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Abstract

For n particles diffusing throughout R (or R?), let #,.(4), A€ #, t =0, be the random mea-
sure that counts the number of particles in A at time ¢. It is shown that for some basic models
(Brownian particles with or without branching and diffusion with a simple interaction) the pro-
cesses {(Mn (@) — Enn(P))//n:t€[0,M], ¢ € CI(R)}, n€N, converge in law uniformly in
(t, ¢). Previous results consider only convergence in law uniform in ¢ but not in ¢. The methods
used are from empirical process theory. © 1997 Elsevier Science B.V.
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1. Introduction

Consider n particles starting at random i.i.d. locations Yj,...,Y, and performing
random motions (diffusion processes) Xi(z),...,X,(¢) in R?, with or without branching,
with or without interactions. Under certain conditions, the random measures
Pu(A):=n"' 37, Sx)(4), A€ B, which give the proportion of particles present in
region A at time ¢, stabilize at a (deterministic) measure y, (e.g. at p,(A)=Edx,(4)
if the processes X;(¢) are i.i.d.). Then, the limit in some weak sense of the random mea-
sures v, :=n""Y2 3" (8x) — i) as n— oo measures, if it exists, the fluctuation of
P, about equilibrium when the number of particles is practically infinite (Martin-Lo6ff,
1976). Ito (1983) studies such a system for X;(¢) = Y; + Bi(¢) where B; are independent

* Corresponding author. Fax: 8604864238; e-mail: gine@uconnvm.uconn.edu.

1 Research supported in part by National Science Foundation grants DMS-9300725 and DMS-9625457.

2 Research supported in part by National Science Foundation grants DMS-9306809 and DMS-9532039
and the University of Connecticut Research Foundation.

0304-4149/97/$17.00 (© 1997 Elsevier Science B.V. All rights reserved
PII S0304-4149(97)00070-7



48 E. Giné, J.A. Wellner | Stochastic Processes and their Applications 72 (1997) 47-72

Brownian motions, independent of ¥;. Other authors consider more complicated pro-
cesses, with the initial distribution (Y1,...,Y;) replaced by the points of a point process
with intensity 4, (Martin-Loff, 1976), where the particles may double or disappear at
random branching times (Holley and Stroock, 1978, where they attribute such a model
to Spitzer; Gorostiza, 1983; Walsh, 1986), and where interactions among the particles
may be present (Holley and Stroock, 1979; Tanaka and Hitsuda, 1981; Adler, 1990).
Usually, the weak convergence of the random measures v, is not strong enough to
produce a limiting random measure, and the above-mentioned authors circumvent this
problem by restricting themselves, when passing to the limit, to the action of v,, only
on the space & of rapidly decreasing functions (with rapidly decreasing derivatives of
all orders). They prove that the processes v, , converge weakly to a sample continuous
distribution-valued Gaussian process G, in the sense of weak convergence of probability
measures on C([0,1],%’) or D([0,1], %), where &' is the dual of &. By a theorem
of Mitoma (1983), v, , converges to G, in this sense (in the case of C({0,1], %)) if:
(1) (ni (D15, Vs (P1)) =a(Gr(P1), .., Gy (@) for all k<oo, 1;€[0,1], ¢ €S
and (ii) for each fixed ¢ € &, the sequence of processes {v, (¢):t€[0,1]}3°, is tight
in C[0,1], that is

lim lim sup Pr { Sup  |va, (@) — vu (@) >s} =0 (1.1)
0=0 oo [t—s] <6
for all ¢>0.

