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Summary. Let U(t)=n*([(t)—1), 0=r=1, denote the uniform empirical
process based on the first n of a sequence &, &,, ... of iid uniform (0,1)

n

random variables where [ (t)=n""} lio.g(&;) 18 the empirical distribution
i=1 ;

function. The oscillation modulus of U, is defined by
o, (@)=sup{|U (t+h)—-U()]: 0=t =1 —-h h=Za},
and the Lipschitz-3 modulus of U, is defined by
& (@=sup{|U,(t +h) = U (O)|/h*:0=t=1—h,ash=1}.

Strong limit theorems are presented for both w,(a) and &, (a) with a=a,—0
at various rates. For ‘short’ intervals with a,=cn~"logn, ¢>0, the results
are related to Erdos-Rényi strong laws of large numbers; at the other ex-
treme, for ‘long’ intervals with a, = 1/(logn)’, ¢>0, the results are related to
laws of the iterated logarithm for U,.

1. Introduction

Let &,, &,, ... be a sequence of independent uniform (0,1) random variables.
For each n=1 and ue[0,1] let I (1) denote the empirical distribution function
based on £,,...,¢, and let U, (u)=n*(I (1) —u) denote the empirical process.

It is well known that there exists a sequence of empirical processes U, and
a Brownian bridge U all defined on the same probability space (the Skorokhod
(1956) construction) such that

1v,—t

= sup |U(u)—U(|—=0 as.

Osu=1
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For any half open - half closed interval C=(s,¢] with 0=s<t=<1 set |C|=1—s.
Let % denote the class of all such intervals. For any real valued function f
defined on [0,1] let f(C)=f(s,0)=f(t)—f(s) whenever C=(s,t]e%¥. Shorack
and Wellner [11] recently characterized the class of all nonnegative functions ¢
defined on [0, 1] such that for all ¢=0

su {%%(c)-l-:m‘llognglciél}—p’o (1

for the Skorokhod construction. As demonstration of the potential applica-
bility of their results, they proposed a weighted interval version of the Crameér-
von Mises test and derived its limiting distribution as a functional of the Brown-
ian bridge.

In a closely related paper, Stute [13] investigated strong limit theorems for
the oscillation modulus w,(a) of U, which is defined by

,(@)=sup{|U,(C)]:|C|=a}.

Stute [13] showed that for sequences of positive constants {a,} which satisfy
S1. a,\0 and na,” o©;
S2. log(l/a)loglogn—oco; and
S3. log(l/a,)/(na,)—0;

it follows that
,(a,)

s o @)

(With respect to S1-53, one should also note Chan’s theorem 1.14.2 of [4])
Stute applied (2) along with related results to obtain rates of convergence for
various types of density estimators.

Let x™ =max(0,x) and x~ =max(0, —x). For 0<a<1, set

o7 (@)=sup{U;*(s,1): 0=t —s<a},
and
w; (a)=sup{U (s,1): 0=t —s=a}.

It will be shown in the following section that w;(a) and w, (a) behave dif-
ferently, at least for certain choices of a=a,.

Shorack and Wellner [11] and Stute [13] also investigated the behavior of
the Lipschitz-3 modulus of the empirical processes U,, which is defined, for
O<a=hzl, by

@, (a,b)=sup{|U,(t,t +h)|/h*:a<h<bhband 0=t <1—h}.

(When b=1 we will write &, (a)=d,(a,1).) Stute [13] showed that for any se-
quence of positive constants {g,} that satisfy Conditions S1-S3 given above
that whenever 0=c¢=c<

w,(ca,ta,)

as. 3
Ot 3
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The choices of a,=n""logn and a,=n""'(logn)* where —oo<a<1 do not sat-
isfy Stute’s conditions, but Shorack and Wellner were able to show that there
exist finite positive constants M and M, such that

: @,(a)
n\nl - P
h,.m.ﬁsgp[logn}'—?:M a.s. (4)
and
= (@]
limsupw”(ﬂ")wgf\rﬁf as. (5)
now  (logn) 7" $

for these two sequences respectively. (See page 216 of Csdrgo and Révész [4]
for an Erdos-Rényi type result for the empirical process closely related to these
results.)

