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Abstract

We prove new probabilistic upper bounds on generalization error of complex clas-
sifiers that are combinations of simple classifiers. Such combinations could be imple-
mented by neural networks or by voting methods of combining the classifiers, such as
boosting and bagging. The bounds are in terms of the empirical distribution of the mar-
gin of the combined classifier. They are based on the methods of the theory of Gaussian
and empirical processes (comparison inequalities, symmetrization method, concentra-
tion inequalities) and they improve previous results of Bartlett (1998) on bounding the
generalization error of neural networks in terms of £;-norms of the weights of neurons
and of Schapire, Freund, Bartlett and Lee (1998) on bounding the generalization error
of boosting. We also obtain rates of convergence in Levy distance of empirical margin
distribution to the true margin distribution uniformly over the classes of classifiers and
prove the optimality of these rates.
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1 Introduction

Let (X,Y) be a random couple, where X is an instance in a space S and Y € {—1,1} is
a label. Let G be a set of functions from S into R. For g € G, sign(g(X)) will be used as a
predictor (a classifier) of the unknown label Y. If the distribution of (X, Y") is unknown, then
the choice of the predictor is based on the training data (Xi,Y7),..., (X,,Y;,) that consists
of n i.i.d. copies of (X,Y"). The goal of learning is to find a predictor § € G (based on the
training data) whose generalization (classification) error P{Y g(X) < 0} is small enough. In
this paper, our main concern is to find reasonably good probabilistic upper bounds on the
generalization error. The standard approach to this problem was developed in seminal papers
of Vapnik and Chervonenkis in the 70s and 80s (see Vapnik (1998) and Devroye, Gyorfi and
Lugosi (1996)) and it is based on bounding the difference between the generalization error
P{Y ¢(X) < 0} and the training error

n
n™' Y Lyex)<0)

j=1
uniformly over the whole class G of classifiers g. These bounds are expressed in terms of
data dependent entropy characteristics of the class of sets {{(z,y) : yg(z) < 0} : g € G}
or, frequently, in terms of the so called VC-dimension of the class. It happened, however,
that in many important examples (for instance, in neural network learning) VC-dimension
of the class can be very large, or even infinite, and that makes impossible the direct ap-
plication of Vapnik—Chervonenkis type of bounds. Recently, several authors (see Bartlett
(1998), Schapire, Freund, Bartlett and Lee (1998)) suggested another class of upper bounds
on generalization error that are expressed in terms of the empirical distribution of the margin
of the predictor (the classifier). The margin is defined as the product Y §(X). The bounds
in question are especially useful in the case of the classifiers that are the combinations of
simpler classifiers (that belong, say, to a class 7). One of the examples of such classifiers is
provided by neural networks. Other examples are given by the classifiers obtained by boost-
ing, bagging and other voting methods of combining the classifiers. The upper bounds have
the following form (up to some extra terms)

c);
\/ﬁ )

where C'(G) is a constant depending on the class G (in other words, on the method of

combining the simple classifiers), ¢ is a decreasing function such that ¢(6) — oo as 6 — 0
(for instance, there could be ¢(0) = 3), C(H) is a constant depending on the class H (in

particular, on the VC-dimension, or some type of entropy characteristics of the class).

inf [0 3" Iyig0x)<a) + C(G)(0)
7j=1

We develop a new approach that allows us to improve some of the previously known
bounds. In the case of the Bartlett’s bounds for neural networks in terms of the ¢;-norms of
the weights of the neurons, the improvement is substantial. In Bartlett’s bounds the constant
C(G) is of the order (AL)“*1/2 where A is an upper bound on the ¢,-norms of the weights
of neurons, L is the Lipschitz constant of sigmoids, and [ is the number of layers of the
network. Also, in his bound ¢(d) = 5. We obtained in a similar context C(G) of the order
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(AL)" with ¢(6) = 3. The methods of the proofs are also different. Bartlett uses the so called
fat-shattering dimensions of function classes and the extension of Vapnik-Chervonenkis type
inequalities to such dimensions. Our method is based on the general results of the theory
of Gaussian and empirical processes (such as comparison inequalities, e.g. Slepian’s Lemma,
symmetrization and random multipliers inequalities, concentration inequalities). Based on
our bounds, we developed a method of complexity penalization of the training error of neural
network learning with penalties defined as functionals of the weights of neurons and prove
oracle inequalities showing some form of optimality of this method.

We also obtained general rates of convergence of the empirical margin distributions
to the theoretical one in the Levy distance. Namely, we proved that the empirical margin
distribution converges to the true margin distribution with probability 1 uniformly over the
class G of classifiers if and only if the class G is Glivenko-Cantelli. Moreover, if G is a Donsker
class, then the rate of convergence in Levy distance is O(n*/*). We gave some examples,
showing the optimality of these rates.

2 Probabilistic bounds for general function classes

Let (S, A, P) be a probability space and let F be a class of measurable functions from (S, .A)
into R. Let { X} } be a sequence of i.i.d. random variables taking values in (S, .A) with common
distribution P. We assume that this sequence is defined on a probability space (2, X, P). Let
P, be the empirical measure based on the sample (X1,...,X,),

n
o1
Pn =n Zéxi,
i=1

where 0, denotes the probability distribution concentrated at the point x. We will denote
Pf = [q fdP, P,f = [ fdP,, etc.