Motivated in part by modern empirical process theory, we may ask whether these
limits in fact take place not only uniformly in € [0, 1], but also uniformly in ¢ € @
for some reasonably large set of functions @. That is, whether the tightness condition
(1.1) can be replaced by the stronger condition

lim lim sup Pr { sup [Vas(D) — v, ()| >8} =0 (1.2)

—0 n—oo d((s, §),(t,¥)) < 8,5,t€[0,1], 4, €D

for all >0, or equivalently, whether the convergence v,;—,G; takes place in
1°°([0, 1] x @). The type of distances we have in mind for (1.2) are e.g. d((s, ¢), (t,¥))=
[t — s} V]¢ — ]l or distances involving also the derivatives, and ¢ could be, for in-
stance, the set of Holder functions of order « with Holder constant bounded by M < co.
The interest of results of this kind is that: (1) they extend convergence of v, , to larger
classes of functions than &, and the limit process is correspondingly extended too;
(2) weak convergence of v, ,(¢) is uniform in both ¢ and ¢ simultaneously (as op-
posed to being uniform with respect to ¢ only) and therefore we have convegence
EH(v,) — EH(G) for more functionals H; and finally (3) this convergence implies
stronger continuity properties on the limit process: G;(¢) is then sample continuous
with respect to the distance 4 in (1.2).

We show in this article that such strengthening is indeed possible in three sim-
ple cases; namely: Ito’s (1983) case of independent Brownian particles (Section 2),
Spitzer’s case (Walsh, 1986) of independent branching Brownian particles (Section 3),
and the example of McKean’s (1967) case of particles undergoing interacting diffusions
considered by Tanaka and Hitsuda (1981) (Section 4). Our intent here is not to be
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exhaustive, but to show that this program is possible by carrying it out in examples
of show-case value. For simplicity of exposition we consider the diffusions to take
values in R, but only trivial changes are required for diffusions in R?, d > 1. In the first
two cases considered, the class @ is the set of Holder functions ¢: R — R, ||¢||oo <M,
|¢(¥) — d(x)| <M|y — x|* for some M <oco and &> %; whereas in the third case, we
also assume the functions ¢’ to be uniformly bounded and have uniformly bounded
o-Holder constant for some 6> 0. In the first two cases the distance d can be taken to
be |t — 5|V |[¢ ~ Ylloo, and in the third, |t —s|V | — Ylloo VI’ — ¥']lcc-

The methods, not surprisingly, are those of empirical processes. In each case the pro-
cesses Xi(t), or their more complicated counterparts, can be defined as coordinates in a
large probability space, and the class of functions & = {f, 4: f; 4(x) = ¢(x;),¢ € [0, 1],
¢ € @} (or its more complicated counterpart) can be shown to be P-Donsker for the
law P of X; by application of basic empirical process results. Similar schemes of proof
apply to the three situations considered, although the details are different. The result
for independent Brownian particles in Section 2 follows in fact from the limit theorem
in Section 3 (it is the special case corresponding to t=0); however its separate proof,
short and simple, is the model for the other two proofs, which are necessarily more
complicated as they deal with more complex processes.

The type of convergence we will prove for our processes is as follows. Let T be an
index set (usually a set of functions), and let Z,(¢), Z(t), t € T, be processes indexed
by ¢ such that almost all their sample paths are bounded functions of ¢t € T, and such
that the finite-dimensional distributions of Z(¢) are those of a Radon measure on the
space (I°°(T),|| - |loc)- Then we say that Z, converges weakly to Z in [°°(T), and
write

Z,~Z in I°(T)
if
E*H(Z,)— EH(Z)

for all H:/°°(T)— R bounded and continuous, where E* denotes outer expectation.
This definition is due, at its final stage, to Hoffmann—Jergensen, and we refer to Van der
Vaart and Wellner (1996) for further description and properties. Perhaps we should only
mention that Z,~»Z in [°°(T) if and only if: (i) the finite dimensional distributions
of Z, converge to those of Z, and (ii) there is a distance d on T for which (7,d) is
totally bounded and such that

lim lim sup Pr{ sup |Zu(s) — Zn(2)| >a} =0
)

—0 poo0 d(s,t)<é

for all e>0; see e.g. Van der Vaart and Wellner (1996, Theorem 1.5.7, p. 37). If this
is the case, Z is sample continuous on 7 with respect to d. If 7 is centered Gaussian,
d*(s,t)=E(Z(s) — Z(t))* is a choice that always works, and so does any distance d’
dominating d for which (7,d’) is totally bounded.
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2. The central limit theorem for Ito’s model

