Review Handout 3: Poisson Processes

Math/Stat 491: Introduction to Stochastic Processes
Wellner; 12/6/2013

Part 1: Exponential distribution

1. T has an exponential distribution with parameter A\, and we write
T ~ exponential(\), if 7" has distribution function Fr given by 1 —
Fr(t) = exp(=At) for t > 0. Thus T has density function fr(t) =
Aexp(—=At)1jp,o0)(t) and hazard function

/\(t>El—fT—}gT)(t):)\7 t>0.

2. f T ~ exp(N), then E(T) = 1/\, Var(T) = 1/A?, and T has moment
generating function ¢x(s) = FeT = \/(A — s) for s < \.

3. The exponential distribution has the “lack of memory” property:

P(T >s+tT>s)=P(T>t) forall s, t>0.

4. If S ~exp(A) and T ~ exp(u) are independent, then:
e min{S, T} ~ exp(A+ p).
o P(S<T)=MA(A+u). (Proof:
P(S<T) = E{P(S<T|S)} = E{exp(—uS)}

o A [e.9]
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5. If Tj ~ exp();), j =1,...,m are independent, then:

o minj<<,, I ~ exp(A + -+ ).
o P(T} = minlgkgm Tk) = /\]/()\1 —+ 4 )\m)



o If ] satisfies 17 = min; <<y, I} and V = min; <<, T, then I and
V' are independent.

6. If 74,...,7, are independent exponential(A) random variables, then
Ty =7+ + T ~ Gamma(m, \): that is, T}, has density function
Jfr,, given by

(At)m—t

(T oo

fr,.(t) =

If T~ Gamma(r, \) with » > 0 and A > 0, then 7" has density

(M)

—)\tl
F(T) e [0,00) (t)

fr(t) =

where I'(r) = [ v"'e™dv is the Gamma function. Note that T'(r) =
(r — )I'(r — 1) and for » > 1, and hence I'(m) = (m — 1)! for m €

{1,2,...}.
Part 2: Poisson processes

1. Definition 1. Let 7y, 7y, ... be independent and identically distributed
exponential(A) random variables, and let T,, =7 + --- + 7, for n > 1,
Ty = 0. Then the process

N(t)=max{n>1: T, <t} =) 1y«

n=0
is a Poisson process with rate .
2. If X ~ Poisson()), then P(X = k) = e *F/k! for k € {0,1,2,...},

E(X)=\Var(X) =\, B{X(X = 1) (X —k+ 1)} = A}, and X
has moment generating function ¢x(s) = E(e*¥) = exp(A(e® — 1)).

3. Properties of N(t):
e P(N(t)=0)=P(Th1 >t) = P(ry >t) = exp(—At) for t > 0.
e N(t) ~ Poiss(At); that is,

(A"

P(N(t) = k) =

exp(—At).



o BIN(t)} = \t; Var(N(t)) = M.

e The process {N(s+1t) — N(s): t > 0} is independent of {N(r) :
0<r<s}.

e N(t) has independent increments: for any points 0 = ¢y < t; <
- < tg, the random variables

N(t;) — N(to), N(ts) — N(t1),..., N(tx) — N(tx—1) are independent.

. Theorem. {N(t) : t > 0} is a Poisson process with rate A if and only
if the following three conditions hold:

(i) N(0)=0.

(il) N(t+s) — N(s) ~ Poiss(At).

(iii) N(¢) has independent increments.

. N(t) has moment generating function
O (s) = BN = exp(At(e® — 1)).
. AM(t) : t > 0} defined by M (t) = N(t)—At is a martingale: E{M (t)|Fs} =
M (s) where Fy = o{N(r): 0<r <s}.
. If S, ~ Binomial(n, p,,) and np, — A > 0, then

n \F

P(S,=k) = (k>p'2(1—pn) —>yexp( A).

If Xyq,..., X, are independent with X; ~ Bernoulli(p;), and S, =
Yo Xi,and T,, ~ Poiss(> " | p;), then for any subset A of {0, 1,2, ...

