Statistics 581, Problem Set 4 Solutions
Wellner; 10/25/2018

1. Suppose that N, = (Ni1, N1z, Na1, Nao) ~ Multy(n, p) where p = (p11, pi2, P21, P22)
where Y77, Z?Zl pij = 1. (Thus IV, is the sum of n independent Multy(1, p) random
vectors {Y;}I;.) Since there are really just three independently varying parameters
for this problem, it is often useful to re-express the cell probabilities in terms of two
marginal probabilities, say p;. = p11 + p12 and p.1 = p11 + po1, and 1, the log of the
odds-ratio, defined by
(1) b = log P21/P22 N P12P21 .

p11/pr2 P11D22
You may use the fact that ¢» = 0 if and only if independence holds for the 2 x 2
table (i.e. p;; = pip.; for 4,7 =1,2).

(a) Suggest an estimator of v, say .
(b) Show that the estimator you proposed in (a) is asymptotically normal and
compute the asymptotic variance of your estimator.

Solution: (a) An obvious estimator of 1 is

~ o~

ZE — log {7\121121
P11P22

where p = N/n.
(b) Now b= 9(p) where g(p) is given in (1) and is differentiable with derivative

VQ(B) = (=1/p11, 1/p12,1/p2r, —1/p22)

and, by the multivariate CLT,

V(P —p) =4 Z ~ Ny(0,%)

where ¥ = diag(p) — pp”. Thus the delta method (or ¢’-theorem) yields

V(=) = n(g®@) —9(p)
—a Vg(p)Z ~ N(0,Vg"EVg) = N(0,V?(p))

where 1 ] ) ]
Vip)= —+ —+ —+—.
- P11 P12 P21 D22

2. This is a continuation of problem 1. One standard test of independence in the 2 x 2
table is the test based on a Pearson-type chi-square statistic.
(a) Write down the chi-square statistic @, for this problem, state its asymptotic
distribution under the null hypothesis, and explain briefly why the claimed result
holds.
(b) Suppose that the alternative hypothesis holds. Show that under the alternative
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hypothesis n™'Q,, —, some constant ¢ and compute ¢ as explicitly as possible.
(c¢) Find the asymptotic distribution of @, under local alternatives of the form

U =tn71?; L. P, = (P11,n P12.ns P21,n, P22.0) = D, +cn~'/? where
o = log <p21,0p12,0> —0
P11,0P22,0

and 1'¢ = 0.
(d) Suppose that n = 40, a = .05, and the true p is p = (.3,.2,.1,.4). Give an
approximation to the power of the chi-square test at this particular alternative.

Solution: (a) The chi-square statistic for testing independence in a 2 x 2 table is

A~

2

2 D)2
0, — Zz(anﬁngz-py)

i=1 j=1 R
where

N1+ Nyo . N1 + Noy

n n
= Nip-n— (N + Ni2)(Nig + Nop)

Nii - (N11 + Nig + Nog + Nag) — (N11 + Ni2)(N1g + Nop)
N11Nag — NiaNoy,

Ny —nprpa = Nip—n

Nig —npr.pa = Nig-n— (N1 + Nig)(Nig + Noo)
= Nia- (N11 + Nig + Noy + Noag) — (N1 + Ni2)(Nig2 + Nag)
= NiaNog — N1 Ny,

and similarly for Noy — nps.p.q and Nagy — npe.p.o. Therefore

0, = (N11N22—N12N21)22{ 1 }

n’ = Db
(N12Ngp — NyyNoo)? 1
n? pr.(1 = pr)pa(l = poy)
n{exp(qﬂn) — 1}? (Pr1paz)?
p1.(1 = pr)pa(l —pa)
{Vlexp(dn) = 11} (Prim)
(1 —pr)pa(l —pa)
a2 [P1(1 = pr)pa(1 — pa))?
—q [N(0,V?)] o ppa (=)
= [N(O, VQ)]Qpl,(l — pl.)p,l(l — p-l) — [N(O, 1)]2 4 X%

by the delta method or ¢’ theorem and result of problem 1 where we have repeatedly
used the fact that p;; = p;.p.; under the null hypothesis of independence.



(b) When the alternative hypothesis holds, then the above argument shows that

n_lQn _ (N12Ngy — ]\711]\722)2 1
nt pr(1 —p1)pa(l —pa)
(P12Dh21 — Pr1Paz)?
pr.(1 —pr)pa(l —pa)
(Pr2p21 — p11p22)
G p1.(1 = p1)pa(l —pa) =0

where p1. = p11 + pi2 and pq = p11 + par. It follows that P,(Q, > X%,a) — 1 as
n — 00; i.e. the test is consistent.