Let By,B;,... be independent standard Brownian motions, and let Yy,Y,,... be
independent and identically distributed with distribution 4 on R, and independent of
By,B,,.... Then the processes X; = {X;(t):0<t<oo}, i=1,2,..., defined by

X(t)=Y, +B(t), t=0, i=1,2,..., 2.1)

are independent and identically distributed Brownian motion processes with initial dis-
tribution u. Let @, = C{(R) be the collection of Holder functions of index a, 0 <a<1:

& ={¢:R—-R|[¢MX)I<L, [¢(y) — d()|<|y —xI*, x,y €R}. (2.2)

For ¢ € @, and ¢t €[0, 1], consider the processes

Z,(08)= = S {8060)) - GO0}
i=1

=Gn(f10), (2.3)
where
fre(x)=¢(x(2)) for xeC[0,1], t€[0,1], ¢ &y, (2.4)
and G, is the empirical process of Xi,...,X,:
P,,:—’l;zn;éxi and G,=+n(P, — P), (2.5)

where P, a Borel probability measure on C[0, 1], is the law of the sample continuous
process Xj. Let

Fi={fip: € By 1€[0,1]}, (2.6)

and, for f,g€ %, let pp(f,9) = Varp(f(X1) — g(X1)).

We want to use Ossiander’s bracketing theorem to show that the class of func-
tions %, is P-Donsker. To this end, we will first use an observation of Van der
Vaart (1994) (see also Van der Vaart and Wellner (1996), corollary 2.7.4, page
158) to construct for every ¢>0 a “small” set of brackets for @, of L,(Q,)-size less
than ¢ for all the probability measures Q, = u x N(0,¢)= L(Xi1(¢t)), t€][0,1]. We re-
call the definition of a bracket [¢, /] of a collection of functions ¥, C Ly(Q) for a
law Q: [, ¥]1={f € WV :d<f <y pointwise}, and the L,(Q) size of the bracket is
VO — ¢)?; see e.g. Dudley (1984) or Van der Vaart and Wellner (1996), page 83.
This requires that the function f in ¥, be in Ly(Q); in our case ¥, =%, consists of
bounded functions, in particular showing that the finite dimensional distributions of G,
converge in law to the Gaussian process Gp(f; ) Wwith the covariance of f; 4(X1).

In Van der Vaart’s (1994) notation, let /;, =[j,j+1), j€{...,-2,-1,0,1,2,...} =Z,
and let a; € (0,00]. Let C{(/;) denote the collection of Holder functions of index a>0
on [;. Let fj,..., fjp, € C{(I;) be an ea;-net of C{(I;) for the uniform norm, j€ Z.
Van der Vaart (1994), example after Theorem 2.1 (or proof of Corollary 2.7.4 in Van
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der Vaart and Wellner, 1996, p. 158), observes that, for each ¢>0, the cardinality J;
of the set of brackets

[Z(fj,,-j—sa,-)l,,, N (i +eap)ly, |, i€{l,...,p;} for each j€Z,

Jj=—00 Jj=—o00
2.7
satisfies
logJ, <K ( X Vzi (2.8)
BJeS ¢) % a]‘-’ ’

for any V' >=1/a and a constant X depending on V, and that the L,((Q,) size of these
brackets is (obviously)

1/2
2 (Z #Q:(L»)) : (2.9)

J

assuming that the series in (2.8) and (2.9) are both finite. Fix 0 <6 <2 — 1/a; we take
V=2-¢ and a;=|j|">=29, Then

1
PR,

and
S 2o =" |l OPY + B(t)el))
j J

E|Y + B(t)|/(1~?

