Ratio Limit Theorems
for Empirical Processes

Evarist Giné!', Vladimir Koltchinskii?, and Jon A. Wellner?

Abstract. Concentration inequalities are used to derive some new inequalities
for ratio-type suprema of empirical processes. These general inequalities are
used to prove several new limit theorems for ratio-type suprema and to recover
a number of the results from [1] and [2]. As a statistical application, an oracle
inequality for nonparametric regression is obtained via ratio bounds.

1. Introduction

Let F be a uniformly bounded class of real valued measurable functions on a
probability space (S,.A4, P). To be specific, we assume most often that F takes
values in [0, 1] (although, in some places below, the class will be scaled differently).
Let X,X;, i € N, be i.i.d. random variables in (S,.4) with distribution P. We
denote by P, the empirical measure based on the sample (Xi,...,X,), P, =
n~t 3" | x,. Suppose that op(f) is defined in such a way that

ob(f) > Varp(f) := Pf* — (Pf)?, f € F.

In particular, op(f) can be the standard deviation itself, or in can be equal to /P f
(recall that f takes values in [0, 1]). In this note we present a simple technique to
study the asymptotic behavior of the supremum of the standardized empirical

process,
P,f—P
wp VARSI PI
reFop(nss,  op(f)
as well as some of its variations such as
P, P.f—P
sup / — 1‘ and sup M
feF.pr>s,| Pf feFopif)>s, wlop(f))

for suitable ‘moduli’ w and properly chosen ‘cutoffs’ 6n, depending on the complex-
ity of the class F. These questions for Vapnik-Cervonenkis (VC) classes of sets
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were studied by Alexander in [2], and his proofs were technically rather sophisti-
cated. Our results apply to very general classes of functions and, particularly in
the form they take when we specialize them to VC classes of functions, they may
be considered as analogues of some of Alexander’s results for VC classes of sets.
The need for this kind of results, in the generality given here, is illustrated by an
example. Indeed, as an application of our general theorems we obtain an ‘oracle
inequality’ in a simple but quite general non-parametric regression setting (cf.,
[16], [19]). So, the type of inequalities proved in this article may turn out to be
useful for bounding errors of prediction in Statistics and in Machine Learning.

The main advance on empirical process theory since 1987, when Alexander
proved his results, has been Talagrand’s discovery of concentration inequalities
([30],[31]). This tool allows us to handle ratios very easily by proving several sim-
ple exponential bounds expressed in terms of expectations of localized sup norms
of empirical processes. These bounds are obtained by stratifying the class F ac-
cording to variance size, applying Talagrand’s inequality to each stratum and then
collecting terms. This approach, as carried out here, originated in the more spe-
cialized setting of statistical learning theory and was developed by several authors
(see, e.g., Koltchinskii and Panchenko [20], Koltchinskii [21], Panchenko [26, 27)
Bousquet, Koltchinskii and Panchenko [10], Bartlett, Bousquet and Mendelson [5]
and, especially, the Ph. D. dissertations of Panchenko [25] and Bousquet [7]). A
very close approach has been developed in some other statistical applications even
earlier (see [23] and references therein), and in one form or other is also present in
[2]. The exponential bounds for ratios together with some new bounds on expec-
tations of suprema of empirical processes over VC classes of functions ([30], [12],
[11], [24]) allow one to obtain Alexander type theorems without any effort. The
present approach may open a possibility to understand much better, and for much
more general classes than VC, this important class of limit theorems for empirical
processes, and in particular, to widen the scope of their applicability.

There is an extensive literature on ratio limit theorems for classical empirical
processes (see e.g. Wellner [35]). For general empirical processes indexed by sets
or functions some important references are [1], [2], [3], [4], [15], [19], [28], [32], [34].

In order to avoid measurability problems, in what follows, we will assume
that the supremum over the class F or over any of the subclasses we consider is
in fact a countable supremum. In this case we say that the class F is measurable.

With some abuse of notation we will write logm for 1V logm and loglogm
for 1V loglogm.

2. Ratio limit theorems: normalization with op(f)

We introduce some notations used in what follows. We set
Fry:={feF:op(f)<r}

and, for r < s,

F(r,s] :=F(s) \ F(r).
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We denote
ulrs = sup I ZPIL
rer@rs)  op(f)
Let now (given 7,5, 7 < s) ¢ > 1 and suppose that s := r¢!, for some | € N,
so that
s
[ =log, —.
r

[This will not be a loss of generality since the choice of ¢ will be in our hands.] Let

Pj =r¢’, j=0,...,1
(with pg =7, p; = s). Then we define a function ¥, 4 from (r, s] into the real line
by setting

7/1n,q(u) = ]E”Pn - PH]:(pj,l?pj]a u € (pj—17pj]7 .] = 17 . 'al7
and we also set

5n,q(7"7 8] ‘= Ssup wn,q(u).
u€(r,s] u

Given two sequences {r,}, {s,} of positive numbers such that r,, < s, we
set
£n = én(T'ru sn]7

and if g, | 1 (so that s, = r,gl» for an integer I,,) we define

ﬁn = ﬁn,qn (T’ru Sn]

Our first goal is to prove the following general theorems. The only assumption
on F is that it is a measurable class of functions taking values on [0, 1].

Theorem 1. Suppose that

Sn

loglog, == 1
a \/ n—rn = o(Bn)-

&n

-— — 1 in Pr as n — oo.
n

The following a.s. version holds under slightly stronger assumptions. For sim-
plicity, we consider only the case of s, = 1.

Then

Theorem 2. Suppose that

\/log log, L +loglogn loglogn
—— \/ = O(ﬂn)

n nry,

In addition, suppose that

T\ and%\.

Then

lim sup f_n =1 a.s.

n—oo n



4 Giné, Koltchinskii, and Wellner

Somewhat stronger assumptions lead to a.s. convergence to 1:

Theorem 3. Suppose that

loglog, = +logn,  logn

nry

Then
3

. n
lim =— =1 a.s.
n—oo n

Remarks. 1. It is easy to see that the conditions of Theorem 1 are satisfied if

VBT o(p,)

rny/ nloglogn — oo.