(c) Under local alternatives with ¢, = tn="/2 for t # 0, the argument in (a) repeated
(but using the Liapunov CLT) yields

Vi, =0) = Vit = n) + V(i —0)
= Vn(g(@) —9(p,)) +t
—a Vg(p,)Z +1t~ N(t,Vg'EVg) = N(t,V?*(p,))

where

Vo - Ly L L] 1
p,) = = :
=07 pio  Pizo Do P20 Pro(l—pio)pao(l —pap)

and hence, by the delta-method again,
Vialexp(in) —1) —a Vg(p,)Z +t~ N(t,Vg"SVg) = N(t,V(p,)) .

This implies, via the same development as in (a), that under p_ we have

n{eXp(@ﬁn) — 1} (p11p22)?
pr(l— ﬁ})ﬁl(l — D)
{v/nlexp(¥n,) — 1] § (ﬁnﬁw)z
Pr.(1 — pr)pa(l —pa)
—a [N(2, VZ(po)] pro(l = pio)p1o(l —pio)
= INGVE D £ 30)
where § = ¢t? and ¢ = P1.0(1 — p1.o)pao(l —pao)-

(d) When n = 40, a = .05, and the true p is p = (.3, .2,
pr=1-p1=.9p1= 4(sothatc—p1 (1—291)}91(1—]71):

Qn =

4), we calculate

1,.
(:5)*(4)(-6) = .06),

t = /nlog P2P2 1133,
P11P22

Thus § = (11.33...)%(.06) = 7.705...., and an approximation to the power of the
chi-square test is given by

P(xi(7.705...) > X7 05) = P(x1(7.705...) > 3.841...) = .793....



3. Suppose that X;, X,,... are i.i.d. positive random variables, and define X, =

nIY Xy, Hy = 1/(n Y0 (1/X))), and G, = {[]_, Xi}'/™ to be the
arithmetic, harmonic, and geometric means respectively. We know that X, —a..
E(X;) = p if and only if F|X;| < 0.

(a) Use the SLLN together with appropriate additional hypotheses to show that
H, —a.s. 1/{E(1/X1)} = h, and G,, =, exp(E{log Xi}) = g.

(c) Use the multivariate CLT and the delta method to find the joint limiting
distribution of \/n(X, — u, H, — h,G, — g). You will need to impose or assume
additional moment condltlons to be able to prove this. Specify these additional
assumptions carefully.

(d) Suppose that X; ~ Gamma(r,\) with » > 0. For what values of r are the
hypotheses you imposed in (c) satisfied? Compute the covariance of the limiting
distribution in (c) as explicitly as you can in this case.

(e) Use the result in (c) to show that \/n(G,/X, — g/p) —q N(0,V?) and compute
V2 explicitly when X; ~ Gamma(r, \) with r satisfying the conditions you found in

().
Solution: (a) If 0 < E(1/X;) < oo, then

1 n

=N (/X)) —as E(1/X1) >0

n

i=1
If E|log(X;)| < oo, then
log G,, = Zlog ) —as. Elog Xi.
Thus by the continuous mapping theorem if both E(1/X;) < oo and E|log X;| < oo,
it follows that
(Hp, Gp) —as (1/E(1/X7),exp(Elog X1)) = (h, g).
(¢) By the multivariate CLT, if EX} < oo, F(1/X;)? < oo, and E(log X;)? < oo,
then o
Xp—

vn| X1, —E(1/X,) —a Z ~ N3(0,%)
log X, — E'log X,

where

Var(X,) Cov(Xy1,1/X1)  Cov(Xy,log(X1))
Y= Cov(X1,1/X) Var(1/Xy) Cov(1/X1,log X71)
Cov(Xy,log(X1)) Cov(1/X1,logX1)  Var(log(Xy))

Hence by the delta method with g(x,y,2) = (z,1/y,exp(z)) so that Vg(z,y, z) =
diag(1, —y =2, exp(z)) and Vg(u, E(1/X;), E(log X1)) = diag(1,—h?, g), it follows
that

3“‘;

X, —
vn| H, —4Vg-Z~ N3(0,VgEVgT) = N3(0,3).
Gn—g



(d) When X = X; ~ Gamma(r, A), then Y = AX ~ Gamma(r, 1), and it is easily
seen that

E(X?)<oco if >0
[e%e] r—1 1 [e’]
E((AX)2 :/ y_Qy—e_ydy:—/ y e Vdy < oo
N S 0,
if > 2, and
E((og X)) = [ (logy)y ey /() < o0
0

for all » > 0. Thus the covariance matrix ¥ exists for r > 2; we now calculate it
explicitly in this case. First,

B(X) = 3
E(1/X) = E\(\X)=AE(L/Y)
= A /0 y 'y e Vdy/T(r)
= A [Tty
= AL(r—1)/T(r) =X/ (r—1),
E(log X) = E(log(AX/)))) = E(logY) —log A

/0 Oo(log y)y e Ydy/T(r) —log A
I'(r)
I'(r)

—logA=Y(r) —log A.