In this paper, we will give a detailed description of the limiting behavior of
w,(a,) and @&,(a,) for sequences of positive constants {a,} converging to zero at
a variety of rates. For instance, we will obtain the exact limit in (4) and a
refinement of (5). We also give, in Sect. 4, an approach to theorems for w,(a,)
based upon the strong approximation of Komlos, Major, and Tusnady (1975)
and results of Chan (1977) concerning continuity moduli of a Kiefer process.

2. Strong Limit Theorems for the Oscillation Modulus
of the Uniform Empirical Process

In this section we will be concerned with the asymptotic behavior of w,(a,) for
sequences {a,} which converge to zero at rates both faster and slower than
allowed by Stute’s conditions S1-53. The sequence a,=cn”'logn fails to sat-
isfy S3 (it decreases too rapidly), while a,=1/(logn)’, 0<c<cc fails to satisfy
S?2 (it decreases too slowly). If ¢ is replaced by ¢,/ o0 in either case, then S1-
§3 hold.

Let h(x)=x(logx—1)+1 for x>0. For any ¢>0 let 7 >1 denote the so-
lution to h(f})=1/c. It can be shown by elementary methods that B has the
following properties as a function of ¢:

B1. B /from 1 to oo as e\O.

B2. (¢/2)*(BF —1)\1 as ¢/ oc.

Theorem 1. Let {a,} be a sequence of positive constants less than 1.
() If a,=(clogn)/n with 0<c< o0, then

w,(a,)

r} m.;lj ﬁlog(l;an}]g=(C'ﬁz) e 1)
. w, (a,) e
Lo ik
aned
an:‘ (a]’[] o 1 a.sv (6 _)

i5t :
o a, log(1/a,)F
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(I1) If a,=(c,logn)in where c,—0 at such a rate that

log(l/c,)/logn—0, (7
then
*log(l/ec
limsuput’( ) w,(a)=2 as. (8)
e logn
(I11y If a,=1/logny with 0=Zc< oo
Ca:hﬂ;nf(”ﬂ léi )n)*:llﬁsilp(—cuféi )n) (1+c¢y as. (9)
while
wn[a,,)_

1
= CF as n—o0.
(2a_log;n)t

In (I) and (III), ¢ may be replaced by ¢,—c. We will require the following two
mequalities.

Inequality 1. Let 0<a=<d=3. Then, for every />0,

Plw aJ“/“AVG){_?_?_“eXp( “_5]4;{2_21!/( ’A—))

where ¥ (x)=2h(1 +x)/x*. Moreover, for 1= 6*(na)*

Poo? (a,>ﬂf)< u;p( (1—5)4i;-¢( A ))
and

O (_ a-spk )
& == =402 >}

The proof of Inequality 1 and properties of y are given in the appendix.

Inequaliry 2. (Stute). Let r>0 and {a,} satisfy (i) a,\0, (ii) na,/ cc and (iii)
log(1/a,)=0(na,). Then for any £>0 we can choose a #>0 depending on ¢ and
the bounding constant in (iii) so small that, for k sufficiently large,

P( max w1 a,=(r+2¢)

Mg —1 S S

=2P(w,,, (1 +80)a,)/

ﬂk_ll

=(r+g4,)

where 4, =(2log(l/a,))? and n,=[(l +(-))"]. (Here [x]=greatest integer less
than or equal to x.)

The proof of Incquality 2 is very much the same as the proof of Lemma 2.6
of Stute [13].

Proof of Theorem 1. First consider (I). For any £>0 and r>0 define

A, ={o, @)V a,zF+26)2log(1/a,)?}

m
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where we specily r later. We seek to show that z P(A,)<co, but by the max-
o = |
imal inequality 2 we need only show that z P D o) < 00 where
k=1

D,={w, , (1+0a,)Va,  =@F+elogifa,) )

with n,=[(1+0)¥] and 6 sufficiently small. Hence by Inequality 1

20
P(Dk)ggj—a ~exp(—(1=8)*(1+08) 2y, (r+&)* log(1/a,,

Hi

20&'“ -3 r 422y — 1
53 R

for large k and 0=0 where

Fte 25 (r+¢)
V= e A e 2loe(l/ Al Wy ] Bt S S T ) 1
"b((nw(we} —yeloell, a"’*))) ‘b(cs (1+0)/ i
By use of the definition of @, we may rewrite this inequality as
20 {cklog(l +6) | e+t
Pl = =aae = = : 11
By —o-‘{ (1+0f &