2. Only formal modifications in the proof given below for Theorem 1 also

show that if
loglog, =
\ nq’ = = 0(6n)

and the sequence {nr,08,} is bounded away from 0, then

& _o,0).

n

and

3. Likewise, it can also be shown that if

1 [loglog, 7=
li — | — < 1/2
im sup i - /

L i),

nry

and

then the sequence { gﬂ } is both stochastically bounded and stochastically bounded
away from 0.
4. If in Theorem 2 we replace g, | 1 by ¢ > 1, and take 8,, > B, (7, 1], then

the conditions

\/log log,, - +loglogn \/ loglogn 0(6)
- njs

n nry

T\ and%\

imply

lim sup 5—" =R a.s.
n—oo /871
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for some R < oo. (This follows from obvious modifications in the proof of Theorem
2 given below together with the Kolmogorov 0-1 law as nr, 8, — 00.)

5. For a general {s,}, the extra conditions needed in Theorem 2 are s, \,,
nsy, /" and, most importantly,

i O (s 5 (15 )]
e—0 ﬂn
These assumptions (as well as the additional monotonicity assumptions in The-
orem 2) come from a version of Lemma 7.2 in [2] that we use in the current
proof. These assumptions might just be of a technical nature, and thus, perhaps
superfluous.

=1

The proofs are based on the following lemma.

Lemma 1. Fort > 0, define

t+2loglog, 2 t+c t+c
Al(ld_ (t) = \/2612 n . +4 nrqﬁ"!Q(rv S]+—q

5] 3nr
and
B t+ 2loglog, 2 t+c 8t+c
0= o R T g 3,
where cq 1= 2qsupy< < g7 logj. Then
|Pnf - Pf| + —t
Py sup ——— > 0, ,(r,s] + AT (1) p < 2e
{fe]:(r,s] UP(f) q( ] (T7s]( )
and
P,f-P 1 _
]P{ sup [Puf = PJ| <= {/Bn#(r, s] — A((Z; o (t)} } <27t
rer(rs)  op(f) q »

Proof. For ¢ > 1 and 0 < u < 1 define
Fy(u) := Flu/q,ul

and consider the following events

n

t t
Efu®) = (1B = Pl < IR = Pl + /250 + 20 + -}

and

_ t 8t
Bral®) = {12 = Pl 2 BB = Pl — 250 + 200000 - 51

By Talagrand’s concentration inequalities for empirical processes (see [17], Theo-
rem 1.1 and [9], Theorem 7.4), we have

P(E;fu(t)) >1—etand P(E,,(t) >1- et
Let Fj := Fp,_1.p;) = Fqlp;) and
Ef = E/}, (t+2logj), Ej := E,, (t+2logj).
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o0 (o) o0
P(ﬂ j—s—)z Ze t—210gj21_€—tzj—221_26—t
j=1

j=1 j=1
and similarly

P(E)=1-27"
j=1
On the event ﬂEj7 we have
VivVfeF;, ————
! op(f)
< taalorlf) | e 2l (1 pinalor(]Y o 2oy
ap(f) n op(f) 3nop(f)
Note that, for f € Fj,
t+ 2logj < t+2logj < i—|—2sup219g]i _ t+cq.
nop(f) npj—1 nr i ¢ nr nr
Since also
, s
Jj<l=log, -,
r
we get

Ynglop(f) | [ t+2log; Unglop(f)) , t+2log;
or(f) *% n (q2+2 o3 (f) ) Snop(f)

t+ 2loglog, 2 t+c t+c
< L 2 2 q r 4 q - q
< Bglr,s] -I-\/ q - + Brq(r,s] + By
— Bralr.s +A(m (t).
Thus, on the event () B},
VfeFrs, ————— < Bnqlr,s|+A ,
rerrs, L < oo+ ato
and the first bound follows.
Similarly, on the event ﬂ ; B, we have
|Pof —Pf] |Pnf — Pf| |1Pn — Pll7,
sup = sup sup > sup
reres op(f) 5 ger, op(f) j p;
n.qg(P; t+2logj n.q (P t+2logj
Zsupw alpy) [yt +2log] (1+2w ,quy)) _ 8t+2logj
j Pj n Py 3 np;

1 [zbn,q(p) - \/2t+2logj (Han,q(p)) 8t +2log

> —sup  sup 5 3
q 7 pG(pj_1,pj] p n p np
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and, exactly as in the case of the upper bound, this can be shown to be

1
Z a ﬁn,q(rv 5] A?} 5]( )

which yields the second inequality. O

Proof of Theorem 1. The condition of the theorem means that
log 1ogq = o(np?)

and
nBpry, — 00 as n — oo.
It follows from Lemma 1 that with probability at least 1 — 4e~?,
1 §
-1 n,— n qn,t
1-—A 1)) <==—=<1+ —A
(1-5-800,0) < & <1e San o,
Then, the conditions of the theorem immediately imply that for all ¢ > 0

1 qn,+
ﬂ_nA(Tnasn]

and the same is true for A‘(I:_S ](t), which is enough to complete the proof. O

(t) — 0 as n — oo,

Proof of Theorem 2. Passing from a probability upper bound to an a.s. upper
bound, given Lemma 1, is standard, and the details within the present framework
are worked out in [2], Lemmas 7.1 and 7.2. Alexander’s Lemma 7.2 is stated for
classes of sets, but its proof applies as well for classes of functions taking values in
[0,1]. His lemma, adapted to our case, is as follows:

If B /02 N\, 7\, then the condition

{2—" >1 —I—s} O ((logn)~'%) (4)

n
for some €,60 > 0 implies
{g—n>1+2510}0. (B)
B
To establish (A), we take in Lemma 1 ¢ = 2loglogn, ¢ = ¢, s =1, r =r,.
The first bound of Lemma 1 then gives
{g—” >1+ 3 A‘(];’"“l] (21og logn)} < 2exp{—2loglogn} = 2(logn) 2.