In what follows, ¢*°(F) denotes the Banach space of uniformly bounded real valued
functions on F with the norm

1|7 := sup [Y(f)].
feFr

Our goal in this section is to construct data dependent upper bounds on the probability
P{f <0} and on the difference |P,{f < 0} — P{f < 0}| that hold for all f € F with high
probability. These inequalities will be used in the next section to upper bound the general-
ization error of combined classifiers. The bounds will depend on a measure of ”complexity”
of the class F which will be introduced next. Define

G(F) 1= 2/TEn™ Y. giox |l
=1

where {g;} is a sequence of i.i.d. standard normal random variables, independent of { X;}. [Ac-
tually, it is common to assume that {g;} is defined on a separate probability space (€24, X,,P,)
and that the basic probability space is now (2 x Qg, ¥ x Xy, P X P,)]. We will call n — G,,(F)
the Gaussian complezity function of the class F. One can find in the literature (see, e.g., van



der Vaart and Wellner (1996)) various upper bounds on such quantities as G, (F) in terms
of entropies, VC-dimensions, etc.

Let V3
t+4v2
AL (Fit) = G (F .
(Fit) = Go(F) + =1
Let ¢ be a function from R into [0, 1] such that ¢(u) =1 for u <0, p(u) =0 for u > 1

and ¢ satisfies the Lipschitz condition: |p(t) — ¢(s)| < |t — s|.
First we will prove the following fact.

Theorem 1 For allt > 0,

Iy + 1An(ar; t)]} < exp{-2¢’}.

P3f € F: P{S <0} > inf [Pap(s) +

Proof. For each § € (0,1] and for all f € F we have

Pif <0} < Po(l) < (L) + X1p, - Pl 1)

where

Gg:= {tgoo{:fef,te(o,l]}.

By the exponential inequalities for martingale difference sequences (see Devroye, Gyorfi and
Lugosi (1996)), we have

P{|P. = Pllg > E| P, - Pllg + ¢} < exp{—2¢’n}.

Thus, with probablity at least 1 — exp{—2¢n}

P{f <0} < Pn30(§) + %]EHPH — Pllg + % 2)

Next using the Symmetrization Inequality and Gaussian Multiplier Inequality (see van der
Vaart and Wellner (1996)), we get

Bl — Pllg < 2E[In™" Y eidx,llg < V27E[n™" 3 gidx llg. (3)
i=1 i=1
We also have for all t,s € R\ {0} the following bound
u v
o) — s < Ju— o] + 20t 5] (@)

Indeed, for all t,s > 0

tp(3) = sp ()] < lto(3) = to(D] + lto(5) = ()] <

u v v v
<tl= — = |+ |to(=) — sp(=)| <
< It t|+|90(t) S@O(S)I_
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< lu— ol +1tp(5) = sp()] + Isp(5) = sp(5)] <

v

).

< |u—v|+|t—5|+8|s0(;)—s0(
Assume that ¢ > s. If v > £, or v < 0, we have
Itw(t)—sw( ) < u—v[+]t—s|.

Otherwise, we get
v
sle(3) - () < =

and the bound (4) follows. Similarly, it can be proved for all ¢, s < 0. In the case ts < 0, we
get

|t—s|<|t—8|

|t90(t)—890( )< [t + [s] = [t — s,

o (4) also holds.
Let dp, » denote the metric of the space Ly(S;dP,) :

dp,2(f.9) == (Palf — g)"”.

Now we use (4) to get for all ¢, s > 0

h (2
B altoo Lispo ) = nt Ylo) —spMED)p <
=1
EYTIF(XG) = h(X)] + 2t — s 122|f X)P+8lt—sP? <
=1
<2 ,(f,h) + 8|t — s (5)

Define Gaussian processes

Z(5.0) =07 Y gilpo T)(x)

=1

and

Zy(f,t) == V2n~ WZQZ X;) + 2v/2tg,

where ¢ is a standard normal random variable on (€24, 3,, P;) independent of {g;}. Then, for
all £, s > 0, we can rewrite (5) as

Eg|Zl(f7 t) - Zl(ha 3)|2 S ]Eg|Z2(f7 t) - ZQ(h7 5)|2
and we also have similarly

]Eg|Zl(_f7 _t) - Zl(_h7 _5)|2 S Eg|Z2(_f7 _t) - ZZ(_ha _3)|2'



Here E, denotes the expectation on the probability space (£2,,%,,P,) (on which the sequence
{9:} and the random variable g were defined). A version of Slepian’s Lemma (see Ledoux
and Talagrand (1991)) implies that

Egsup{Z,(f,t): fe F,te(0,1]or — fe F,—t€(0,1]} <

< Egsup{Zs(f,t): fe F,te (0,1]] or — f e F,—t e (0,1]}.
We have .
]Eg||”_lzgi5xi||g =

=E, Sup 1291 i)]\/i‘ég 1Zgz ] = E,sup[n 1291 =

heg i=1
=Egsup{Z(f,t): fe F,te (0,1 or — fe F,—te (0,1},
where G := {tp(L), —to(=L) : f € F,t € (0,1]}, and similarly it can be proved that

V2E|[n™ Y gidx, |l = Egsup{Ze(f,1) - f € Fit € (0, or — f € F,~t € (0,1]}.

This immediately gives us

B n B n 2\/§E g
Bl > g lg < VAt S gidx s + 209 ©)
i=1 i=1 vn
Combining the bounds (2), (3), (6), we prove that with probablity at least 1 — exp{—2¢?n}
4/2 €
P{f<0}< Pncp(f) L oyas SElln” 1ZgZ5X |7+ —— V2 e + =

J 5

Setting ¢ := tn~"/2 completes the proof.
O

Quite similarly, assuming now that ¢ is a function from R into [0, 1] such that p(u) =1
for u < —1, p(u) = 0 for u > 0 and ¢ still satisfies the Lipschitz condition |¢(t) — ¢(s)| <
|t — s|, one can prove the following statement.