<
< 220 E|B(1)|/1 =9 + E|Y| /09y < 0

if E|Y|/(1=9 <00, We label the brackets in (2.7) as [@mz, Pmuv], m€ {1,...,J;}.
Suppose now we partition [0,1] into K, intervals [#,#.1] to be chosen later. For
¢ € [PmL, dmu] and ¢ € [#, ti1] we have

PBE)+Y) = ¢BH)+Y)+¢B()+Y) — ¢(B(k) + Y)
< ¢mu(B(te) + Y) + |B(1) — B(1)|”
< Gmu(B(te) + ¥) + 4k = U, (2.10)
where

dy= sup |B(t)— B()|* (2.11)

tE [ty thv1]

Similarly, a lower bound is given by

¢B)+ Y)Zon(B(ty)+ Y) — Ak =Lt (2.12)
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Note that by Lévy’s inequality
EA}=E sup |B(t) - B(t)]*
1E [t b ]

=E sup |B(s)**<2E|B(tis1 — )™

SE[0, 1 — 4]

=2Mo(tes1 — 1) = ¢

if the partition [#,%41] of [0,1] is chosen with # =k(e?/2M,)"/*. Thus, we have at
most

1 2/a
K =K, <(3M,)"* (E)

such intervals for every 0 <e<1. Furthermore, we have

Unk ~ Lk =26 )_ a;15,(B(tx) + ) + 244 ,
j

so that

1/2
{EUnm — L)} < {E(ZsZaj11j(B(tk)+ y))z} + 2{EA}2
j

1/2
= {4822|j|1/<1—5>1>r{¥1 +Bl(tk)el,~}} +2{EA;}'
J

< 26{20 - (E|B(1)| /U= 4 E|y|VO=D) 12 4 2¢
= Ke

for a fixed constant K <oo. Hence, the L,(P) size of the brackets [Ly, Uni] does not
exceed Keg, whereas their number is at most

1 2/a
J.K, < exp(K(1/e)" K’ (;) ,

that is
~ /1Y
log Nj (&, #i, Lo(P)) <K (;) . 2.13)

Finite-dimensional convergence follows from the fact that our bracketing argument
implies that the collection %, has an envelope F which is square integrable, or, alter-
natively from Ito (1983, Theorem 6.1, part (i), p. 27). Since the bound (2.13) together
with finite-dimensional convergence imply the hypotheses of Ossiander’s (1987) brack-
eting CLT for the empirical processes G, (also see Van der Vaart and Wellner 1996,
Section 2.5.2, pp. 129-133), we have proved the following theorem.

Theorem 1. Suppose that E|Y|" <oo for some r>1, and oc>%. Then Z,~7 in
1°°(%y) where Z(t,¢)=Gp(f14) is a P-Brownian bridge process, uniformly contin-
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uous with respect to pp, indexed by the collection #,: ie. a mean zero Gaussian
process with covariance function

Cov(Z(s, ¢), Z(1,¥)) = E($(B(s) + Y W(B() + 1))
—E(¢(B(s) + Y)EW(B(t) + 1))

Remark. (1) [0,1] and C$(R) can be replaced, in the definition of %,, by [0,M] and
C}(R) for any M and L finite.

(2) It is easy to see that p2(fs ¢, f1y) <2|t—s|+2||¢— |, Hence, the limit process
Z(t, ¢), defined for all 1€ Rt U {0} and ¢ € C*(R), has a version whose sample paths
are d-uniformly continuous on every set [0,M]x CHR), M,L<oo, for the distance
d((s, ) (6 W) =1t — 5|V |6 — ¥l|oo.

(3) The integrability condition in the previous theorem is not far from best possible:
as shown in Arcones (1994) — see also Giné and Zinn (1986) for « =1 — the condition
>, P(Y €[j,j+1))"? <00 is necessary and sufficient for C¥(R) to be £(¥)-Donsker,
1/2<a<1; this condition is implied by E|Y|*<oo if 7>1, and implies E|Y|<oo if
moreover the sequence P(|Y|€[},j + 1)) is eventually non-increasing.

3. A limit theorem for branching Brownian motion particles

Suppose a particle starts at a random position at time =0, performs a Brownian
motion path during an exponentially distributed time, and then either dies or splits into
two (with probability % for each possibility); if it splits into two, these two particles in
turn perform Brownian paths again during exponentially distributed times after which
they either split into two or die, and so on. We assume no interaction, i.e. the initial
positions, Brownian motion paths, lifetimes, are all independent. We are interested
in the asymptotic distribution (as n— oo) of the total number of descendents of n
independent such particles that are alive and in 4 CR at time ¢, #}(4). Typically the
literature (Walsh, 1986, Ch. 8 and references therein) considers the limit in distribution
of the action of the random measures #} on smooth rapidly decreasing functions,

n;(¢) :/rl_zin?(rb) (3.1)