It follows from the conditions of the theorem that
1
loglog, - +loglogn = o(nB?)

and
nﬁn Tn

———— > o00asn — oo.
loglogn
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This yields, by a straightforward computation, that

1
q’ﬂ1+
/B—nA(Tnvl]

which establishes (A). Alexander’s lemma now gives (B) for any € > 0, so that

(2loglogn) — 0 as n — oo,

lim sup g—" <1

n—oo mn

Hence, it remains to prove that the lim sup is > 1. The second bound of Lemma 1
(with the same t, g, r, s as before) gives

n _ 1 o B
P{% <q,! (1 — EA‘(I;”“H (2 loglogn)>} < 2(logn) 2.

Take n = ny, = €. Since again, for all large enough n,

1
5_A?:}:,_1] (2loglogn) < &

we get

IP’{ S g _ 5} — Ok,

Nk

which by Borel-Cantelli Lemma implies that for all € > 0
]P’{Eﬂ <l-c¢ i.o.} =0,
B,
and the result follows. |

Proof of Theorem 3. It is a straightforward application of Lemma 1 along with
Borel-Cantelli Lemma. One should take t := 2logn this time. |

3. Continuity moduli of empirical processes

Our goal in this section is to study the asymptotic behavior of

n'/2|P,f — Pf|
sup ——————
feF(r,s  wlop(f))

with a properly chosen “continuity modulus” w. This will provide a piece of infor-
mation about the local continuity modulus of the empirical process n'/2(P, — P)
at f = 0. The global continuity modulus can be studied quite similarly. (See [2]
for definitions and motivation.) Also, we concentrate on “in probability” results
(their almost sure versions can be also obtained with a little extra work).

We use the notations of the previous section and define

wp(u) = nl/zwmqn (u), u € (rn, sn).
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Theorem 4. Let w be a nonnegative nondecreasing bounded function on [0,1], sat-
isfying the conditions # N\, and

U 1
sup ——1/loglog — < oo.
u€(0,1] w(u) u

wn(u) <w(u), u € [ry, sy

Suppose that

If
loglog, ==
sup ——————=— < 00,
W w(r)vn
then
n1/2|Pnf B Pf|

sup
feF(r,s  wlop(f))

is stochastically bounded and uniformly (in n) bounded in Ly :
V2P, f—P
(3.1) supE sup w < 00.
n | reFns)  wlor(f))
In Theorem 4, g, | 1 can be replaced by ¢ > 1 or by 1 < g, < C < 0.

Theorem 5. Let w be a nonnegative nondecreasing bounded function on [0, 1], sat-
isfying the conditions # . and

/ 1
v loglog — — 0 as u — 0.
w(u) u

Suppose that

sup wn (1) - 1’ — 0 as n — oo.
UE (T ,Sn] w(u)
If also
w(rn)v/n s
loglog, = ’
then
n1/2|Pnf_Pf‘ .
sup ——— — 1 asn — ooin Pr.

FEF(rn,sn] W(UP(f))

Proof of Theorem 4. We follow the proof of Lemma 1 with r = r,,s = s,,q =
Gny! = l,,. The definition of the events E;T, E; is slightly different:

Ef = E/[, (t+2log(l —j+1)),E} := Eg, (t+2log(l — j + 1)),

but we still have

l l
P(ﬂ Ej) >1-2¢e7", P(ﬂ Ej> >1-2e".
Jj=1 j=1
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On the event ﬂézl E]‘-"7 we have

ViV feF;, n'/P.f —Pf| <wi(op(f))

2wn(0p(f))> n t+2log(l—j+1)
Vvn 3vn ’

which under the assumptions about w implies that

+\/2 (t+2log(l—7+1)) <0123(f) +

n'2|P,f - Pf|

ViV feF; w(op(f))
<1+ \/ 2+ 2log(l —J + 1>)<w2p<i>j> ’ w‘w?pjl)) tzf/lgigfp(%l)

We have

Pj Viog(l —j 4 1) < max Pi log log, i

ma.
19521 w(p;) = i<t w(py) pi-1

/ 1
<C sup v loglog — =: K < 400
ue(0,1] w(u) u

(for some constants C, K). Also, for all j =1,...,1

1
< loglog, Sn__ 2
"

1
Vnw(pj-1) Vnw(ry)’

which is bounded by the conditions. This allows us to easily conclude that on the
event 05‘:1 EJ'-*',

log(l—j+1)

n'?|P,f — Pf|

TR T er ()

< Kit+ K»

with some constants K7, Ko. Thus

1/2 .

> Kyt + Kz} < 2e7Y
FeFrsn  wop(f))

implying the stochastic boundedness of the sequence in question. This bound also
implies the boundedness in L by simply integrating the tail bound. O

The proof of Theorem 5 requires to work out just several more details (in-
cluding the lower bounds on the supremum) and it will not be given here.
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4. Ratios %ﬁc : uniform LLN

We now turn to the study of

Assuming that nr2 — oo, we concentrate on determining necessary and sufficient
conditions for the above suprema to converge to 0 in probability. Other types of
ratio limit theorems can be studied as well using the methods of the previous
sections.

In this section we set op(f) := +/Pf and use all the notations of Section 2
(such as F(r, s, for instance). In particular, we need the functions 4, 4 to define
the quantity

E,q4(r,s] .= sup M;u).
wé€(r,s] u
Let the sequences 1, s,, ¢, be as in Section 2 and let

E, :=E,q, (s, sn].

Theorem 6. Suppose that nr2 — oo as n — oo. Choose g, | 1 so that
1

In —

Then the condition E, — 0 as n — o0 is necessary and sufficient for
P.f

PF ol

log 1= o(nr?) as n — oo.

sup — 0 in Pr.

FEF (rn,sn]

The proof is based on the following lemma.