The series on the right hand side of (11) will be summable for any small £>0
and sufficiently small choice of §=4, provided r is at least as large as the
solution R of the equation (note (10) and the exponent of (11))

1=R*y=R*} (2 R) R22(2 R)dh (1 ?_:S):Ch (1+2{:f)

Thus 1+2*R/ct =g+, or R=(¢/2)*(BF —1). Since £>0 can be made arbitrarily
small, it follows by use of the Borel-Cantelli lemma that

Inl TR, ’) e . s,
llmsup[za log(lxa ] (2762 B

In fact (6) is true; observe that

i U
o,:(a] :hmup ( |Ut,t+a )|

el e
L «(2a, log(1; N 2a,log(l/a )} r=1 a")

But by the Erdos-Rényi law for the increments of the empmcal process due to
Komlés et al. [7] the right hand side of (12) is equal to (¢/2)*(B; —1) almost
surely. (See page 162 of [7].)

The proofs of (6+) and (6—) are similar using the corresponding parts of
Inequality 1 for @] and w; respectively, + and — versions of Inequality 2
and noting that for a=a,=cn~'logn and 1,=(2rlog(l/a,)* with r=(c/2)*(}
—1) or 1, the inequality 1=6%(na)® holds for & sufficiently small. This com-
pletes the proof of (I).
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Now assume that the a,’s are given as in (II). The conditions for the max-
imal Inequality 2 need not hold in the present case. But by using Inequality 1,
it is straightforward to show that

x _ (m*log(ljc,) !
3 2 (%(;)"(a")>r)<cc for any r>2;

n=1

the details are left to the reader. Condition (7) can be weakened considerably if
the limsup in (8) is increased beyond 2.

Finally, assume that the a's are given as in (III). Since in this case
A, /(na,y*—0 and the conditions for the maximal inequality hold, we have for
all £>0, 60, and k sufficiently large (using Inequality 1)

20 ( 1 )c(l—é}ﬁ(r+ £)2 —¢

FOV= 5 gt +or !

where D, is as above. The series on the right hand side of (13) will be sum-
mable for any small >0 and sufficiently small choice of §=4¢, provided r is at
least as large as the solution R of the equation ¢(r*—1)=1. Thus R=((l
+¢)/c)*, and we have shown that the limsup in (9) is £c*R. Our proof that the
limsup in (9) is Zc¢*R will be given in Sect. 4. [

Remark 1. Let w,(a,,a,)/(2a,log(l/a,)* denote the quantity on the right hand
side of inequality (12). It is clear from the proof that for a,’s as in (I) that

@,(a,, a,

i ={e/ 2V (R —
G Gaoclagt o mRes o

We will make use of this fact in the following section.

Remark 2. It is apparent that (9) is also true for a,’s that satisfy (a) a,\.0, (b)
na floglogn—oc, and (¢) ¢,=log(1/a,)/loglogn—ce(0, s0). Furthermore, Stute’s
theorem (2) and our (9) can be unified for a.’s in this range as follows: if S1
and S3 hold, then

lims @, (4,) 1
rew (2a,(log(1/a,)+loglogm}?

a.s. (15)

where limsup may be replaced by lim if S2 holds. This should be compared
with both Theorem 1.2.1 on page 30_,' and Chan’s (1977) Theorem S.1.15.1 on
page 87, of Csorgo and Révész (1981). See Sect. 4 for use of Chan’s theorem in
combination with the strong approximation of Komlés, Major, and Tusnady
(1975) to give another approach to limit theorems for e, (a,).