(where n(¢)= [ ¢dn) as processes in ¢ € [0,1] for a fixed function ¢. The model we
consider differs from Walsh’s in that we start with n particles at i.i.d. positions Y;,
i=1,...,n, instead of with infinitely many according to a Poisson point process, and
that the exponential times for our processes do not vary with n. We show that, for
this model, the processes (3.1) converge in law uniformly in ¢ and ¢ (as opposed to
just uniformly in #), for ¢ in the unit ball of C](R) for some y>% (as opposed to
C*°, rapidly decreasing ¢) if the common initial distribution of the particles satisfies
the moment condition E|Y|" <oo for some 7> 1.

We essentially follow Walsh for the description of the Branching Brownian motion
process. Let o/ be the set of multiindices

o ={a=(a1,...,%p): pEN,a; €N, a, € {1,2} for r=2}.
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We define |¢| = p if a =(a),...,%,), and a<a’ if |¢|<|o/| and oy =af, ..., 0y =aia|.
For o € o/, define the “predecessors” of a by a—1=(d,...,ap—1),a—2=(01,...,%p_2),
vt = (o] = D=0y (e.g if =(4,1,2), then a — 1=(4,1), and o — 2=4). (Walsh
(1986) seems to contain a slight error in the description of the set &/, allowing a; € N
for 2<j< p). We also set

S p={ae A azk |a|=p}, .szlkz{oced:oczk}:Udk,p,
p=1

and note that Card(s#, ,)=27"!, p€ N. Define now the following independent col-
lections of random variables and processes:

{Yr:keN}, iid. real random variables with law g,

BY:te[0,1],ac o/}, i.id. standard one-dimensional Brownian motions
t

starting at 0,
S*:aec o/}, iid. exponential T random variables, and
p

{N*:ae o}, iid. with PIN*=0)=P(N*=2)= %

These variables, all independent, are the building blocks of our branching Brownian
motions. The birth time of the a-th particle is defined as f(x)=0 if |x| =1, and, for
loe| >1,
P —j :
By = {2]'.“:'1 §*=/ if N*J=2 for j=1,...,|a| -1,
o0 otherwise,

and its death time by
{(a) = B(a) + S*.

We also set A%(t) = 1), za(t)- Then, letting 0 be the cemetery (or, more accurately,
limbo) we set

; .0 if £ ¢ [B(2),{(x))
X{n=xp= , . (32)
X*(B()) + fo h*(s)dB: if 1 € [B(x),{(@)),
where
|a|_1 : .
X (B@))=Yooqu-1y + 3 Bigis — Biots): (33)

i=1
With the convention that for all functions ¢ and sets 4 CR, ¢(3)=0=14(2), the
random measure 7} is defined as

n

=33 ox, neN, re[0,1].

k=1 o€y
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That is,

)= > ).

k=1 ac.ol}

In particular, 57(4) is the number of particles (starting from » particles at the positions
Yy,..., Y, at time ¢ =0) that are alive and in A at time ¢.

Next, we translate this setup into the language of empirical process theory. We define
(2,2,0) as

Q= Hgk = H(R x C[0, 1% x R% x {0,2}%),
k=1 k=1

with o-algebra X equal to the product of the corresponding Borel g-algebras and with
O the product measure induced by the laws of ¥, B*, §*, N% keN,ac /. Welet T
be the set of functions f:[0,1]— RU {8} for which there exist 0<S<{<1 such that
f(x)=028if 0<x<pf or {<x<1, and f(x) is a continuous real function on [f,{). We
set o' ={1,2}U{1,2}2U---U{1,2}PU--- and S=T x T, and equip § with the
o-algebra that makes the maps (one sufices)

XkIQk—*S=TX TM/,

Xe(yr, b2, 55 n* )y =(xF:a € kU {(k,«'): o' € '}, t€[0,1])
measurable, where x¥ is defined as in (3.2) and (3.3) with Y, B?,... replaced by
yi, b%,.... We also equip S with the law of X;, P=Q o X["'. Then, obviously, the
S-valued random variables X; may be considered as the coordinate functions on a

product probability space, each with law P. Next we define the following class of
functions & on S:

F={f16:t€[0,1], ¢Cl}
for some y> %, where

Jre(x)= Z d(x*), x€S.