Lemma 2. Fort >0,

Pnf \/ t t
P 5 —1|>FE 2—(q? +2F —
{febil-‘l(as] Pf ‘_ ma(rys] /2055 (@ + n,q(r,s])+3nr2}
2
4 q_—t/q
<4 32
-1 t©
and
P.f -1 \/ 4 8t
P — 1| < E, (r,s] —1/2—(14+2E, ,(r,s]) —
Lo |57 5 (Bratril = 2 2Bt - 515
2
T 9.-t/q
@21t

Proof. 1t is similar to that of Lemma 1 and we use the notations introduced in
that proof. The sets E;', E; are now defined as follows:

+ . ot 2(j—1) - . 2(j—1)
ES=FE;, (t¢V), B =E_, (tg"7" 7).

q,Pj
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With this definition, we have

P ’ EH)e) < St NS 2 —tg (g% — 2D
UEH ) <> e — D0 Y exp{—t¢¥}(¢¥ — V7))

2
j=1 7=0 q 7=0

q2 00 q2 [os} (]2 q
< 2—/ ztexp{—tx}dr < 5 / y e Vdy < 5 2eta,
q- — 1 1/q q° — 1 t/q q° — 1t

and similarly

= 'y
]P’(U(Ej))gf_l;e q,

j=1

On the event (72, E}, we have

Vi VfeF;, Pr
n.o (/P tq2li-1) .o (/P tq2(i—1)
<1/},q( f)+ 2q q2_~_21/’,q( f) +q .
Pf nPf Pf 3nPf
Since for f € Fj,
PO D2 < Pf< g¥ir?,
we get
VivfeF;, Pr
< Bpg(ros) 4+ 42— (@@ + 2B o (r,5) ) + ——
— n,q 9 n?”Q q n,q I 3nr27
which proves the first bound. The second one can be proved similarly. O

Proof of Theorem 6. Choose t,, — 0o so that t,, = o(nr2) and log(g,—1)"! = o(t,).
Then

2
dn 1 e tn -0
qTZL -1 tn
and we have
[t 8t Pof
1 n n n
g, | En — 2—(1+2En)——) < sup ——1‘
( nry 3nry feF(rmsall P
< E,+ Zt"(2+2E)+ b
- " nr2 I " 3nr2
with probability 1 — o(1). This immediately implies the result. o

Here are two useful corollaries of Lemma 2 which we will use in section 7.
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Corollary 1. Suppose that F is a measurable class of functions with values in [0, 1]
satisfying a.s.

log N(F,La2(Py,),7) < AT™¢
for all 7 > 0 and some finite A and « € (0,2). Then forn e N, 0<e <1, ¢>1,
1>6>96, =(ne)"2/@*2) and a constant C = C(A, a,q) depending only on A,
a and q,

Pof @ 2q D _
P n_ > < 1 oned/(2q) — = ,—ned/(2q)
{felé:ulgf>6 Py ’ - \/E} S 1neb” neo "
Proof. Choosing r? = § and t = ned/2 in the first inequality of Lemma 2 gives
P,
IF’{ sup Pt 1‘ > E,,(V6,1] + \/6((12 +2E, ,(V5,1]) +€/6}
reFpf>s| Pf

2
T 29, nes/(20)

< 1
~ ¢ —1ned

To bound En’q(\/g , 1] we argue as follows: By a standard symmetrization inequal-
ity, Dudley’s entropy bound for Rademacher processes and our random entropy
hypothesis

K \V/SUPfer(r) Pr(f?)
BIP. Pl < E / VIog N(F(r), L(Py), 7) dr
0
K \/E(Supfe}‘(r) Pn(f2))
< 7/ VAT=edr
nJo
K VE®BUPse iy Pa(f))
< 7/ VAT~ dr
nJo
K \/]E(Sllpfey:(,,') [(Pn—P)(f))+r2
< 7/ Ar—odr
nJo
2 KVA 1/2—a/4
< 2—a Vi (E| Py — Pllzey +77)
B —a —a
< % {(E||Pn _P||_7-‘(r))1/2 /4y (r2)1/2 /4}

with B = 23/2-%/4K\/A/(2—a), where the second inequality follows from concav-
ity of the integral [;" h(t)dt when h is non-increasing. Thus if E|| P, — P|| z() < 72,
then

B
E|P, — P < —gplme/2
| |7y < i 7

while if E||P, — P||£() > 72, then

B\ Y@te)
E||P, — Pllre < <\/_ﬁ) — Bn2/(at2)
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Combining these bounds yields
E||P, — Pllygy < Srie/2y Bp2/(e+)

By taking 7 = p; = v/3,¢% it follows that

B 1—a/2 5. —2/(a+2
E[lPn — Pllrp,) < TP v Bn—2/(a+2)
= {B\/E(ng)—z/(aw)qj(z—a)} \/ {352/(a+2)(n€)—2/(a+2)}

M\/g(;nqj@*a)

IN

with M = BV B. Hence it follows that

Eng(V8,1] = sup u % g(u) < maxp;? E| Py = Pllr(,,)
Vé<u<l jz1

IN

max {M\/gq4q7j(2+a)} — MyEg> ™ < Mg>®.
i>

Combining this bound with the first display of the proof yields the claimed in-
equality with

C=C(Aa,q) =M@ *++\/q®+2M¢2=>41/6.

O

Similarly we can prove the following, using Lemma 2 and either direct com-
putation or the bound in Corollary 3 below (or in Proposition 2.1 of [12]).

Corollary 2. Suppose that F is a measurable class of functions with values in [0, 1]
satisfying a.s.

N(F,Lg(P,J,T)ﬁ(é) , 0<7<1,
T

for some v > 1 and A > 2e+/v (in particular, this holds if F is a VC class). Let
q>1 andletn, €, § and &, satisfy

vlogA—j—;TE

ne

S|

<e<l1, and 1>0 >, :=

Then, there exists a universal constant C' such that

2

P Sup P.f -1 > Cq4\/5 < 4 ﬁe—naé/@fl) _ 26—7165/(211) .
ter:-prss| Pf - ~ 2 —1nesd ned

The constant C' can be taken to be five times the constant in Corollary 3
below.
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5. An inequality for expected values of empirical processes indexed
by VC classes of functions

In the previous sections, either the results themselves or the conditions for their
application are in terms of ¢, 4(u), that is, of E||P, — P| £, and therefore
require, for their application, of good estimates of the expectation of suprema
of empirical processes indexed by general classes of functions. These are often
available if the Ly covering numbers of the classes are under control, as in the case
of Vapnik-Cervonenkis classes or the classes considered in Corollary 1. Next we give
estimates for VC classes that improve on some of the estimates in the literature in
that, instead of being in terms of ¢ and ||F||~, where F' is a measurable envelope
of the class, they are in terms of o and || F||1,(py (when the functions in the class
take values between -1 and 1). These estimates will be used in Section 6, and we
think they can be useful elsewhere as well.