Theorem 2 For allt > 0,

P{Hf € F:P{f<0}< sup [Pnso(i

1
— =AL(F; ) < —2t%}.
Ju [Pue() = 5]} < expl-267)

The bounds of theorems 1 and 2 easily imply that for all ¢ > 0

P{3f € F: P{f <0} > P.{f <0} + inf, [P0 < f<6}+ %An(}"; t)]} < exp{-2t7}



and
P{37 € £ P(f <0} < Pu{f <0} — inf, [Pu{=0 < £ <0} + 30,(Fi0)]} < exp{-26).
Similarly, it can be shown that

P37 € £ Pf <0} > PUA <0} + int [P{O < <6} + SA0(Fit)]} < exp{-2¢2)
and

]P’{E!f eF:P{f <0} <P{f<0}—- 5&{}{‘1} [P{—(S <f<O0}+ %An(}-; t)]} < exp{—2t*}.

Combining the last bounds, we get the following result:

Theorem 3 For allt > 0,
1
P{3f € F: |Pff <0} — P{f <0} > inf [P{IfI < 6} + SA(F; t)]} < 2exp{-2t*}
and

p{3/ € F: RS <0} = PF <O} > imf [P{If] <0} + %An(f; 1)} < 2exp{-2¢*}.

Denote
Hy(6) == 0P{|f| <0}, Hns(0) := 0P {|f] <}

Plugging in the second bound of Theorem 3 ¢ := Hf_l(An(}-; t)) A1 easily gives us the
following upper bound that holds for any ¢ > 0 with probability at least 1 — 2e 2" .

A, (F;t) ,
(A e Y

Similarly, the first bound of Theorem 3 gives that for any ¢ > 0 with probability at least
1—2e7%

Vf € F |P{f <0} - P{f <0}| <

An(F31)
ViEeF [PAf <0} = P{f <0} < H, 5 (An(F3)

n,

)\/An(f;t).

The next example shows that, in general, the term %An (F;t) of the bound of Theorem
1 (and other similar results, in particular, Theorem 3) can not be improved.

Let us consider a sequence { X, } of independent identically distributed random variables
in [, defined by

X, = (52(210g(/€ + 1))7%)1@21 ’

where ¢} are i.i.d. Rademacher random variables. We consider a class of functions that
consists of canonical projections on each coordinate

F=A{fr: fulz) = 24}

Let ¢(z) be an increasing function such that ¢(0) = 0. Then the following proposition
holds.



Proposition 1

. 1 ,
IP(E!f < fP{f < 0} > 661{}5”[[)71{]0 < 5}+WAn(fat)]> —1

when n — oo uniformly for allt < 27'n'/2¢((4n)~'/?)—c, where ¢ > 0 is some fized constant.

Proof. It’s well known that F is a bounded CLT class for the distribution P of the
sequence {X,} (see Ledoux and Talagrand (1991)). Notice that P(fy < 0) = 1/2 for all k
and E||n"' ¥ gidx, || < en /2 for some constant ¢ > 0. Let us denote by ¢’ = t+4v/2+2+/7c.
The infimum inside the probability is less then or equal to the value of the expression at any
fixed point. Therefore, for each & we will choose & to be equal to a d; > (2log(k + 1))~/
It’s easy to see that for this value of 9,

Pl < 6} = - 316 = 1)
=1

Combining these estimates we get that the probability defined in the statement of the propo-
sition is greater than or equal to

:1—1;[P<%<121(62:—1)+W>

In the product above factors are possibly not equal to 1 only for k£ in the set of indices

' 1
K:{kzykzwgi}.

p<1/2<n1i<znl(s§ = —1)+5> < (1— (Z})z”)

where ky = [n/2 — on] — 1. For simplicity of calculations we will set kg = n/2 — dn. Utilizing
the following estimates in Stirling’s formula for the factorial (see Feller)

Clearly,

(27r)%n"+%e’”+1/(12"+1) <nl< (27r)%n”+%e’"+1/12" (7)

it is straightforward to check that for some constant ¢ > 0

n

<£>2—“ > n”s ((1 —26)"72(1 + 25)1“5)_2 > cn”% exp(—4né?). (8)
0

The last inequality is due to the fact that

exp(2?) < (1 — )" 7%(1 + 2)'** < exp(22?)
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for # < 2712, It follows from (??) that
( < = ZI el =—1)+ 'yk> < 1—cn~2exp(—4ny?).
z<n

Since v, < 1/2 for k € K, we can continue and come to the following lower bound

1— J (1 —en 2exp(—4nyE)) > 1 —exp(— Y en Y2 exp(—4ni))
kek kek

> 1 — exp(—card(K)en Y2e ™) — 1,
uniformly in #, if we check that card(K)en='/2e™" — oco. Indeed, if
' <27 2p((4n)"1?)
then for n large enough
< 27 2((4n) %) < 27 2p((21og([ene] + 1)) V?).

