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l. A Consulting Case

Critical quantity M 4 in a production process

e depending on five other quantities g, K as HKis MR, I4S

e should not exceed a certain threshold.



M Uy T Mg 7
M, = RMGa (Kl-l- Ka Ka) _ ZHbKdKa ) ¢, 4 p,
r(1+ pgaMa,) P KT K

2
M iTKq
Dy,
- 10.16P + (7 -+ O.58d2)u5

with

Mg, = tan(ﬁ—arctan( HGa )),

COS ar
( 262

drtan(p’' + ¢) + Drps
p' = arctan(1.155 pug)

~F.) - datan(p’ - 9),




Five stochastically independent random quantities

guantity || sample size | sample mean | sample st.d.
Hea 10 0.1167 0.0081
Mg 10 0.1463 0.0072
M 10 0.2030 0.0182
s 787 1681.03 76.25
K 2000 0.0977 0.0091




Estimate distribution of

MA (“Gaa PKa PKi MR> HS)
via Monte—Carlo simulations.

Variant 1: Resampling
Normally distributed quantities with estimated moments

Variant 3: Resampling plus centered gaussian noise
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Goal
Fit a unimodal distribution to given data points which is

“as close as possible” to their empirical distribution.
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Il. Log—Concave Densities

Probability density f on R¢ is log—concave if

f = exp(y) with 1 :R? — [—o0, 00) concave.



e Many standard distributions fulfill this constraint:

Nd(,LL, Z)

Gamma(a,b) (a>1,b>0)

Weibull(a,b) (a>1,b> 0)
Beta(a,b) (a>1,0>1)

Gumbel distr.

logistic distr.

e Log—concave densities are unimodal, i.e.

{a: cR%: f(z) > r} convex forall» > 0.

e NPMLE is well-defined (s. later)



Further facts about log—concavity and unimodality

e Prékopa (1971, 1973)
Let P(dz) = f(z)dz. For convex sets A, B C R%and \ € [0, 1],

P((1 —M)A4+AB) > P(AIP(B)*.

f,g log—concave @——= f xg log—concave.

e Ibragimov (1956, d = 1)

i.g. f,g unimodal #*= f xg unimodal
f log—concave, g unimodal == f x g unimodal



. ML Estimation  (d = 1)

Random sample X7 < X5 < -+ < X, from unknown log—concave density
f = exp(v) withc.d.f. F.

v = arg max Z P (X;)

Y concave, [exp(y)=1 i—1

( )
= arg max /%bdﬁemp —/exp(w(aj)) dx

) concave

A

\Log—LﬁZeIihood LagrangVe—Term )

with empirical c.d.f.

. 1"
Fomp(r) = EZ 1{X; < r}.
1=1



Theorem 1 (Existence, uniqueness, type)

A

e 1 exists and is unique,

e ¢ iscontinuous and piecewise linear on [ X1, Xx]
with knots in { X1, Xo, ..., Xn},

e f=-exp(®) =0 on R\ [X7,Xn]
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Characterizations and further properties of the estimators

L) = [ @By — [ exp(d(@)) da

d

dt

L (1,/54— tA) < 0 if zZ + tA concave forsomet > 0
t=0



Theorem 2 (Characterisation of f)
/ AdF,, < / A(z) F(z) da

whenever 1,5 + tA concave forsomet > 0.

Corollary 1 The c.d.f. F of f satisfies

Mean(F) = Mean(ﬁemp) (A(x) = +x)
Var(F) < Var(ﬁemp). (A(z) = —22)



Set of knots of v:

~ ~ ~ D) {XlaX’n}
§i={o: ¥@-) > ¥ @) { (X1, X2, ..., Xn}
C 1 29 n

Corollary 2
/A dl?‘emp = /A(:L’)f(:l:) dx

if A is continuous and piecewise linear with knots in S.



Theorem 3 (Characterisation of F)

Fora <t < bwitha,b € S,

t AN
/ Femp () dx
a

Vv

/tl?‘(a:) dz,

a

b _ b _
/ Fopp(z)dz < / F(x)dz,
t t

[jﬁmdﬂdm::XTﬁ@ﬁm.

Corollary 2 ﬁ(Xl) = 0, ﬁ(Xn) =1 and

1 ~ .

Femp—ggFgFemp onS.