Let F be a uniformly bounded class of real valued measurable functions on a
probability space (S,.4, P). To be specific, assume the functions in F take values
in [—1,1] and are centered. Assume also that the class F is adequately measurable
(as described in the introduction) and VC, in particular,

A”F”Lz(Q))U

T

(5.1) N(F, L(Q).7) < (

for all 0 < 7 < ||F||1,(@) and some finite A and v, that we assume A > 2 and v > 1
without loss of generality. Here, 1 > F > sup | f| is a measurable envelope of
the class F. Let X, X;, i € N, be i.i.d. (P) random variables (coordinates on a
product probability space), and let P, be the empirical measure corresponding
to the variables X;, as in previous sections. Let ¢2 be any number such that
sup; Ef?(X) < 0 < EF?(X). The norm signs without specification will denote
sup over the class F. Here is the bound:

Theorem 7. Under the assumptions in the above paragraph we have that for all

n €N,
/ AllF A|lF
\/E\/HO' log H ||L2(P) \/vlog || HLz(P)
ag ag

9
WA ey exp (~ 5011 )|

Proof. The square root trick for probabilities in [14], Lemma 3.3 and its remark
-that misses a factor of 8-), give that for all t > 47no?,

IP’{ iﬂ(Xi) > t} <E {m <8 (%)vet/wﬂ .

By concavity of the function 1 A z on [0, 00) and Hélder, we have

AF v
i (s (A8t ) )]
g

n

> F(X)

=1

E

<C
F
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v
—-F [1 A (81/1) (AFHLz(Pn)) et/(lﬁv))]
g
<E [1 A (81/11 <A||F|L2(Pn)> et/(wu))]
g

1/
<1 (8 UA||F||L2(P)e—t/(16v)> .

g

Integrating this tail estimate one readily obtains:

Lemma 3. Let F be a measurable VC class of P-centered functions taking values
between -1 and 1, with A > 2 and v > 1 in (5.1). Let F' > sup;cz|f| be a
measurable envelope of the class F and let sup; Ef*(X) < 0 < EF?*(X). Then,

for alln € N,
A|lF
<135 [naz V vlog (M>] .
o

Let ¢;, i € N, be independent Rademacher variables independent from the
variables X, and let E. denote conditional expectation given the sequence {X;}.
The subgaussian entropy bound gives that

([ 72060 /m) 2 A|lF
e / slog (M)de
F 0 )

for some universal constant C'. Since

(|20, £2(xa)||/n) " AR
/ vlog (%)da < DVOA|F | Lyp,),
0

where D = fol v/1logu—1ldu, the above integral is dominated by

(I 72 x| /n) 2 24A||F ||, (p)
vlog — de
0

+ DVOAIF | Lo [y, o) 520 Ly o]

Regarding the second summand, Hélder’s inequality followed by Bernstein’s expo-
nential inequality give

9 2
E <||F||Lz(Pn)I[HFHLZ(Pn)>2|\F\|L2(P)}) < 1Fll oy exp <§””F”L2(P)> :

For the first summand, we note that, by concavity of the integral of a decreasing
function (as in Corollary 1), we have

(I r2xa) /m) 2 24| F
/ vlog (#) .
0

n

> FAX)

i=1

E

Ec

Z €zf(X1)/\/ﬁ
i=1
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(B[ )" 24||F
S/ vlog (M)da
0

Now, by regular variation, this integral is dominated by a constant times
1
Vo— | E

1/2 1/2
) <1og 24]1F |l .(p) )
v EIX0, 2] /n)'

which, by the lemma, is in turn dominated by a constant times

[ AlF ||L2 AllF|Locpy A|F| L,
I log —————~| .
NG [\/_a\/_ og ——=22 v ulog 5

Collecting the above bounds and applying a desymmetrization inequality we
obtain the desired bound. a

n

> (X

i=1

Corollary 3. If in the previous theorem we also have no? > A, then there exists a
universal constant C such that, for alln € N,

- A|F AllF
E|Y £(X) NN bg@vmgwm
=1

Proof. 1t follows from the previous theorem and the inequality

9
Vogx > zexp (—§x2> , x>2,

where we take x = A||F||1,(p)/0c > A > 2. O

<cC
f

The proof of Theorem 7 substantially modifies the proof of a similar bound
(simpler, but with U = [[F||o instead of ||F|z,py) in [12]. In that proof, an
abstract version of the square root trick (due to Ledoux and Talagrand [22]) was
used, whereas here, as in [11], we use the Giné and Zinn [13] version of Le Cam’s
square root trick.

Remark. Bounds on expectations of empirical processes that take into ac-
count the norm of the envelope of the class can be obtained also under different
assumptions on the entropy (in particular, for instance, in the setting of Corollary
1 of the previous section). We are not presenting these bounds here.

6. Ratio limit theorems for VC classes of functions

In this section we combine the main results from Sections 2-4 with the moment
bound in section 5 in order to obtain analogues for VC classes of functions of some
of the results in [2] for classes of sets. In what follows the class F is assumed to be
a measurable VC class of functions (as defined in Section 5) taking values between
0 and 1, and otherwise, we resume the notation set up in Sections 1-4.

Let us fix ¢ > 1. For 0 < r < 1 we define

Fr)=A{feF:op(f) <r}, Fylr):=Fr)\F(r/q),
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and let F, . <1 (F, > 1) be a measurable envelope of the class F,(r) (resp. F(r)).
These localized envelopes will play an important role in ratio limit theorems. The
analogue for functions of the ‘capacity function’ in [2] is precisely

F,
g(’r) = q” 7'||L2(P) \/1
T

)

however it is more convenient to localize a little more and define g,(r) as any
function on (0, 1] such that

qll For
"

La(P) < gy(r) <

The following result is a version of Theorem 3.1, cas

= IR

¢}

(i), in [2] for functions.