It means that [cne”| € K, and, therefore,

card(IC)en V2™ > nt/? — — 0.

cnl/Ze”

Proposition is proven.

m}

Remarks. If ¢(x) = x1~* for some positive o then the convergence in the proposition
holds for ¢t < en®/?. Also, if @ — o0 as 0 — 0, then the convergence in the proposition
holds uniformly in ¢ € [0, 7] for any 7" > 0. It means that the bound of Theorem 1 does not
hold with %An(}"; t) replaced by ﬁAn(}"; t). Similarly, one can show that

(37 € 75 RS <0 = PUF<O) 2 i [PV <6} + S (Fin)]) 1

when n — oo uniformly for all ¢ < 27'n'/2¢((4n)~"/?) — c.

3 Convergence rates of empirical margin distributions

We are again in the setting of Section 2 with the class F of measurable functions from S
into [—1, 1]. For f € F, let

Fr(y):=P{f <y}, Foyly) =P{f <y}, yeRr

Let L denote the Levy distance between the distribution functions in R :

L(F,G) :=inf{0 >0: F(t) <G(t+9)+dand G(t) < F(t+0) + 0, for all t € R}.



Theorem 4 For all t > 0,

t+6\/§ 1/2
Pssup L(F}, ¢, F' TE|n~ i 2V < oxpl—2121.
{feg(,ff>¢|| Zg ﬁ>}_p{ }
Proof. Similarly to (1), we get the following bounds:
P f Y f—y, 1 ~
i) = PU <y < Poll ) < ol 4 21— Pl < Fugly +0)+
1
LR~ Pl
and
f—y f—y, 1 ]
Fas() = Pl < v} < PuolI=Y) < o 2Y) 42 1Pu = Pllg < Fyy +0)4
1
where

g:z{tsoo(f_

Y. feFte©),yel-1,1]}

It follows that

SupL(an,Ff <(5\/_||P P“g
feF

Minimizing the righthand side over 9, we get

sup L(F,,.s, Fy) < (|| P — Pllg)"*. 9)
feF

Similarly to (4),

u—y v—2z
[to(——) —se(— =) < Ju—v| + 2t = s| + |y — 2|,

which implies

d%;ng(tcp o (f — y); sp o (g — Z)) < 3d?3n,2(f, g) + 12|t — s> + 3|y — 2|
Defining .
Zi(1t) =0 S gl o (L) ()
and :
Zo(f,t,y) == V3n~ 1/2291 +2\/_tg+\/_yg,
we have

Eo|Z1(f,t,y) — Z1(g,5,2) > < Eg|Za(f,t,y) — Za(g,5,2) .

10



The same way as in the proof of Theorem 1, Slepian’s Lemma implies that

Esup{Z(f,t,y) :ye[-1,1],f € F,t € (0,1]]or — f e F,—t e (0,1]} <

< Esup{Zs(f,t,y)|:ye[-1,1],f € F,t € (0,1]]or — f e F,—t e (0,1]}.

Again, arguing as in the proof of Theorem 1, we get

N 3v/3E|g|
vnoo

Next, by the exponential inequalities for martingale difference sequences, we have

n n
]Eg“?f1 Zgi g < \/g]Eg“?f1 Zgi
i=1 =1

P{||P, — Plig > EI|P, — Pllg +} < exp{—2:n}

and, similarly to (3),
E||P, — Pllg < V27E[n™" 3 gidx,[lg-

=1

(10)

(11)

(12)

Combining the bounds (9)-(112) and setting ¢ := tn~'/2, we get that with probablity at

least 1 — exp{—2t%}

t+6v3
sup L(Fy 5, Fy) < (V6rE[n~" E :gz&X |7+ )1/2
feF Vn

which completes the proof.

Y

Theorem 5 The following two statements are equivalent:

(2) F e GO(P)

and

(i1) sup L(F, s, Fy) — 0 a.s. as n — oo.
fer

Moreover, if for some a € [1/2,1)
B|P, — Pllr = O(n"),
then
sup L(F, s, Ff) = Op(n~*/?) as n — oo.
feF

In particular, if F € CLT(P), then

sup L(F, s, Ff) = Op(n /%) as n — oo.
feFr

11
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Proof. To prove that (i) implies (ii) we use Gaussian Multiplier Inequality (see van der
Vaart and Wellner (1996)):

il
E||n~ ;gzaX |7 < 2(ng — I)Elrgiaél " +
k
-1/2 1/2
+lgllzn Y max E||k Y/ >
i=ng

For ng =1, we get

]E||n_1 ZgZ(SXz“]: = -1/ Hl&X E“k 1/2281(5)( ||y:

i=1 i=1

< ||g|l2n~/? max ]E||k 12 25z5x |7 + ||9||21 sup E[[k~" 25 0 || 7
=1 =1

Since F € GC(P), we have
E||P, — P||x — 0 as n — oo,

which, by symmetrization inequality, implies
n
]E||n_1 Zgi&XiH}— — 0 as n — oo.
i=1
Therefore,

supIE||k 2815)( |z = 0 as m — oo.
k> i=1

On the other hand, for a fixed m,

-1/2 1/2 1/2
™" max E||k~ ;5,5;( l= < (m/n)"* — 0 as n — oco.

Therefore,

n
E[ln™' ) gidx,
=1

Plugging in the bound of Theorem 4 ¢ = logn and using Borel-Cantelli Lemma proves (ii).
To prove that (ii) implies (i), we use the following bound

1
[ t(F = G)(0)] < 2L(F.C),
-1
which holds for any two distribution functions on [—1, 1]. The bound implies that

1
|P, — Pl = sup |Pof — Pf| = sup| / td(Fy; — Fy)(t)] < 2sup L(F, ;; Fy),

12



which implies the statement.