For instance,

SupO) = (),

azj
and therefore,

_MHA) —En) _ 1§ NS
Zy(t,9) =" = ﬁ;(ﬁ,ds(xn Pfi4)

is the empirical process for the i.i.d. sequence {X;} indexed by the class of functions
& . For ease of notation we will write

KI(D)=fio(X;),  JEN, t€[0,1], ¢ €C](R),
and, if L(X)=L(X,), k($)=f,4(X).
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Theorem 2. Suppose that E|Y|*<oco for some A>1, and y>L. Then Z,~7 in
1°(F) where Z(t,¢)=Gp(f,4) is a P-Brownian bridge process, uniformly continu-
ous with respect to pp, indexed by the collection F, i.e. a mean zero Gaussian process
with covariance function

Cov(Z(s, $), Z(t,¥r)) = E(xs(D)r, () — E(H(B(s) + Y))EW(B(t) + 1))
Sor ¢, € C]/(R).

An upper bound for the L,-distance between Z(¢, ¢) and Z(s,y) is given at the end
of this section. Computing its exact value requires cumbersome computations which
we omit.

Proof. As in the simpler case considered in the previous section, we will deduce the
central limit theorem for the processes n7(¢) from the bracketing CLT for empir-
ical processes. To verify the hypotheses of the bracketing CLT for & and P, we
proceed by analogy with Ito’s case. First we must show that E(x,(¢))? <oo for all
t€[0,1], ¢ € C](R). Note that, since X*(¢)# @ only if A*(¢) #0,

2
E(Z¢(X“(t))> =Y EQXH )+ Y E(0)X (1))

a1 az1 afo’ =1

<S B+ Y ER@OR ()

azl aFe’ 21

<Y B+ Y {EROEK (1))

a2l oo’ 21

2

= {Z{Eh“(t)}l/z} :
ozl

and we show below (see also Walsh, 1986), that >___, Ek*(r)=1and }_,  {ER*(£)}'/*
< o0o. With the same notation as in the last section, we have the following analogues
of (1.10) and (1.12):

k(@) = k(D) + (ki(@) — Kk, (D))

S Ky(Pmu)+ sup  sup (k@) — K, (¢)|
t€[t ] eC](R)

= Ky(Pmu) + 4y

(for the first inequality, note that k,, is monotone in ¢) and

k()= Kt1(¢mL) — 4y

Hence, as in Section 2, in order to prove that

~ 1Y
log Niy(e, F, Lo(P)) <K (E)
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with V=2 -4, 0<d<2 — 1/y, it suffices to show

EA} <Kt — 1] (3.4)
and

E{x,($mu) — K1, (Pm )} <K€ (3.5)

for fixed constants K. To ease notation, set t;:=#y, £ :=fy +h. We first observe that,
since ¢(0)=0,

sup [ki(¢) — Ki ()|

$EC](R)
= X2 - Hx;
¢€sglzk) ;W )— ¢
= sup Z[d’(X“) — )RR (1) + GXHR*(1)(1 — A (1))
pecim) |51

— (X)L — K (£))r*(10)

<X - XETR OB () + Y B = B (ko)) + Y _(1 — K ()R(to)

azk azk azk

_ 1

=4+ '+ DL
Hence,

2 2 2
EA%<4{E< sup Af) +E[( sup C,’) +E< sup Dﬁ)}}
to<t<to+h <t<ty+h h<t<styt+h

Note that

E

2
( sup Aﬁ)
h<I<toth

sup {37 - z:|2yha(t)h“(to)}

to<t<lo+h {a>k

+E  sup {Z |X;’—X,‘5|VIX,°"—X,:’;'|yh“(t)h“(to)h“’(z)h“’(zo)}

thS<t<h+h ato’ 2k
=7+1L
Now we note that
t 2y
X — X R (10) = / H(s)dBY| Kt (to)
0