Theorem 8. Let F be a measurable VC' class of functions taking values on [0,1]
and let g be any number larger than 1. Define

Ty i= Sup {r >0: r< \/IOggq(T) \/loglogn}

n

and

by = \/IOggq(rn) V loglog n.
Then, the sequence
1/2 P.f_p
sup w7 neN,
feFop(f)>m  bnop(f)

is stochastically bounded. If moreover the sequence by, /n is nonincreasing, then
there is R < oo such that

: n1/2|Pnf_Pf‘
lim sup sup _

=R a.s.
n—oo  feF,op(f)>rn anP(f)

Proof. Tt suffices to show that r, and 3, := Kb, //n for K < oo to be specified
later, satisfy the conditions of the second remark following Theorem 3 for stochastic
boundedness, and of the fourth for a.s. boundedness. The definitions readily imply

that
log1
ry > ) 222281
n
which immediately gives

\/loglogrnl V loglogn \/ loglogn -0 (b /\/ﬁ)

n nry

So, it remains to verify that

Kbn/\/ﬁ > ﬁn,q(rna 1]
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for some K < oo and from some n on. If r > r,, then for some K < oo and for all
2 42
n > exp(e? A7) we have

. \/loggq(r) Vloglogn S i\/log(qu(r)) Vloglogn < 1 [log(Age(r))
n V2 n V2 n ’

and also no? > nr?/q®> > A% Thus, the corollary to Theorem 7 shows that there
is a constant K depending only on A and v such that

log(gq(r)) _ Krby,
n S \/ﬁ 9

E||P, — Plz ) < Kr

which gives
Kbn/\/ﬁ > ﬁn,q(rm 1]'
O

The next result is an analogue for VC classes of functions of Theorem 4.4 in
[2].

Theorem 9. Let F be a measurable VC' class of functions taking values on [0,1]
and let g be any number larger than 1. Define

1 log1 -1
Tn :sup{r>0: Tg\/Oggq(r)v 08 08T }

n

and

w(r) = r\/log gq(r) Vloglog, r—1.
Assume w(r) /" and w(r)/r \,. Then, the sequence

n1/2|Pnf B Pf‘
sup

———— né€eN,
feF,op(f)>rn w(op(f))

is stochastically bounded.

Proof. We will check the conditions of Theorem 4 for @ := Kw, for K < oo
conveniently chosen, and for ¢, = ¢ > 1. If » > r,, then, by the definition of r,,

o \/log gq(r) Vloglogr—1!
n

and in particular, r > /(loglogr—1)/n, which implies that nr? > A? from some
n on, n depending only on A. These two observations imply, by the corollary to
Theorem 7, that

Kuw(r)

N

1P = Pllr,r) <

that is,
wp(r) <@(r), re (rp,l]
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if we take w = Kw. The definition of w already implies that

uy/loglogu—1 1

wlu) — —

for all u € (0,1). The definition of r,, also implies that 7, > 1/(loglogr,')/n, and

this immediately gives
loglogr;*

—F < L.

\/ﬁw (Tn)

Now, the result follows from Theorem 4. O
We conclude with an analogue for functions of part of Theorem 5.1 in [2].

Theorem 10. Let F be a measurable VC class of functions taking values on [0, 1].
Let 1, — 0 and nr2 — oo, and let q,, | 1 be such that

1 = o(nr2).
og p— o(nrs)
Assume gq, () is nonincreasing. Then, if
log g, ()
nr2
we have
P,
sup Lf—l’—>0 in Pr.
feF.pi>rz | Pf

Proof. We check the conditions of Theorem 6 with s, = 1. We will apply the
corollary to Theorem 7 with o = sup; V/Pf, and envelope the square root of
the natural envelope, which we can since the functions in F take values on [0, 1].
Obviously nr2 > A? from some n = n(A) on. Then, for these values of n, by the
corollary to Theorem 7,

1
Enﬂn (TTL? 1] S sup T_QIE ||Pn - PH]—'(r/qn,r)

r>Tn
< Kswp log Agq,, (1) n log Agq,, (1)
r>r, nr2 nr2

for some constant K that depends only on A and v. But the monotonicity of g,
implies that this sup is attained at r = r,,, which implies that E,, 4, (r,1] — 0.
Now, Theorem 6 implies the result. O

When specialized to VC classes of sets, the last three theorems completely
recover the results of [2] mentioned in this section, up to constants. In particular
then, one gets the classical results for the empirical distribution function and
the empirical measure of intervals when P is uniform on [0,1]¢. For example, if
Fi ={lpq : 0 < a < I,H?:I a; < 1/2}, (here a = (aq,...,aq) and [0,a] =
{(z1,...,24) : 0 < x; < a;,i=1,...,d}) then we take 0%[0,a] = P[0,a], and we
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find that F, () = 1{z € [0,1]¢ HJ L@ < 7r?}so, with X = (X1,...,Xy) and
X; ~ Uniform|0, 1],

IF, P(Xy - Xa 1%
= P(~logX; - —log Xq > —log(r?))
= P(Gamma(d, 1) > —log(r?))
= log 2)
= P(Poisson(—log(r®)) < d) = 7”2
7=0
2log(1/r))41
~ 2% as r]0.

d—1)!

So, we have g,(r) ~ (2logr—!) (d_l)/2/\/ —1)!, r, ~ y/(loglogn)/n in Theo-
rems 8 and 9, b, ~ /log logn and w(r) ~ ry/log logr 1. For Theorem 10, we can
take any 7, such that nr2 — oo for d = 1 (thus recovering a result of [35]), and

such that nr?/loglogn — oo for d > 1. Likewise, if Fo = {Ijq4 : 0 < a; < b; <

1,H?:1(bi —a;) < 1/2}, then [|[Fy |l,py = 1, go(r) =~ 1/r, 7, =~ \/(logn)/n in
Theorems 8 and 9, b,, ~ /logn and w(r) ~ rv/logr—!; and for Theorem 10, we
can take any r,, such that nr2/logn — oo.