Remark 3. A limit theorem for the oscillation modulus of the uniform quantile
process similar to Theorem 1 has been given by Mason (1983). For intervals
satisfying the Conditions S1-S3, Mason shows that the oscillation modulus of
the quantile process behaves essentially the same as that of the empirical pro-
cess. For very short intervals, however, the behavior is somewhat different.
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3. Strong Limit Theorems for the Lipschitz- 3 Modulus
of the Uniform Empirical Process

In this section we will show that @, (a,) exhibits the same behavior as w,(a,) for
sequences of positive constants {a,} converging to zero at the rates described
in the introduction and in Sect. 2. The following theorem summarizes the limit-
ing behavior of the Lipschitz-3 modulus.

Theorem 2. Let {a,} be a sequence of positive constants less than 1.
(Ia) For a,’s satisfying Conditions S1-53
@,(a,)

o sl L

(I) If a,=(clogn)/n with 0<c< o0, then

lim __@ag
n— oo (2 IOg( 1 I,-":ﬂn]) %

—(¢2}(p —1) as. an

(0 If a,=(c,logn)/n with c,—0 at such a rate that log(1/c,)logn—0, then

t1og(1/c
limsupﬁ-(--l-gz[n;fﬂ) B.(a)<0o as (18)

(1) If a,=1/(logn)* with 0<c<oco, then

- (T,J"(a") — lﬁ : 3
lmsoe s ) o et

As before, our proof will require two inequalities.

. 24 A2
P(@,(a0)2 )5 exp (~ (-0 )
where p =y (2% 40 Vj;a] satisfies
Jl——éi if 1=(3/2%)6%(na)*
3 52(}1(9’3 (1—20)

yz
} [ 2

if 1=(3/2%)6°(na)*

(This is Corollary 2 of Shorack and Wellner [11].)

Inequality 4. Let r>0, 0<b <1, and assume that {a,} satisfies the conditions of
Inequality 2. Then for any ¢>0 we can choose a 60, depending on ¢ and the
bounding constant in (iii), so small that for all k sufficiently large

P( max &,(a,,b)/i,=r+2e)=2P(d,, , (a,,.D)ZF+o4,) (20)

i1 Em =

where 4, =(2log(1/a,))* and n,=[(1 +6)"].
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The proof is omitted since it is much like the proof of Lemma 2.6 of [13].

Proof of Theorem 2. We will first prove (Ia). Observe that
@ (a,.a,)

.. ayla) ' :
e et B S PO -
o Rlog(1/a,): = e 2log(1/a,): o

R

By Theorem 0.1 of Stute [13] the right hand side of (21) is as. equal to 1.
Hence to complete the proof we will show that

. o {a. )
limsu A <1 as (22)
wee 2log(1/a,)
By Cassels’ [2] theorem, for each 0<b<1
LB
e IR

and hence to prove (22) we need only to show that

e w,(a,,b)
1 B e de Pl 2
e e &

To prove (23), choose any £¢>0 and 0{b<% and let

DJ‘c: {(I)J]J;_! 1(ank ~17 b] 2 {l 5 8)’9"11:(}

(using the notation of Inequality 4). As in the proof of Theorem 1, it is sul-

ficient to prove, in view of Inequality 4, that Z P(D,)< . Since 4,/(na,)*—0
k=1

by §3, we have for all b<d<7} and k sufficiently large, by Inequality 3,

i exp( —(1-8)*(1 +¢)*log(1/a,))
(24/0 yall-9 4021
2(48;'() ] ot (24]

for some v>0 by choosing b, and hence &, sufficiently small. But by Stute’s
conditions, for all k sufficiently large ankil_n“ .- Hence (24) is

<48/ [(1+0)]~ (25)

Since the series in (25) converges, (23) follows by Borel-Cantelli, and this com-
pletes the proof of (22).
Now assume that the {a,} are given as in (I). Choose 0<c¢ < co. First notice
that by Remark 1 M
liminf- ,(d,) —= lim G
new (2log(l/a))® n...m(Zloo(lr’a B
J’t’ rt)

- (Zanlog (1ia,))?
=(¢/2} (B —1) as.
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Hence we need only show that

: @ (a) s
e eed () L (IR 5.
limsup et e =€/} B —1) as 6)

By Cassels’ [2] theorem and the fact that (c/2* (B —1)=>1 for ¢>0 (see B2
above), to establish (26) it is enough to show that

5,(db,,d~*
lim limsup Db, 4 ) =1

e e e a..S., 2?)
Jis e Rleg(lia e

and
@, la dbn)_

lim limsu W _<(ef2) (B —1) as. 28)
dlx ; ,x,p(2log[1,e’an))'='_(f )* (B ) (28)

where b, =n""logn. To prove (27) and (28), choose 0<e<1 and d>0 so that

<) G <) 6 <

A,={®,(db,,d~ )= (1 +2¢)(2)og(1/a,)*}

Set

and

D,={®,, . (db, . .d-H=(1+e)2log(l/a,))*}.