If
8[|P, - Pllr = O(n™),

then the Gaussian Multiplier Inequality and the symmetrization inequality imply that

E||n_1 Zgﬁxl F = O(n_o‘).
1=1

Thus, the bound of Theorem 9 implies that with some constant C' > 0

C t+6V3
Heup L ) 2 G + =

)1/2} < exp{—2t*}.

It follows that
lim lim sup P{n®?sup L(F, ;, F;) > u} = 0.

U—=00  p—oo feF

O

In the next proposition, we are again considering the class F used already in Proposition
1 and the sequence of observations {X,,} defined by

X, = (sf(2log(k+1))7%) _,

where o > 0 and €} are i.i.d. Rademacher random variables.

Proposition 2 Consider the sequence § = 6(n) such that

sup L(F, 5, Fr) = Op(9).
fer

Then

142
6 Z Cni 4(1+3)

(when o = 0 we have 6 > cn™'*). On the other hand, we have

sup L(F s, F;) = Op(n 1),
feF

Proof. We can assume without loss of generality that with probability more than 1/2
for all k > 1, y € [—1,1] and n large enough we have

P(fr <y) < Pu(fe <y +06)+0. (14)

If we take y = 0 and consider only such k that satisfy the inequality (2log(k +1))*t1/2 < §~!
then (??) becomes equivalent to

1/2<n 'y I(g}, = 1) +0.

i<n

13



Inequality (2log(k + 1))*/2 < 6! holds for k < ¢,(6) = 1/2 exp(é_w%a/Q). Therefore, for
large n

1/2 < 11»( ﬂ(é){1/2§nlzl(s;:—1)+5}>

k<t i<n
. ¥1(9) n ¥1(8)
= P<1/2§n121(512—1)+(5> < (1— <k>2n> ; (15)
i<n 0
where ky = [n/2 — on] — 1. Using (?7), we get
9T < 1—en~t exp(—4nd?).
Taking logarithm of both sides and taking into account that log(1 — z) < —z we get (recall
that 1, (6) = 1/2 ew(ﬁﬁ/?))
exp(—2_1571+%) > en”e exp(—4nd?).

Therefore,
1/(26%/ 1429 < 4né® + clogn

and
1/2 < dngt(He)/(i+20) 4 (52/(1420) 160 gy

This finally implies that _
0 >cn” 41(33).

To prove the second statement note, first of all, that in the supremum sup . L(F, s, F)
it’s enough to consider only those k that satisfy the inequality

2671 > (2log(k + 1))/t
because, for all other k£ we automatically have
P(fe <y) < P(fe <y+8)+6, Pu(fi <y)<P(fr <y+6)+0 (16)

for all y. The above condition on k is equivalent to

v =en(3 (2)7)

Let us notice that probability P(f; < y) can take one of three values 0,1/2 or 1. When it’s
equal to 0 or 1, conditions (?7) become trivial. On the other hand, if P(f; < y) = 1/2 then,
obviously, (??) hold when |[n™' Y I(e}, = —1) — 1/2] < 4.

This observations imply that

P(L(F, , Fy) < 6) > JP(%Q@{\% S I = 1) - %\ < 5})

i<n



when

) 1 /2\ =
@/)2(5)672n6 = exp (5 (5) ' — 2”52> — 0.

This holds, for instance, when § = n~(1+22)/4(1+a),

4 Bounding the generalization error of neural networks
and other combined classifiers
In this section, we assume that S := S x {—1,1} and F = {f f € F}, where f(:v,y) =

yf(x). P will denote the distribution of (X,Y"), P, the empirical distribution based on the
observations ((Xi,Y1),..., (Xn,Ys)). Clearly, we have

Gu(F )—2\/_]ESUP|” 1Z:ngf i)| = 2\/TEE, Supln Zgz

where g; := Y;g;. Since, for given {(X;,Y;)}, {¢:} and {g;} have the same distribution, we get

E sup|n Zgz i) = Eg sup|n 12% BIR
1=1
which immediately implies G, (F) = G, (F).
Theorem 1 now implies some useful bounds for boosting and other methods of combining

the classifiers. Namely, we get in this case the following theorem that implies (and slightly
improves) the recent bound of Schapire, Freund, Bartlett and Lee (1998).

Theorem 6 Let F := conv(H), where H is a class of measurable functions from (S, A) into
[—1,1]. For allt > 0,

§ + lAn(H 1)} < exp{—2¢*}

P37 € F: PIf <0} > inf [Puo() + 5

and

LA 0]} < 2exp( 27,

{3/ € F: P {f <0} = PAF <0} > inf [P{|f] <6} + 5

P(3/ € F: P <0} = PAF <O} > inf [P{If] <} + %An(ﬂ;t)]} < 2exp{-2t*}.

Proof. Since F := conv(#), where H is a class of measurable functions from (S, .A) into
[—1, 1], we have

Go(F) = 2v7E[n" Y gidx, |l7 < 2VAE[R™ Y gix, || = Gu(H).
i i-1
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It follows that G,,(F) < G,,(H), and theorems 1 and 3 imply the result.
O

In voting methods of combining the classifiers (such as boosting, bagging, etc.), a classi-
fier produced at each iteration is a convex combination f € conv(H) of simple base classifiers
from the class H. The first bound of Theorem 4 implies that for a given « € (0, 1) with prob-
ability at least 1 — «

= > 1 1 1
<0< i < - 1/ =log =)].
Pf <0} < inf [PASf <0} + 50u(Hsy 5 log )]

In particular, if # is a VC—class of classifiers h : S — {—1,1} (which means that the class of
sets {{z : h(x) = +1} : h € H} is a Vapnik—Chervonenkis class) with VC—dimension V(#),
we have with some constant C' > 0

Go(H) < C V),

n

This implies that with probability at least 1 — «

~ ~ Tloa L

which slightly improves the bound obtained previously by Schapire, Freund, Bartlett and
Lee (1998).

