo = Yo,)los = 0 as 6 =0, (3.6)

where ©;5 := {6 : |6 — 6y]| < ¢}. The following lemma verifies (3.6).
Lemma 9 (Lemma 3.3.5 in VW1996). Suppose the class of function

{% — g, 1 [|6 — bol| < 6}
is P-Donsker for some € > 0 and that
P(thg — 1g,)* = 0, as 6 — 6.

Then (3.6) holds.

The proof is just rephrasing the definitions.

Corollary 10 (HW problem). Consider the score function g satisfies that, for every 01,05 in a neighborhood
Of 007 .
146, () — Yo, ()| < ¢ (2)[|01 — b2]|.

Then under some sufficient conditions, we have é\n is an ASN estimator of 0y.

3.3 Bootstrapping theory

We close this chapter with a slight touch on the bootstrap theory. There are essentially three perspectives
to understand the advantage of bootstrap inference over the classic ones:

1. Bootstrap has the so-called second-order accuracy for studentized functionals (in Peter Hall’s sense,
referred to his seminal book “The Bootstrap and Edgeworth Expansion”, and three wonderful papers
in 1980’s);
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2. In most applications, bootstrap consistency (meaning that the bootstrapped statistic’s distribution is
consistent to the statistic’s own distribution) holds as soon as ASN holds;

3. There exist cases when bootstrap is consistent while ASN does not hold (Bickel and Freedman, 1983,

”Bootstrapping regression models with many parameters”).

A good introductory book to bootstrap inference theory is “When does bootstrap work?”, written by Pro-
fessor Enno Mammen.

3.3.1 Peter Hall’s view

CLT tells us the limiting behavior of X,, as n — co. However, it never tells us how fast X, — u converges
to N(0,0?). Actually, a result like

[P(v/n(Xy, — p) < @) — ®(x/0)| = O(1/logn)

would be useless. Gladly, Berry-Esseen Theorem tells us the convergence rate is usually not that disappoint-
ing.

Theorem 11 (Berry-Esseen Theorem (Esseen 1956)). Suppose Ep|X — u|? < co. We then have

_ 04785 BIX — pf?
- a3y/n '

sup |P(Vn(Xn —p)/o < a) — ®(z)

Let’s move on to characterizing the higher-order approximation for CLT. This is known as the Edgeworth
expansion, and is celebrated for its application to proving the second-order accuracy of the bootstrap.

Theorem 12 (Edgeworth expansion). Let Xq,..., X, SR B Write
v = Ep(X — pu)3/0? (skewness) and & := Ep(X —pu)*/o* (kurtosis).
We then have

Gn(@) == Pp(Vn(Xy — p) /o < @)

1'2— K — .’,UB— X 2.’175— l'g T
— ®(z) - §(x) (7(6ﬁ1)+( Yo —d) T - We A 19 )>—|—o(1/n).

Remark 13. When F is symmetric, we have v = 0, so that ®(x) approximates G,(x) in the rate O(1/n)
(This justifies the intuition that “30 is good enough for CLT to work”).

Remark 14. When F is asymmetric, generally v # 0 and the CLT can only attain O(1//n) rate of
convergence. However, say, if we are interested in calculating the confidence interval of vn(X, — u)/o, a
balanced interval gives us

Gn(z) = Gu(—2) = ®(2) = ®(-2) + O(1/n),
with the first term cancelled out. This is the intuition why balanced confidence interval is more preferred.

Remark 15. The first two-order approximation is involved with k only through k — 3. This is the intuition
why the excess kurtosis is defined as k — 3.

We then move on to prove bootstrap consistency and its second-order accuracy. Suppose T'(X1, ..., Xp; F)

is a functional (e.g., T(X1,...,Xn; F) = v/n(X,, — p)). Each time, the (nonparametric, multinomial, or
Efron) bootstrapped sample X7, ..., X is sampled from Xi,..., X,, with replacement. In other words, the
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bootstrap sample is drawn from the ECDF F,, with point mass on X, ..., X,,. The corresponding statistic
is T(X5,..., X} F,). It is set up to approximate the true distribution of T'(X7, ..., X,; F).

Let’s consider the simplest case, where T'(X1,...,X,; F) = v/n(X, — ). The bootstrap consistency is
established as follows. Its proof is due to Professor Anirban DasGupta.

Theorem 16. Provided ErX? < co and T(X1,...,Xn; F) := /n(X,, — i), we have

a.s.

Sup|PF(Tn < Ji) _P*(T; < $)| - O,

where P, corresponds to the uniform distribution over all the n™ possible replacement resamples from (X1,...,X,),

and T == /n(3>_ X /n— X,,).