Next we calculate X:

Var(X) = Var(AX/\) = Var(Y)/\2 = g

Var(1/X) = MVar(1)Y) = {E(1/Y?) - [E(1/Y)]*}
ey 1 I
(r — 11)(7"—2) (r—1)2
= Y Ce oY)
Var(logX) = Var(logAX/\)) = Var(log(Y)) = FF ((:)) - G((:)) ) =,
Cov(X,1/X) = Cou(Y,1/)Y)=1-EY)E(1/Y)=1- . i 1= T__ll

Cov(X,log X) = X 'Cov(Y,logY)= A" {E(Y logY)— E(Y)E(logY)}

= Al ) - o)} = 5
Cov(1/X,log X) = MCov(1/Y,logY)=ME((1/Y)logY)— E(1/Y)E(logY)}
=D v0),
r—1 r—1
A

A\ _
= m{iﬂ(r - 1) - 10(7’)} = (7, _ 1)2 ’
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where we have used

A = B0+ 1) () = (logT(r + 1) ~ logT(r)) = (logr) = 1/r
B, = 0(r—1) = 4(r) = (logT(r — 1) ~ logT (1))’ = (~log(r — 1) = ——
Hence
/N2 —1/(r—1) 1/A
Y=\ —1/(r—=1) N/(r—12r—-2) =X\/(r—1)
/2 A — 12 C,

For the gradient Vg we get diag(1, —h?, g) = diag(l, —(r — 1)2/X2,e¥(/)\), so it
follows by direct calculation that

r r—1 ¥
VoE(Vg) =22 r—1 (r—12%/(r—2) —e¥
S50 o) 260,

(e) Let go(w,y,2) = z/x. Then Vgs(z,y,2) = (—2/2%,0,1/z) = (—=2/2,0,1)/x.
when we evaluate this at (i, h, g) = (r/X, (r — 1)/X,e?™/)), we find that

Vo = (Nr)(—rte?™ 0,1).
Hence by the delta - method again we find that

VRS = g/u) =54 VO, Va5 )) = N(0,¥O(C, = (1)),

Note that the scale factor A washes out completely here, as we expect.

. Suppose that ¥; = a +0'(z; — T) + ¢, i = 1,...,n, where ¢; ~ (0,0?) are i.i.d. and
the x;’s are known vectors in R*. Equivalently, Y = X B + € where

T 1 1 1
X _(arl—f T9—T -+ Tp—27

so that X is an n x (k + 1) matrix. Let @ be the least squares estimator of 8 =
(e, 0'); ice. B=(XTX)'XTY. Suppose that n~'(X7X) — D where D is positive
definite.

(a) What additional condition(s) do you need to impose to prove that

V(B — B) —a Nita (0, “something”) ?
(b) Find “something” in part (a).

Solution: (a) Let a € RF. Now

A

= (XTX)'XTy
= (X'X)T'XT(XB+e)
= B+ (XTX)'XTe,
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S0
V(B —B) = vn(XTX) ' X e = Bye
where B, = /n(X7X)"'XT is a (k + 1) x n matrix. Thus

a"(Vn(B—-8) = a"Bye=ble
= Z bni€i = ZXni
i=1 i=1
where bl = a’ B, is an 1 x n vector. Now we compute

pini = E(Xpi) = by - 0, =Var(X,) = b0

and hence, using the hypothesized convergence of n ! X7 X — D in the last line,

n

o2 = o 21)2 = o’blb,
= TB Bra =no?a” (XTX) N XTX)(XTX)
= J2aT( XTX) e = o*a" D7 ra = V3(a) > 0

since D is nonsingular. To establish asymptotic normality of a”(v/n(8 — 8)) /o, it
remains to verify the Lindeberg condition: namely

1 n
) 5 2 B {IXul Lxpsao } — 0
noi=1
for every 6 > 0. But, as we have seen before, this holds if
(3) max |b,;| = 0 as n— oo :
1<i<n

the left side of (2) is bounded as follows:
Ly VE e
o2 Z ni {611[|61|>6an/\bm|}}
n =1

1 2

< ;E {611[|61\>60n/max19§n\bmﬂ}
1

S5 = 0=0
ag

by (3), E(e?) < oo, and the dominated convergence theorem. Thus it follows from
the Lindeberg-Feller CLT that

" (Vn(B = B))/on —a N(0,1),

and since 02 — o%a’ D~ 'a, this implies that

a’(vn(B — B)) —a N(0,a” (6>D)a),
which in turn, via the Cramér-Wold device, implies

V(B — B8) =4 Npa(0,02D7).