Example. In this example we consider a popular boosting algorithm called AdaBoost.
At the beginning (at the first iteration) AdaBoost assigns uniform weights wj(-l) =n!to
the labeled observations (X1,Y)),..., (X,,Y,). At each iteration the algorithm updates the
weights. Let w®) = (w§’“), ..., w)) denote the vector of weights at k-th iteration. Let P,

be the weighted empirical measure on k-th iteration:

n
Pnyw(k) = szgk)é‘(xi’yi).
1=1

AdaBoost calls iteratively a base learning algorithm (called ”weak learner”) that returns at
k-th iteration a classifier hy € H and computes the weighted training error of Ay :

€k = Pn,w(k){y 7£ hk}

(In fact, the weak learner attempts to find a classifier with small enough weighted training
error, at least such that e, < 1/2). Then the weights are updated according to the rule

NI wi exp{—Yjorhe(X;)}
J T Zk y

where n
Zn=> w](-k) exp{—Yjouhip(X;)}
j:l

16



and
1——6k

Qg log
€k

After N iterations AdaBoost outputs a classﬂier

TS VARTY N ED)
flz) = TSN 0

The above bounds, of course, apply to this classifier since f € conv(H). Another way to use
Theorem 4 in this example to choose a decreasing function ¢, satisfying all the conditions
of the Theorem 4 and such that p(u) < e for all u € R. It is easy to see that such a choice
is possible. Let us also set

AL

21 6773
Then it is not hard to check that

@(y 1 aghy ()

5>V ay, ) < g0(?J§1:O%hk(fﬂ)) < eXp{—y;akhk(x)}-

Therefore

Poo(

| hst

) < Pyexp{—y 21: aphg(x)}.

A simple (and well known in the literature on boosting) computation shows that

P, exp{—yzl:akhk(:r)} = 1:[ 2\/er(1 —eg).

We also have

N J—
Z ap = log H L .
k=1

k=1 €k
It follows now from the first bound of Theorem 4 that with probability 1 — e 2t

P{f<0}< ﬂ 2y/ex(1 —ex) + log ﬂ

k=1 k=1

k A, (H;t).

€k

We turn now to the applications of the bounds of previous section in neural network
learning. Let H be a class of measurable functions from (S, .A) into R. Given a Borel function
o from R into [—1,1] and a vector w := (wy,...,w,) € R", let

n
Now RV =R, Nyy(ug,...,uy) = O'(Z wju;).

We call the function N, a neuron with weights w and sigmoid o. Given a neuron N, we
denote o) and w™ its sigmoid and its vector of weights, respectively. For w € R",

n
wlley == > Jwi.
i=1
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Let 0 : j > 1 be functions from R into [—1, 1], satisfying the Lipschitz conditions:
loj(u) —oj(v)| < Ljlu —v|, u,v €R.
Define Hy := H, and then recursively
Hj = {Noy b, hn) > 0,0 € Hjmy, w € R*PJH 0

We call H; the class of feedforward neural networks with base H and j layers of neurons.
Denote -
j=0

Let {A;} be a sequence of positive numbers. We also define recursively classes of neural
networks with restrictions on the weights of neurons:

H](Al,,AJ) =
= {Ngij(hl, .. ,hn) n Z O,hl € Hj*l(Aly A ,Ajfl), w € ]Rn, ||’w||g1 S A]} U

UH;_1(Ar, .. Ay,

Clearly,
M= U{Hi(Ar . Ay D AL A < ool

We start with the following result.

Theorem 7 For allt > 0 and for all | > 1

]P{EIfEHl(Al,..., NE P{f<0}> Inf [P (g)
+%(f_[ (2L;A; + 1)G(H) + +\/45\/§)H < exp{-2t’}

and

P{3f € Hi(Ay, ..., A) : |P{f <0} — P{f < 0}| > nf [P{Ifl < 63+

l t+4v/2
(2L;A; + 1)Gp(H

k]:[1 + (H) + 7

p{3f € Hi(Ar, ., A [P{F <0} = P{f <0} > inf [P{If] <5}

l t 442
2LA+ 1)G,(H) +
kf:[1 (H) 7

)] } < 2exp{—2t*},

Oq|'—‘

)|} < 2exp{-—22}.

szli—‘
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Proof. We apply Theorem 1 and Theorem 3 to the class F = H;(Aq,..., A;) = H],
which gives for all t > 0

t+4v/2
NG

L) 2 (Gt +

P{3f e Hj: P{f <0} > o [Pao 5 )|} < exp{-—2}.

Thus, it’s enough to show that

l

H-

Gu(H)) = 2v/7E[n "' D gidx,
i=1
To this end, note that

Elln™" > gidx, b < Eln™" > gidxllg +Elln™ - gidxllag_, (17)

where
gl = {Ngl,w(hl, .. ,hn) n > 0, hz - HZ—I(AI; - ;Al—l); w € ]Rn, ||w||g1 < Al}

Consider two Gaussian processes

Zu(f) = n2 ﬁ;gz-(al o F)(X))

and .
Zy(f) = Lin 2y gif(X0),
i=1
where .
Fe{>lwhiin>0h et ,, wer |lul, <A} =g
i=1
We have

B,1Z4(f) = i) = n™ Y lou(F(X) = (X)) <

< Ln! g F(X) — h(X) [ = Byl Zo(f) — Zo(h).