R+ 17

Observe that
(ndb)*(1+e)(2log(1/a,))®)—(d/2)*/(1 +e);

hence, for every & satislying

we have, for all » sufficiently large,
52(ndb, ) (3/2%) = (1 +¢)(2log(1/a,)*.

Thus, by the first part of Inequality 3, for all k sufficiently large

P(D,) =24 ((2“4__{)2) 3:) (“nw’“nk_‘)“fmi (8/d)F (L{3)E5 L+~ 1 (29)

By choosing d sufficiently large, the right hand side of (29) is
< C(d,e)(1 +0)~* (30

for some v>0 and finite positive constant C{d,¢) dependent only on 4 and e
Since the series in (30) is summable and >0 can be made arbitrarily small, we
have (27) by Inequality 4 and the Borel-Cantelli lemma.

Now to prove (28), choose d>c¢. and any sequence of partitions ¢
=p,;<... <P, =d such that

= ;‘{}?}k(P w/Pio1 1 as koo (31)
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Note that
@,(a,,db,) (L’Z‘n(pi-_l S losnp e Iogn])
P o S e — mélX e z =i 7 ‘_L ~
(2log(l/a)*  2zizk \ (2log(1/a,))
s (non=t
éjkz max _J’I {Jf(prllOg_”]__
1222, (e log )’ 2Tog(1/a)} (2)

Part (I) of Theorem 1 implies that (32) converges almost surely to

5 1) (P2 By, — D =ri (c/2*(BS =1)
=isk
by B2, and hence (31) completes the proof of (28) and part (I).
Parts (11) and (I1I) of Theorem 2 are proved much like parts (I1I) and (IIT) of
Theorem 1, with the additional use of Cassels’ theorem at the appropriate steps
and noting that @,(a)za,(a,.a,). [

Remark 4. Although part (Ia) of Theorem 2 is implicit in the results of Stute
[13], we have included it here for completeness.

Remark 5. Shorack [10] has used Theorem 2 to give a proofl of part of a theo-
rem of Kiefer.

4. An Approach to o, (a) and Stute’s Theorem
Via Strong Approximation

Let K(t,s), 0=t=1, 0=s< oo denote a Kiefer process; i.c. 2 mean-zero Gauss-
ian process with covariance E(K(t,,s,) K(t,,s,))=(s; As5)(t; A1, t,). The
strong appromm'ﬂmn of Komlos, ’\/Icuor, and Tusnady (1975) yidd% a single
sequence £, &,.... off iid Uniform (0,1) rv’s and a Kiefer-process K defined
on a common probablht} spabe with the propertv that, if U, denotes the em-
pirical process of the first n £s and B, =K(- , H)in*

limsup |U,— B, |/{(logn)*/n*} <some M <o as. (33)
Now let
wy (a@)=sup {|IB,(C): |Cl=a}
=sup {|{B,(t+h)—B,()]: h=a, 0=t =1—h}. (34)

It then follows from a theorem of Chan (1977) (see p. 87 of Csdrgo and Révesz
(1981) with their e, =our ga,, their T=ourn, and their a; chosen to be T
=our n) that, if ¢, is nonincreasing,

wp, (a,)

; e |
Hoosup o e (log (1/a) T loglogn)lF e

where the limsup may be replaced by lim if, in addition, S52:
log(1/a,)/loglogn— oo holds.