5. Suppose the same set-up as in the chi-square testing situation considered in lecture
in class but now, for testing Hy : = p, versus Ko : p £ Py instead of the chi-square
statistic @), consider the test statlstlc given by

Z\/_Jz?

The statistic H? is 4n times the square of the Hellinger distance between p and Py

(a) Find the limiting distribution of H2 under the null hypothesis H,.

(b) Find the limit of n~'H under fixed alternatives p # p in Kj, and use this to
show that the test based on H? is consistent against K.

(c) Find the limiting distribution of H? under local alternatives p. =p,+c/Vn,
and use this to approximate the power of this test. Compare the (local asymptotlc)
power of this test to the chi-square test.

Solution: (a) Let Z,, = v/n(p —p,) Then Z,, —q Z ~ Ni(0,X) with X = diag(p,) —
Qo]_ﬁg. Thus, by the delta - method,

Y, = 2va(/b, - By)
4 diag(1/\/B)Z =Y ~ N0, T~ /5o [E)
Hence, by the continuous mapping theorem,
Hi=Y Y, = Y'Y.

It remains to answer the question: what is the distribution of Y7Y? This goes
just exactly as in the case of the limit for the chi-square statistic ¢,,. Let I' be an
orthogonal matrix with first row /Py- Then

0 0

which has first coordinate 0, and the remaining k — 1 coordinates are iid N (0, 1).
Further, I'"T = I and hence

Y'Y =Y'T'TY = (TY)"(TY) ~ x7_;.

Thus H? =, Y'Y ~ X2 .
(b) Under fixed p # Py Pn —a.s. p- Hence by the continuous mapping theorem

k 2
w1 = 4 {V - Vi)
j=1

—as. 4 Z(\/p_] - \/%)2



Therefore, under p # py, Hg —ra.s. 00, and hence
PP(HZ Z Xzfl,o) — 1.

(c) Under local alternatives, Liapunov’s CLT, the Cramér - Wold device, and the
delta method, yield

Y, = 2val/b, - B) +2Vily/B, — /)
—q Y +diag(1/,/p)c
= Y+upu

~ Nl I = /po/po' ).

Now with I' as in part (a)
(Y 4+p)=TY +Tpu)=TY +b

where the first coordinate of b is 0. Thus I'Y + b has first coordinate 0, and the
remaining k — 1 coordinates are independent N(b;,1). Hence

Y+ Y +p = CY+)"(TY +D)
k
~ Xia(b'D) = qu(z ¢ /pio)

J=1

Thus the local asymptotic power of the test based on the Hellinger statistics H? is
the same as that of the chi-square statistic @),,.

. Optional bonus problem 1: Ferguson, ACILST, problem 5, page 50. Ferguson,
ACILST, problem 5, page 50: (The Poisson dispersion test). A standard test of the
hypothesis Hy that a distribution is Poisson(A) for some A is to reject Hy if the ratio
of the sample variance to the sample mean, S2/X,, is too large. This test is good
against alternatives whose variance is greater than the mean, such as the negative
binomial distribution or any other mixture of Poisson distributions.

(a) Find the asymptotic distribution of S2/X,, for general distributions.

(b) Find the asymptotic distribution of S2/X, under Hy and show that it is
independent of .

. Optional bonus problem 2: Ferguson, ACILST, problem 4, page 55. Suppose
that (X; —p)/o,i=1,...,mand (Y; —v)/7,j=1,...,nareiid. (0,1, u4) < o0;
thus 7, is the same for the two populations. Let S% and S% denote the sample
variances of the X'’s and Y'’s respectively. The classical F'— test based on the
assumption that all the standardized X’s and Y’s are N(0, 1) rejects Hy: 7 < o in
favor of Hy : 7> 0 if F = 52/5% > F_1m-1.4. Assuming that m/N — X € [0, 1]
as m An — oo where N = m + n, find the true asymptotic size of this test for
non-normal X’s and Y’s as above.