By Slepian’s Lemma (see Ledoux and Talagrand (1991)), we get

n
Eglln ™Y gidxllo, = n B Zullg
=1

n
< 20 PR\ Zollg = 2LiE|In "t Y gidx,
=1

G- (18)
Since G = Ajconv(H;—1), we get

n n
Elln™" Y gidx.llg = AEIn™' Y gidx; I, - (19)
=1

=1
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It follows from the bounds (17)—(19) that

Elln~' Y gidx |l < (2LiA + DE[In™" Y gidx,

=1

The result now follows by induction.
|
Remark. Bartlett (1998) obtained a bound similar to the first inequality of Theorem
7 for a more special class H and with larger constants. In the case when A4; = A, L; = L
(the case considered by Bartlett) the expression in the right hand side of his bound includes
w;ﬂ, which is replaced in our bound by . These improvement can be substantial
in applications, since the above quantities play the role of complexity penalties.

Given a neural network f € H, let
((f) ==min{j > 1: f € H;}.

Let {bx} be a sequence of nonnegative numbers. For a number k,1 < k < £(f), let Ni(f)
denote the set of all neurons of layer k£ (with sigmoid oy,) in the representation of f. Denote

Wk(f) = NrenAf_lX ||'U) ||£1\/bk7 = 7 7"'7€(f)7
and let .
AG) = TLAL(S) + 1),
k=1

o f)
Z \/_ log(2 + | logy Wi (f)]),

where @ > 0 is a number such that ((a) < 3/2,  being the Riemann zeta-function:
=> k™
k=1
Theorem 8 For allt > 0 and for all a > 0 such that (o) < 3/2, the following bounds hold:
Iy
)

P{3f € Hoo: P{f <0} > mf[ o(=)+

Lo(f) +t+4V2
N

+5(A(f)Gn(H) +

- ]} < (8- 2¢(a) " exp{-22}

and

P{3/ € Hoo : |[P{f <0} = P{F <O} > inf [P{I]] < 0}+

1 +Fa(f)+t+4\/§)]}§

NG 2(3 — 2¢(a)) ! exp{—2¢},
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P{3/ € Hoo [P{] <O} = P{F <O} > imf [P{I]] < 0}+

+5(A(f)Gu(H) + NG

Proof. Denote

< 2(3 - 2¢(a)) ™" exp{—2t"}.

1 Lolf) +t+4V2
(f) +t+ )]}

A, o 228 forkenk#£0,1
CE/2,2) 0 fork =1

The conditions ¢(f) = [ and
Wi(f) € Ay, kjez\{0}, j=1,...,1

easily imply that
!
H (2L;2% + 1),

z_:\/ log(|k;] +1).

and also that
fe Hl(2k1, ceey 2k1).

Therefore, the following bounds hold:

7 Tolf) +t+4v2
; D) <

P{3f € Hoo: PLF <0} > inf [ Puo( NG

)+ S (A)Ga(H) +

<y Y % u»{afe%ooﬂ{f:e(f):z, Wi(f) € Ay, j=1,...,0}:
1=0 k1€Z\{0} k ez\{0}
f To(f) +t+4v2

<SS Y LY P{er’l-{l(2’“,...,2’”):P{f§0}>6€i(r(1)f1)[Pn90(

1=0 k eZ\{0} Kk, eZ\{0}

L . Ly /8 log(lk;] + 1)+t + 42
+g(jHl(2Lj2 I+ 1)Gu(H) + NG I}

Using the first bound of Theorem 7, we obtain

)+ S(A)Ga(H) +

P{f <0} > inf, [Pae(

f
i

P{3f € Hi(2",...,2"): P{f <0} > nf [Pngo(g)

FHA)Ga(r) + -2 Df—f W2y <
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<Y Y L% exp{—2<_zl¢%1og(|kj|+1>+t>2}s

1=0 ki €Z\{0}  ki€Z\{0}

gio: oY exp{=Y_ alog(|k;| +1) — 27} =

1=0 k1 €2\{0} k;€zZ\{0} Jj=1

=l§: S TLk] + )exp{ -2} =

=0 k;ez\{0}  k;ez\{0}j=1

oo
=> 1] 2Zk ) exp{ —2t°} = Z D] exp{—2t*} =
=0 j=1
= (3 - 2((a)) " exp{-2t"}
which yields the first bound of the theorem. Two other bounds are proved quite similarly.
|

It follows, in particular, that for any classifier f € M., based on the data (X1,..., X0),
we have

{P{f<o}> inf [ o

T )

Next we consider a method of complexity penalization in neural network learning based
on the penalties that depend on ¢;-norms of the vectors of weights of the neurons.

/
p(5)+

< (3—=2¢()) texp{—2t’}, t > 0.