= |B*({(x) A t) — B*(B(@) V 1) ()H*(t0)
= |B*(t) — B*(t0)| h*(£)h*(t0)
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and therefore, by independence of B* and A%, and by the properties of Brownian motion,

SDE sup |BX2) ~ BX(to)ER* (1)

ask DS t<t+h
= ¢,k Y ER*(ty)
azk
for some constant ¢, <oco. Now
oo
D ER (o)=Y > EW'(t)
azk p=1 o€y,

and, if N, is a Poisson process with intensity 7, then for o € . p,

Eha(to)zzp +Sm—l<t0<S°‘_(p_1)+...+S°‘—1 + 5%)
= — _ 1 —14 (""tO)p_1
—FP(MO—P—1)—21,,_1 O(p—l)!’ (3.6)

which, since Card (.2, ,) =271, gives

o _ > —1Tl (TtO)IJ !
2B ) =D e T

azk p=1

We thus conclude that 7 <c,h". To bound I/, note that independence of {B*} and {A*}
yields

E sup |B*—B:|’E sup |BY — BY|"ER*(1o)h* (to)
to

d;éd’>k th<t<ty+h to<t<t+h

SCGH Y ER()h* (i)

aFa’ 2k

< Ch?  Eh*(ty) ER¥ (ty) by Cauchy-Schwarz
7

aFto’ =2k

2
> VER ()

azk

< G

But for « € @ ,, Eh*(#) is given by (3.6). Hence

—1! (TtO)p—l 72
S VB =3 Y { e

azk p=1 a€s,
i a2 (V2Th)P !
Vip—=1)!

= (V!
<L G

p=1
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This yields Il <ch”, and hence we have shown that

2
E[( sup Aﬁ)} <ch’
to<t<t+h

for some ¢ <oco.
Next we bound the C! component of 4;:

2 2
E[( sup C,’) J =E sup (Zh“(r)(l - h“(to))>
ty<t<t+h toLt<tp+h

azk

2
=E sup (Z1[o,ﬁ(a))(to)1[ﬁ(a),c<a))(t))

th<t<to+h azk

2
<E ( Z 1{t0<ﬁ(a)<to+h})

=k

<) Pr(ty<p(a)<to+ k)

azk
+ Z E(Lin <y <to+hl Lt < o) <to4h1)

afta’ =2k

2
< { > [Pr(to < Ba) <to + h)]”z}

azk

59

(3.7)

by Cauchy—Schwarz and rearranging. Although it is possible to simply bound this last
sum, it will probably be easier for the reader to follow the arguments if we proceed
by first bounding the sum of the diagonal terms and then the sum of the off-diagonal

terms. Now

Y Pr(n<p@<to+ k)= > Pr(to<f(@)<to+h)

azk p=l o€,

oQ
= Pr(tg<Si+ -+ +Sp 1<t +h)
p=2

where §; are i.i.d. exponential(t). Setting »r=p — 1, and letting N, be the Poisson

process with intensity 7, we can write these probabilities as follows:

oo
> Pr(to<B(@)<to+h) = > Pr(Ny <r, Nyyn — Ny =1, Ny 27)
azk r=1

r

o
= Z (ZPr(N,o+h — Ny =s, r —s<N,<r)
r=1

s=1

oC
+ Z Pr(Niyin — Ny =5,Ny, <r—s)>

s=r+1
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oo oo
<D0 Pr(Ny=5)Pr(r — s<N, <r)
s=1 r=s

oo s—1

+) ) Pr(Ny=s)
s=1 r=1

< iPr(Nh =s)iPr(r —S<N, )+ isPr(Nh =s)

s=1 r=s s=1

= Pr(N;, = 1)EN,, + ENy =(1 — e ")tyt + th
< (Tt + 1)h.