0.8

0.6

0.4

0.2

T

0.5

1.5




0.8

0.6

0.4

0.2

0.1

T

0.05

-0.05




Consistency of the estimators

Theorem 4 (Consistency of F)

Hﬁ—FHOO _ o, ((loin>1/2)

Conjecture:
P(|F = Fll < [[Fomp = 7] ) — 1
e @) © @)
But

in gen. Hﬁ—FH gc”ﬁ’e —FH !
o0 o0

mp



Theorem 5 (Consistency of 1))

Let ¢ be Hélder—continuous on [a,b] C {f > 0} with exponent 3 € [1, 2], i.e.
for some constant L,

V(@) =/ (y)| < Llz—y/P~t forallz,y € [a,b].
Then

n

[a+58$113)—5n] ‘$_¢‘ = 9 <(

with 8, = (log(n)/n)1/(26+1) _, 0.

log N)ﬁ/(25+1))



Theorem 6 (Asympt. equivalence of F' and Fimp)

Let ) be twice continuously differentiable on [a,b] C {f > 0} with ¢/ < 0.
Then

~ ~ 1
sup ‘F — F ‘ = 0 (—) :
[a-+67,b— ] PAvn



Numerical examples |
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Numerical examples Ii

x exp(—x)

f@) =

¢(x) = log(x) — = +c



n = 100:
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Numerical examples Il

F = 0.7-N(-1.5,1) + 0.3 - N (1.5,1)
(bimodal distribution)
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n = 800:
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n = 3200:
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Remark 1 The rate

0, ((Io: n)ﬁ/(%—l-l))

for 7 is optimal under the given conditions.

Remark 2 Integrating the density estimator

F=r+o0, <(|09 n)ﬁ/(zﬁﬂ))

n

p \/7

For kernel density estimators with non-negative kernel this is impossible!



IV. Algorithmic Aspects

Abstract setting:
Potential knots 1 < z9 < -+ < Tm

Probability weights p1, p2,...,pm with p1,pm >0

G = {¢ € Clz1,Tm] : piecewise linear with knots in {ml,...,wm}}

L) = pap(as) — / exp (i) (z)) dae
1=1



Remark:
¢ = argmax L(v)

YEG concave

has often << m knots.

——> Restrict set of possible knots:

{1,m} C J C {1,2,...,m}

P

Yy o= arg max L(v)
PEG: knots €{x;:1€J}

Fact:
) = mit J := {i : ; knot of ¢}



Algorithm: J «— J
e Start with J «— {1, m}.

e Add knots by means of directional derivatives
0

H(’Lﬂ,]) L= a t:oL(w + tA]) with Aj(a:) = —|T—xy

o Cautious removing of knots if ¢; is not concave.



AN

Algorithm v «— 1) (active sets, vertex exchange)
J — {1,m}
) — Py
while max; H(v,j) >0 do
J — JUK ()
Ynew < P 5
while ey 1s not concave do
Y — (1 = A(¥, Ynew)) ¥ + A, Ynew) Ynew
J — J\ K(¢, Ynen)
Ynew — P ;
end while

Y < Ypew

end while



V. Censored Data

Independent event times X1, Xo,..., X, € (0, o0]

(X = oo : event does not happen.)

Censoring yields intervals B1, B>, ..., B, like

B; = {X;} C (0,00) or B; = (L;, R;] > X



Data example:

Rh— patients that are administered Rh™T blood transfusion during emergency
surgery.

Event: immuno reaction against donated blood; time after surgery.

Interval-censored data:
n = 79 patienten have been examined on one or several days after surgery.
Each time blood testing whether immuno reaction occured yet.
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Model:
IP(X € B| X < o0)
IP(X < o0)

Py(B) i= [ exp(b(a)) da,
p € (0,1].

Parameters of interest:
e Mean, median or other quantiles of P,

e D (esp. for data example above)



Log—likelihood—functions (without Lagrange term):

Lo(¢,p) = % > (logp + ¥(X;))
1: X ;<00
# - = o} log(1 — p)
L(y,p) = % Z (logp + ¥ (X;))
i: Bi={X;}

to Y log(pPy(B) + 1{R; = 00}(1 — p))
i:|B;|>0



EM algorithm

Fine grid of knot points 0 = z1 < 2o < ..., < am < xp41 = 00,

[0, zm] D {Li,Ri:i: 1,...,n}m[o,oo).
P (F) (p) ~ pEF(p):  Maximize

LF) () o= ]Ef:exp(¢(k)) (LO(¢9 p) ‘ Bi1, B, ..., Bn)

~ Y pP@) - [ expw(e)) da
1=1



Data example (cont.)
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VI. Outlook

e Multivariate data (d > 1) (Bissantz)

e c—log—concavity (Walther, Bissantz)
f(xz) = exp (P(x) + h(x))
(D*h(z)) < ¢

max

sup A
T
h € C%(R%) konvex mit

/trace(Dzh(a:)) dr < c



e Semiparametric regression models (Hasler)

Data pairs (X,Y) € RP x R:

P(Y € [y,y +dy) | X =2) = exp(¥(y) + 3 zy — C(B'x))

B € RP und ¢ :R — [—o0,00)

e Quantil curves in nonparametric regression (Jongbloed)

IP(Y € [y,y +dy) | X =z) = exp(¥(y|x))