The results in this section and the previous examples illustrate one of the
main points of this article, namely, that very general theorems, that apply to
classes of functions that may not even be VC and which have very simple proofs,
are sharp (at least up to constants) when specialized to VC classes of sets and
functions and, in particular, to the classical settings of distribution functions and
the empirical measure of intervals.

7. An Oracle Inequality for Regression via Ratio Bounds

Here we give an application of the ratio bounds in Section 6 to a statistical problem
in the setting of nonparametric regression. The type of inequality we prove in
this section provides an ‘in probability’ type of ‘oracle inequality’ for a simple
version of this type of problem. For a nice introduction to oracle inequalities more
generally, see [16]. The flavor of our result here is somewhat akin to the results of
[18]. For an example of some Lo—type oracle inequalities see e.g. [19]. Massart in
[23] develops a very general framework for oracle inequalities in many statistical
problems including regression.

Consider the following regression model:

Yi = fo(Xi) + &
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where the variables X; are i.i.d. with law P, fy is a bounded measurable function
and the variables &;’s are i.i.d. N(0, 1) (other distributions are possible), indepen-
dent from the variables X;. For a class of functions F define

P Y= (X)),
1

fn = argmingc zn-

n

J

and

[ = argmin;c = P(f — fo)
(assuming, for simplicity, the existence of the argmins). Since the only norms
occurring in this section are Ly(P) norms, we set, from here on, || || = || - ||1,(p)-

2
’

Theorem 11. Suppose that F is a measurable class of functions taking values in
[0,1], and with Lo(P,) metric entropies bounded a.s. by AT~ with 0 < a < 2,
as in Corollary 1, and let C = C(2%A,a,3/2) be as defined in this corollary.
Then there exist constants C; = C;(A,a), i = 1,2,3, depending only on A and
a, such that for alln € N and € € (0,1/3] satisfying loglogs 5 (ne?/C?)1/(2Te) <
(ne?/C?)%e/ ) the bound

14 2¢
1—2¢

— Ol(A Oé)
2 )
1f = foll*+ =(ne2)?/@ra)

1 = foll* <
holds with probability at least 1 — 1,,, where
7 = Cy exp {—Cg(nsz)o‘/(”a)} :
Proof. Let C = C(2*A, «,3/2) and D = D(3/2) = 27/5 be constants as defined in
Corollary 1 and, given 0 < & < 1/3, set 6, := (ne?/C?)~2/(2+2)_ On the event

Ly = {170 = TI? < 6.}
we have

1 = foll < V/on +1IF = foll.
This yields, using ab < (a? + b%)/2,

I fn = fol> < 1IF — foll> +2V/0ullF — foll + 6
_ T
|f—f0|2+2\/;\/g||f—fo|| + 9,
L+ F - foll + (142 ) 6.

(7.1)

IN

So, if P(Ly,) > 1 —7,, the theorem is proved. Otherwise, we must look at ||fn — foll
on L. To this end, we first note that, letting P and P,, denote respectively the law
of (X,¢) and the empirical measure of the variables (X;,¢;), 4 = 1,...,n, when
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both types of variables occur (and only the law of X and the empirical measure
of the X; when £ or §; are not present),

1o = follP = IT = foll*+ P |(Fa = ¥)? = (F = V)?]
< AT = foll?+ (P = Po) [(Fa =) = (T =Y,
where the identity follows from the orthogonality with respect to P between £ and
any square integrable function of X, and the inequality holds because f,, minimizes
the empirical squared error. The idea is to apply the ratio bound in Corollary 1 to
the last term, but we cannot apply it directly (since the class of functions involved

is not bounded because of the Gaussian noise) and some modifications are needed.
Note that

(fo= Y2 =(F=Y)2=(fu—fo)2 = (F = fo)* = 2(fu — )&,
and therefore, that
(P =P [(Fa =)= F=Y)?| (P = Pa) [(Fa = )2V 8 = (T = fo)? V b

2P, [(Fala) — T(@))y] +25..
If we apply Corollary 1 for the class
G={(f—fo)?Vén: fETF}

to the first term and with ¢ = 3/2 (note that the L2(Q) entropies of G are domi-
nated by A7~% = 2“A7~%), we obtain that the two bounds

(P = P) ((Fa = J0)2 v 00) < ellfu = foll® +en

and B B
(Pu = P) ((fn = f0)? V 6u) < ellfy — foll* +bn
hold together with probability at least

B C?D N _n526n
ne2é, XP 3¢ |-
We thus conclude that the inequality
~ _ 2 & ~
(72) A =e)llfa—fol* < X +)f — fol* + - D & — (X)) +2(1+€)b,
i=1
holds with probability at least
B C?D N _nezén
ne2é, CXP 3¢c2? |-

Now we need to bound the second term on L. First we consider

A= 2 G (X) = TN (PalFa = )7 <64).
j=1
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We have

9
A, < — sup
VI fgeF Pu(f—g)2<sn

Zgz z z)) ’

and by the Gaussian entropy bound, if we let E¢ denote conditional expectation
given the variables X;,

2K m\/
EelAd,| < == log N(F — F,Ly(P,), 7)dr
¢l Anl N ( (Pn),7)
2K (Vo
< Nl Vlog N2(F, Ly(P,), 7/2)dr
K (A, a) Von
< —a
< 2 / Vradr
< » /7 ,
- Vn

where K is a universal constant and k and k' are constants that depend only on
A and «, and we can assume £(A,a) > 1. Then, the Borell-Sudakov-Tsirel’son
inequality (cf. [22], page 57, comments following (3.2) or [33], Proposition A.2.1
and its proof) gives

H(Aa Oé) V 5711—@/2 85nt
Vn n

so that, taking ¢t = x2(4, a)s, “/?, we obtain that

1—a/2
(7.3) |An| < 4k(A, @) nn

with probability at least

1- exp{ 2(A,a)6,, a/Q} =1-—exp {—RQ(A,a)(nEQ/CQ)O‘/(2+")} .
Let now

2~ &+ - ~
= ﬁ ij(fn(XJ) - f(X]))I (Pn(fn - f)2 > 671) ’
j=1
which we decompose as
12 2370 6 — )(X0)
~ _ N\1/2
{PlFu - 112}