Combining (33) and (35) yields the following theorem concerning the oscil-
lation modulus @, (a) of U,.
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Theorem 3. Let a,>0 be nonincreasing and satisfy

(log n)?
<1 — 0
{na, (log(lja,)+loglogn)}* &)
Then
limsup — ©,(6,) a.s. (38)

T5LP (2a,(1—a) log(/a,) + loglogm}
where the limsup may be replaced by lim if S2: log(l/a,){loglogn— oo holds.
Proof. Let §,={2a,(1—a,)(log(l/a,)+loglogn)} = Then

B,@,(a,)=g,sup{|U,(O)]: |C|=a,}
=B, sup {IB,(C)]: |C|=a,} +0 ('ﬁ'-'--(-lofg”]z) as. by (33)

1=

=f, 0y (a,)+o(l) as. by (37).
Thus Chan’s (1977) (35) yields (38). [
Remark 6. Taking a, = 1/(logn), ¢>0, in Theorem 3 completes the proof of (9)
since, for this a,, log(1/a,)+loglogn= (] +%) log(1/a,). Theorem 3 goes beyond

(I1) of Theorem 1 in that even longer intervals than a,=1/(logn)* are allowed;
e.g. a,=a>0 is possible. When a,=a >0, note that Theorem 3 agrees with Cas-
sels’ (1951) theorem.

Remark 7. While Stute’s conditions S1-S3 are satisfied for a,=n""'(logn)’ (and
hence (2) holds), (37) fails for this a,, and hence the approach of this section
breaks down in this range of ‘short’ intervals. However, if we could replace
(logn)?/n* by (logn)/n* in (33), then (37) could be replaced by

(logn) o
{na,(log(l/a,)+loglogn)}*

(39)

and (39) is implied by S3. Thus, if (33) is ever improved to hold with (log n)/n*,
our proof of Theorem 3 provides a short proof of Stute’s theorem (2). There 1s
also another way to look at this: if (33) is ever improved to hold with
(log n)/n*, then Stute’s theorem (2) implies (this case of) Chan’s theorem (35) via
the improved version of (33). On the other hand, note that even an improved
version of (33) will not yield (I) or (II) of Theorem 1 where the intervals a, are
‘very small’.

Let K denote the Kiefer process as defined in [4]. Let B,=K(-, n)/nZ, so
that B, is distributed as Brownian bridge for each n=1. Let o) denote the
modulus of continuity of B,.

Theorem 4. Suppose a, ., ra,/ and c,, defined by

¢, =(log(l/a,))loglogr or a,=(logr)=* (40)
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satisfies
¢,—cel0,00] as r—oo. (41)
If cg(0, oo], then
w;(a,)
= liminf
. ],njlt? (2a,log(1/a))?
: w¥(a,) 1+cy?
<lims =il .
:ln;rzsrsp a0/ ( - ) as (42)
If ce[0, o), then
&
e
ol (2 logloor]
<11msup 5G] =(1+¢)* as. (43)
Qa, oolog E
Also, if ce(0, co), then
=1 B,(C) 2 \
liminf sup — L =c* a.s. (44)

wow |Clzan (21C|loglog n)®

Much of this result, plus analogs for W(n, -)/n* of all of this theorem, are
discussed in [4]; they are due to Chan, Csorgd and Révesz, and Book and
Shore. Thus we omit the proof. Theorem 1(III) is an immediate corollary to
(43) and the proof of Theorem 3.

5. Appendix

First we will summarize some properties of the function ¥ that appears in
Inequality 1 and then provide a proof for the inequality. Our Inequality 1 can
also be derived from Lemmas 2.1, 2.2, and 2.4 in Stute (1982); such a proor is
no shorter than the proof given below however.

The function W(x)=2h(1+x)/x? where hix)=x{logx—1)+1, has the fol-
lowmg properties:

. ] for A=0 with Y(0)=1,
C2 y(4) w{'Jlog}L))‘ as A—w,

.'
C3 Y=l (1 ) for all A>0 and this is =1—4 for 0=A=34.
{ J

For any O<b=+and #=+, —, or | |, let
|UF A1 —D)|5=sup{|U} ()1l —-uw)i: 0=u=b}.
In particular, by James [5] and Shorack [9] the following inequalities hold for
any A>0:
(a) P(|U(1=D|5=2/(1—b)Zexp(—A*y(4/b n*){2b(1 —b))
(by P(U;- (I—I)|”"‘,1x(1—- JZexp(—A%i2b(1—b)),

no

(€ PUN1=D|5=z (1 —Db)=2exp(— A2y (A/bn?)2b(1-h)).
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Proof of Inequality 1. Choose 0<a =4 <4. First assume that 1= 6% (na)®. Let m
denote any positive integer, and observe that for 0=r—s=<a

Uys, 0= ()~ T (5) — (¢ —3)
=n* (I“n[r) —I (Ens]) — {(f —%) ) +utm— L

m

Thus, recalling the definitions of @, and w, given in the introduction,

w, (@)= max sup {U,, (i i-i—r) —!_-n'i'm‘l}.