—

1<i<n

|P(S, € A)— P(T,, € A)| < sz < max p; - sz’-
i=1 =1

Note that when p; = --- = p, = poy, the bound becomes npj, =
(npon)?/m =~ N2 /n if npg, — A

. Definition. {N(t) : ¢ > 0} is a non-homogeneous Poisson process
with rate function A(s) > 0 if:

(i) N(0) =05

(ii) N(t+s)— N(s) ~ Poiss (f;“ A(v)dv);

(iii) N has independent increments.
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Properties of a non-homogeneous Poisson process N:

o E(N(t) = [y Mv)dv = u(t) where pu(s) < u(t) for s < t.

e If N is a standard Poisson process with rate 1 and p is a non-
decreasing differentiable function, then N(t) = N(u(t)) is a non-
homogeneous Poisson process with rate function p/(t) = A(¢).

o If 7 =inf{t > 0: N(t) =1}, then

L= F,(t) = P(n>1)=P(N(t)=0) = exp (— / A(v)dv)zexm—u(t»,

fr(®) = () exp(=p(t)) = A(t) exp(—p(t)),
fn(®)
() = ————= = A({).
(1) = T =0
Definition. Let Y}, Y5, Y3, ... beindependent and identically distributed
random variables with E(Y;) = pand Var(Y;) = 0. Let {N(¢) : t > 0}
be a Poisson process with rate A. Then the process {S; : ¢ > 0} defined
by
StE}/l‘i“i‘YN(t) fOI'tZO,

is a compound Poisson process.

Theorem. Suppose that N is an integer-valued random variable inde-
pendent of Y7,Y5,..., and let S = Ef\il Y;. Then:

(i) If E|Y;| < oo and E(N) < oo, then E(S) = E(N)-E(Y) = E(N)-pu
where p = E(Y7).

(i) If B(Y}?) < oo and Var(N) < oo, then

Var(S) = E(N)o? + Var(N)u? where 0 = Var(Y}).

(iii) If N ~ Poiss(\) and E(Y?) < oo, then F(S) = A and Var(S) =
AE(Y?) = Mo? + %)

(iv) If N is replaced by N(t) for a Poisson process with rate \, then
E(S;) = Mp and Var(S;) = ME(Y?) = M(o? + 1i2).

Thinning of a Poisson process. Suppose that Yj,Ys, ... are in-
dependent and identically distributed integer-valued random variables,
and suppose that {N(t) : ¢ > 0} is a Poisson process with rate A
independent of the Y;’s. Define new processes N;(t) by

Ny =#{i <N(t): =3}, t20, j=123,.. k
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Theorem. N;, N,,..., N, are independent Poisson processes with
rates AP(Y) =j),j=1,... k.

Superposition of independent Poisson processes. Suppose that
Ny, Ns, ... are independent Poisson processes with rates \i, Ag, .. ..
Theorem. If Ny, N,,..., N, are independent Poisson processes with
rates Ay, ..., A, then N(t) = Ny(t) + --- + Ni(t) is a Poisson process
with rate A\y + -+ 4+ A\g.

Conditioning Poisson processes. Let T},7T5,...,T, be the arrival
times of a Poisson process with rate \. Let Uy, ..., U, beii.d. Uniform|0, ¢]
random variables, and let 0 < Ugyy < -+ < Uy, <t be the order statis-
tics of the U;’s.

Theorem.

4

(Ty,...T,)|N(t) =n) (U(l),...,U(n))

and
(N(s), 0< s <tIN(t) =n) < <Z Lipgzs, 0< s < t) ,
=1

where . .
Nn(s) = Z 1[U(i)§8] = Z 1[Ui§5]‘
1=1 i=1

Thusif 0 =ty < t; <--- <ty =t, then

(N(t1) = N(to), N(t2) = N(t1), ..., N(tx) = N(ty-1)[N(t) = n)

L (No(t1) = Ny(to), Nu(ts) — Nu(t1), -, Nati) — No(tio1))
~  Multinomialg(n, (t; — to, ta — t1,. .., (tx — tr_1))/t).

Poissonization:

e (HW #2, problem 6). If X, Xs,... are i.i.d. Bernoulli(p) and
N ~ Poiss(A), then

N
Sy = ZXi ~ Poiss(Ap).

i=1



o (HW #3, problem 7). If S, = (Su1,-..,Snk) = Dy X; ~
Multy(n, (p1, - .., px)) where X, ~ Multg(1, (p1,...,px)), and N ~
Poiss(\) is independent of S,,, then

where Y1, ..., Y} are independent and Y; ~ Poiss(\p;).

o If N,(t) = >0, 1<y where Uy, Us,. .. are ii.d. Uniform(0, 1),
and Ny ~ Poiss(A) is independent of the U;’s, then N(t) = Ny, =
S Liy,<q is a Poisson process on [0, 1] with rate .