Proof. By triangle inequality, we have
sup |Pr(T, < z) — P(T) < z)| <sup|Pr(Tn/o < x/0) — ®(x/0)| + sup |P(x/0) — P(z/s)|
+sup |B(z/s) — Pu(Ty /5 < 2/5)]
= A, + B, +C,,

where s is the sample standard deviation, and is the standard deviation of (Xi,...,X,) under P.. Here
A, — 0 by CLT. B,, — 0 by the fact s “3 ¢ and the continuous mapping theorem. Finally, applying the
Berry-Esseen theorem to P,, we have

C Ep(X;i-X.?} C Y|Xi—X,J 8C -
: 1 == < = QX = uf 40X —uf),

< — - - 0 —
S Nan,GOFE VR e

where in the last inequality we use the fact (a + b)® < 8(a® 4 b3) for any a,b > 0. We then continue to have

s (= 0l =) < S (S -
Viewing the SLLN:
Theorem 17 (SLLN). (i) If Ep|X| < oo, then X,, “3 ErX. In other words, for arbitrary ¢ > 0,
Pp(lim X, = BpX) = 1.

n—r oo

(i) (Zygmund-Marcinkiewicz SLLN.) If for some 0 < § < 1, Ep|X|° < oo, then we have
77,71/6 Z Xl a;s). 0.

Clearly, these two terms will vanish by Zygmund-Marcinkiewicz SLLN. O

We then move to study the so-called second-order accuracy of the bootstrap. In short, under some assump-
tions, the bootstrap convergence rate is O(1/n) compared to O(1/+4/n) for CLT. The following argument is
due to Eric Lehmann.

Consider T = v/n(X,, — p)/o. By Edgeworth expansion, we have
Pp(T < x) = ®(x) + ¢(z)(pr(2|F) /v + pa(2|F) /n) + o(1/n)
Pp+(T" < x) = () + ¢() (p1 (2] Fn) /1 + p2(z[Fn) /n) + o(1/n)
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with )

v -3 3y _ V5 3

J —¥) - L (f -1 15z).

6( 3z — 27) 72( 0x° + 15x)

Hence, since vp, — v# = Op(1/y/n), we obtain O(1/n) rate of convergence given the finiteness of the
moments, which is called the second-order accuracy, in comparison to the first-order accuracy (O(1/4/n)) in

CLT.

K
1-— xz)7 pa(z|F) =

P(alF) = s

However, when we do not standardize the data, the second-order accuracy is lost, since additional effort is
required to bound ®(x/0) — ®(x/s). Therefore, a rule of thumb is as follows:

Proposition 18 (DasGupta). If T(X1,..., X, F) & N(0,72) with 7 independent of F' and an Edgeworth
expansion is available to T, then the second order accuracy is likely.

3.3.2 Empirical processes’ view

Bootstrap usually works as long as ASN holds. This could be rigorously stated in the following grand
theorem. But before that, let’s first introduce the multiplier (wild) bootstrap: thinking about the example
in the last section, we could rewrite the nonparametric bootstrapped sample mean as:

Ilem,, 1
ﬁ;Xi = EZ;WM-XZ-,

where W,, = (Wy1,..., Wy,)T is a multinomial vector with probability (1/n,...,1/n) and number of trials
n, and W, is independent of X7, ..., X,,. This will then give rise to the nonparametric bootstrap empirical
measure:

~

Pnf = nil Z anf(Xz)
=1

An alternative to nonparametric bootstrap is the multiplier (wild) bootstrap: Let &;,&s, ..., be an infinite

sequence of nonnegative i.i.d. random variables, independent of X7, ..., X,,, having mean x and variance 72,

and satisfying [|¢[|2,1 == [;° /P(|{] > #)dz < co. This will give rise to the multiplier bootstrap empirical
measure:

IF)nf =n"" Z(gl/gn)f(xz)a

i=1
where £, :=n"1 31" | &. Note that the weights add up to n for both bootstraps.
Let @n = \/ﬁ(@n —P), G, = Vn(p/T) (@n —P,), and G be the standard P-bridge in L>(F).

Theorem 19 (Theorem 2.6 in K2008). The following are equivalent:
(i) F is P-Donsker;

(1) @n weakly converges to G conditionally on the data, and the sequence @n 18 asymptotically measruable;

(iii) @nweakly converges to G conditionally on the data, and the sequence @n is asymptotically measruable.

Let’s consider § € © C R?, g : X — RP, W(f) = Pi)y, ¥,,(0) = Ppabg, and WP (0) = Pbabg, where PY could
be either P, or P,. A simple Z-estimator bootstrap consistency theorem to close the whole chapter is as
follows.
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Theorem 20 (Z-estimator master theorem, Theorem 10.16 in K2008). Let © C R? be open, and assume
Oo € O satisfies U(0y) = 0. Also assume the following:

(i) (Identifiability condition) For any sequence {0,} € O, ¥(6,) — 0 implies ||0,, — 6p]| — O;

(i) The class {1y : 0 € O} is P-GC;

(iii) For some § > 0, the class Fs := {1pg — tbg, : 0 € ©, |0 — 0o|| < &} is P-Donsker and P||1g — 1y, ||*> — 0
as ||0 — Oo|| — 0;

(iv) Pljvg,||* < oo, and ¥ () is Frechet differentiable (in finite-dimensional real space, reduces to classic
differentiability) at 6y with nonsingular derivative matriz Vo, ;

(v) Un(0,) = op(n~1/2) and W (2) = op(n~1/2).
Then, we have
V(0 — 00) % Z ~ N(0, V" Plba, ] Ve 1T

and conditionally on the data,
Vi@ —6,) 5 ko z,

with kg = 1 for nonparametirc bootstrap, and ko = 7/ for the multiplier bootstrap.

The whole proof is just a combination of the proof of Theorem 8 and the result in Theorem 19.