0zjzm—1 0Zrsatm-1 m m

Stationarity of the increments of U,, inequality (a), and C1 yield

(@ Plo; (@2 7a) <mP(|UF |57 2 At —nim™")
~mesp (_(la‘“—n%m“l.l]z(lja«-ml‘l)z
; 2@+m N(l—a—m*)

i (_{_/'.cﬁ—n%'m‘l)(l —a—m'ﬂ))

(a+m-Hyn*

y C A2 all—a—m Y '1 n* )2 f / ))
<me (11— ¥ = !
= ( 2 (a+m™Y ( Jmat (1/”@

Now choose m to be the smallest positive integer for which
(e) - mtaad

This entails that 2/m=1/{(m—1)=ad>. Also note that if 1=4é*(na)?, then (e)
implies that

() Az 8% na): Znti(ma* §).
Using (e} and (f) we have

a(l—a—m~1) ] = i n*
duemeE L e o
i z(l—a)(l—-0)=(1-48), (

Amaz

‘)21—5,
so that (d) gives the inequality for @; when 7=6°(na)*. Likewise, whenever
0=t—s=a, the inequality

U (s, )= ([,(0) = L,(8) — (t=5))
o (F“ (’[mr]) I ([r::]__s.)_) i

S T X

leads to, using inequality (b) and the same choice of m as in (e) above,
Plw; (@)= ia¥)=mP(|U |52 et —nim )

" ‘ ;,_2a(1_,a)2 ‘ nE A2
smow (~5=a (=nzar) )
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which yields the inequality for w, when A=§%(na)*. Combination of the in-
equalities for &} and e yields the inequality for e, in the case L= 4§ (na)™.
Now assume that 0<A<8?(na)*. Observe that whenever s<i=<[ms]/m

+1/m
o (22,0 B L) o, (22,29

m m

and whenever s=[ms]/im+1m=r<l1

AL

ILII‘;!(S! E]| é

n 2

ms] 1
o, (L)
m L8 ;
so that in either case whenever m is a positive integer such that m~!=a and
0=t—s=a
U” (i’i_;’_t) Un (_Jl —t, i)l
momo V! m

We now choose m to be the smallest integer such that m~'=aé?/4; which
entails that

+2 max Sup

(g w,(a)< max sup
O=jz=m—10=t=a

(h) m<4/(d5%) +1=<5/(as?).

Now (g) and the stationary increments of U, imply that

ot
P(w, (@)= Z P(”L UsBls=aa g2 _1+5)
L T m (l_m_l) i o
) IZOP(JL- (A=Dg"ziat T (2(1+5)))
=b+d.

By inequality (c) we have

A2a  (1—a)? (‘/’.cﬁ (l—a])'
2a(l—a) {1+5 2V \and (149 )

10 i
E—5exp ( [1—())3—0& ( i ))
ad? 2 ]/na
(Here we are using (h) and C1.) Inequality (c) also gives

J2a (1—1/m)? & " (Aa'z*(l—l,.-"m)a ))
20/m)(1—1/m) 4(1+6) (1/m)n®2(1+6);

b=2mexp (—

d=2mexp (—

Aatmd

10
S e 2/ -
= exp(—(1—0)*A%/2) if - o =30

Thus if A<6n%/ma?
s

~ 20 22
5 e yie e o Bt
P{(Jn[(.r.}:)_l/a)=a52 exp ( {(1—0) 5 ) J
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But this last stipulation on 2 holds for A=6%(na)?, since (h) implies that
J<6%(na)* <5nt/ma*. Thus the inequality holds in the case A<48*(na)*. [
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