Suppose that f is the neural network from F C M., that minimizes the penalized
empirical distribution of the margin:

f o= axgmingp inf [PL((F < 01)+ HAG(H) + L) =

0€(0,1]

= argmin ez [ Pa({f < 0}) + nf (f: 9],

where the quantity

Tu(f;0) = P,({0 < f <6} + %(A(f)Gn(H) n Fj/(r_{)

plays the role of complexity penalty. We define a distribution dependent version of this data
dependent penalty as

)

La(f)
\/ﬁ

The next result is a ”oracle inequality” that shows that the estimate f obtained by the
above method posses some optimality property (see Barron, Birgé and Massart (1999) for a
general approach to penalization and oracle inequalities in nonparametric statistics).

malf:6) = PO < £ < 25)) 4 S(A(P)Ga(H) + 522,
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Theorem 9 For allt > 0 and for all o > 0 with () < 3/2, the following bounds hold:

< (3—2¢()) " exp{-2t"}

1t+4\/§)]}

{P{f<0}>mf[P{f<o}+mf( w(f10) + NG

and

P{P{f <0}~ inf P{3 <0} > inf[P{] <0} — inf P{g < 0}+

2t + 42
+51%f1((f5) 5

Proof. The first bound follows from Theorem 8 and the definition of the estimate f. To
prove the second bound, we repeat the proof of Theorem 1 to show that for any class F'

)]} < 2(3 — 2¢(e) " exp{—2t"}.

]P{Elf e F Ie(0,1]: P{f <6} > [Pgo(%) +

1 Y V)
5GP+ =)} <

< exp{—2t*}.

The class G in this proof is now defined as

—1
G = {w(f—) L feFLte(0,1]}.
t
The argument that led to Theorems 7 and 8 shows that

P{3f € F 35 € (0,1]: P{f <6} > [P{f < 20}+

+§(A(f)Gn(H) + FT/(T—J:) + t+\/45\/§)]} < (3 — 2¢(a)) " exp{—2t2}.
If now
ot it [Pa{F < 6)) + SAMGu(H) + Lalf) o 2y
> }Ieljfrdel%f1 [P{f <20} + 2( Af)Ga(H) + Lo (f) ‘\"/tﬁ-l- 4\/5)}7
then
f F 1 Lo (f) +1+4v2
f € FI5 € (0,1): PB{f <4} > [P{f§25}+g(A(f)Gn(H)+ s )]

P E < D . E . [. P r < 2 s

Fa(f)+t+4\/§)]} <

v 2(3 - 2((a)) " exp{ -2},

FS(A)G(H) +
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which implies the result.

m}

Finally, it is worth mentioning that the theorems of Section 1 can be applied also to
bounding the generalization error in multiclass problems. Namely, we assume that the labels
take values in a finite set ) with card()) =: L. Consider a class F of functions from
S:= S x Y into R. A function f € F predicts a label y € Y for an example © € S iff

Fw,y) > max £ (2, 5).
y'#y
The margin of an example (z,y) is defined as
mf((l?,y) = f(‘ray) - H}&Xf(fl?,y,),
y'#y
so f misclassifies the example (z,y) iff my(x,y) < 0. Let
F={f(y)y e, feF}

The next result follows from Theorem 1.

Theorem 10 For allt > 0,

- 4
]P’{Elf € F:P{my; <0} > 62{%{’1] [Pn{mf <o)+ %(L2Gn(}") " t+\/ﬁ\/§)]} < exp{—2t*}.

To prove the theorem, we use the following easy lemma.
For a class of functions H we will denote by

H(l) = {maX(hl, .. .,hl) thy, ..., h € 7‘[}

Lemma 1 The following bound holds:
B gi0x lww <IE[D gidx; Il
i=1 i=1
Proof. Let us consider classes of functions F;, F, and
F = {max(fi, f2) : f1 € F1, f2 € Fa}.

Since

max(fi, f2) = = (| + fo| + |f1 = fo])

N | =

we have

E“ Zgz

;]E sup |Zgz|f1 i) + f2(Xo)[| +

12;1

sup gilf1(X < E sup gi(f1(X;) + f
3 ﬂf2|; | f1 F2(X0)| ﬂf2|; 1 2(X3))]
1
+5E sup |Zgz f1(X5) — f2(Xa)] < E|| Zgi&XiH}—l +E| Zgz’(sxiﬂfz-
FiFz =1 i=1 i=1

24



The statement of lemma follows by induction over [.

Proof of Theorem 10. We have the following bounds:

ESUP‘” 1zgymf i Y ‘—ESUP‘” 12932”% IR y}‘ <
feF j=1 Jj=1  yey

< ZEsup‘n 1Zg]mf X,y ]{y y}‘ <
yey feF J=1

_ZESHP‘”’ lzggmf i Y) 2Ly, - y}_l‘ ZESHP‘” lzggmf i Y ‘
yey feF yey fer

Denote 0;(y) := 2I{y —yy — L. Given {(X},Y)) : 1 < j < n}, the random variables {g;o;(y) :
1 < j <n} are ii.d. normal. Hence, we have

N | —

]Esup‘n Zg]mf y)(2ly,—y — ‘—]Esup‘n Zgjoj mf(X],y)‘
feF j=1 feF j=1
= EE sup‘n 1Zg]0] y)yme(X;,y ‘—]E]E sup‘n 1Zg]mf X],y)‘ =
feF j=1 feF j=1

= ]Esug‘n_1 Z gims(X;, y)‘
fer 7j=1

Therefore, we have

n
ESUP‘” Zgymf Iy ‘ < ZESUP‘” Zgjmf(vay)‘-
feFr yey feF j=1

Next, using Lemma 1, we get for all y € Y

Esup|n 1Zggmf X;j,y)| < Esupln 1Y g;f(X;,y)| + Esupjn 1Zggma><f( HY)| <

feF j=1 feF j=1 feF j=1

n Y g (X)) <
j=1

<Esup‘n 12% )‘—|—E sup
fE]:(L_l)

< LE rsup‘n_1 Z g; f(X;)],
fer j=1

and the result follows from the above bounds and from Theorem 1.
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