B, ={Pu(F =17} 1(Pu(Fa = D)% > b))
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By using the ratio bound again (Corollary 1), it follows that the intersection of
L¢ with the event that

~ — 1/2 ~ —
(Pf =72} <+ 17T
has probability at least
P(LS) — (C*D/(ne®sy,)) exp { —ne®s, /(3C*)} .
So, the intersection of L¢ with the event that

g, < 20+ U=l EL&U —9(X)/ VR

- z peer o {Palf g2

Pn(f—9)2>6n

also has at least this probability. To estimate

Y &l —9)(X)/vn
C, = su
ez (RS- g1}

Pr(f—9)2>6n

we proceed as in Lemmas 1 and 2, and we isolate the computation:
Lemma 4. Let & := (&1,...,&,) be N(0,1) and let
—g)(Xi .
A, = {(M = 1,...,n> 2 f,g € F,Pu(f —g)? >§n}.

(Pu(f — 9)2}'?

Then, we have that, for the constant k(A,«) in the bound (7.3) for A, and for
any q > 1,

sup |{a,&)| < 2/@'(14,04)(]6,70‘/4
a€A,

with probability at least 1 — 26Xp{ 2(A, )%, /2y 2loglog, 0n 1/2}.

Proof of the Lemma. Set 1, = \/0,,, let ¢ > 1 be such that r,¢'» = 1, [,, a positive
integer, and, for r > r,,, let

A (r) = {a €A, 1 /Ee(a,6)? € (r/q,r]}.
Then, by the Gaussian entropy bound we have, as above,
q
ig ;
“Ee ( Yo &lf —9) (X))

K(A, a)gr="? /2,

IN

E€ H(aa€>||An(r)

( n(f_g)2 < 72))

IN

Hence, again by Borell-Sudakov-Tsirel’son,

Pe {||<a7£>||./4n(r) > k(A a)gr=/?/2 + \/%} <et
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So, if
B () = {Il{a,€)]

we have

Antraar) < F(A,Q)q(rag?) /2 /2 4 /2 + 2105 ) |

P Ef(t)| >1—-2e71,

J

=

j=1

and, on the event (2, E; (1),

. 1
ViYa € Au(rad’), [(a.§)] < C(A a)qry /2 + \/ 2 (t + 2loglog, 7)

(see the proof of Lemma 1). If we now take
t =r*(A, a)¢*r,“ —2log log, ot

the lemma follows (we are making the tacit assumption that this quantity is pos-
itive; if it is not positive, the lemma is true but meaningless). 0O

Thus, we conclude that, at least with the large probability prescribed by the
lemma, we have (with ¢ = 3/2)
C, < 3K(A, a)d; /%,
Hence, the probability of the intersection of L with the event

< 6k (A, a)(14¢)'/?

(7.4 By < T = T

has probability at least
P(Lg) — (D/(ne?/C2)°/ @4 exp { —(ne?/C2)o/ 24 3}

9
—2exp {_ZK?(Av a)(ne?/C?)*/2F) 4 2]0g logg/Q(nEQ/CQ)l/(era)} ,

where we have replaced d,, by its value (ng?/C?)=2/(2+e),
Collecting the bounds (7.2)-(7.4) together with their probabilities, and using

o = FIl < I = foll + IIF = foll, we obtain that the intersection of L¢ with the
event that

@ =) fa — foll?

< W+~ foll + oz

1/2 C N _
(;S/—Z‘i% (||fn = foll +1If — f0||>

e/C

+4r(4, q) (ne2/C2)2/(+a)

+ 6K(A, @)
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has probability at least
P(L5) = 2(D/(ne? [C)°/ 24 exp { — (ne?/C2)o/ 4 3}

~3exp { —#%(4,)(ne?/C2)*/ 34 4+ 2loglog, y (ne? /)Y ) L

Since D is a constant and C depends only on A and « and can be taken to be at
least 1, it is clear that, under the assumption in the theorem about n and e, we can
find C3(A, o) and C3(A, «) such that the above probability is at least P(LS) — 7,
with 7,, as in the statement of the theorem. Combining with the bound (7.10),
that holds on L,,, we obtain that

@ =) fa — foll?

— 1+1 C
< (9T ~ Pl + pomymptrmray + 464 ) oz
1/20 R _
+ 0n(4,0) s (1= fll 17 - £l

holds with probability at least 1 — 7,,. Using ab < (a? +b?)/2, 0 < ¢ < 1/3, and
collecting terms, the above inequality implies the following one:

(L=20)fu = fol* < (L+29)IF = foll®

204/ (2+) 1
+ (g)\(A7 )+ ) (ne)2/(2+a)’

3

where
MA, @) = 4k(A, ) CF)/ZH) L 48k2(A, a)C~2a/(2Fe),

Dividing both sides by 1 — 2 > 1/3, the bound in the theorem follows e.g. for
Ci(A,0) = MA,q)/9 + 204/ () /3, -

The rate prescribed in Theorem 11 obviously depends on the complexity of
the class, in particular, a better rate obtains for VC type classes. Using Corollary
2 instead of Corollary 1 in the above proof, and taking

(2/3)*Av/ne

log =57
(2/3)%ne?/(vC?)

On =

gives the following:

Theorem 12. Let F be a measurable class of functions taking values in [0,1] sat-
isfying the entropy condition of Corollary 2 with v > 1 and A > 2\/ev. Let n
and C?(3/2)%/n < €% < 1/9 be such that §, < 1/(2A?), and assume logd, ! >
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loglogs /o sn /2, Then, there exist constants C; = C;(A,v) > 1,4 =1,2,3, depend-
ing only on A and v, such that

~ 142
o = foll* < =5 I1F = foll* + G

with probability at least 1 — Co(ne?)~Cs.

log(ne?)
ne3

)
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