Along these same lines,

> IPr(to<B(a)<to + h)]'?

azk

= Z Z [Pr(ty < (o) <ty + h)]l/z

p=2 a€,

e

1/2
LT
S [2,,_1 Pr(N, <p — 1,Nysh — Ny =1, Nypn=p— 1)

b~
[l
)

e

p—1
2(p=D72 (Z Pr(Nysh — Ny =s,p— 1 —s<N,<p—1)

s=1

[l
~

D

&) 1/2
+ ) Pr(Nysp — Ny=5,N,<p—1-— s))
s=p

&) p—1
< 2PN PNy =5)2Pr(p — 1 = s<N, < p— 1)
p=2 s=1

o0 o<
+ 272N " pr(Ny=5) 2 Pr(N,, < p—1-9)"

p=2 s=p
o BN o] (‘L‘h)s 172
<33 a2 {e"”T} Pr(N, > p =5 — D'
s=1 p=2 :
1/2
+ 1[ >p 2(1’ 1)/2 {e—rh (Th)s}
s=1 p=2 !
<C _.(h/zz (\/ 2Th)s
R
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for some constant C depending on 1. Hence, for some constant C;

to<t<to+h

r 2
E( sup C,I) < C:h.

Finally, the D! component of 4; can be similarly bounded as follows:

- 2_‘ 2
E( sup Dﬁ) =E sup (Zh“(t@(l—h“(t)))

<t<to+h toSt<to+h A=k

=E sup Y K}l -k (D)

to€t<10+ha>k

61

(3.8)

+E sup Y R(t)X1 — K0 (t)(1 — (1)),

to St<to+h wtal 2k
Since #,<t<ty + h, we have
Rt )(1 = B(£)) = 1p(a), c(@))(f0) g, 00)(t)
< 1), @) () 1¢(@), 00)(f0 + h),

and hence the diagonal terms above are bounded by

E sup ) ()1 -HK(0) =) Pr(fe)<to<{(a)<to +h)

to<t<t0+ha>k azk

o0
= Z Pr(Ny=p—1, Nyyr=p)

p=2
oo

<) Pr(Ny4n — Ny 2 D Pr(N, = p— 1)
p=2

=1-e"<1h

Similarly,

E sup > B(t)(1— K (o)1 - K (1))

toSt<to+h ata! zk

< Z Elpay<to <ty <tothl LBy <0 <4 ) <to+h]

aFta’ 2k

< 3 PrB@ <t <t@) <t + k) Pr(B() <ty <L) <to + B2

aFta’ =k
2
< {Z[Pr(ﬁ(a)<t0<C(a)<to + h)]‘/z}
azk

where

> [Pr(B(a) <to <U(2) <t + M)]2

azk

=Y ) Pr(B@)<to<l(x)<to+ B

=1 aEs,
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00 1 1/2
=> 27! ( 57=1 P = p = 1N >p))
p=1

= 20" PNy — Ny 2 D)2 Pr(N,, = p — 1)1
p=1

<Vth S o2 (V2T00)P !
D P RN

<CVh.

Therefore

2
E[( sup Dﬁ)]sc,h (3.9)
to<t<tot+h

for some C;<oo. The bounds (3.7)-(3.9), in combination with (3.6), prove the
inequality (3.4).

Finally, we prove (3.5). We replace t; by #, and k& by 1. First note that from
the definition of X the independence of the variables N, S, Y, B, and our previous
calculations

1

Elg &) = 5=

Elj B+ V)Pr(Si + -+ + Sjy—1 SE<S1 4+ + Spy)

——e_ﬂ(_rt/_z_)ﬂ—_l

(Jof — 1)

Let ¢(x)= Ziooo a;ly; j+1y(x). Then
E(k($mur) = ki Pme))?

2
=E{ 228¢(X:‘)}

azl

Pr(B, + Y €1;).

<4e? Y {EQ (X HEQ (X )}

ol =1

2

= 4¢? { > \/Ed)?-(X,“)}
azl

= 4¢?

122
[ o]
E( > ajl[j,j+1)(Xz°‘))
axl Jj=—00
o 1/2}2
= 4¢? [E Z a}l[,,ﬁl)(x,“)]
azl J

2 ()11 & 2l
=4 [e—‘r m_:' }: aj Pr(B;-i—YEIJ)
az] ’

j=—o0
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2
462 —uf2 (2u)#=r2 =
/. Z((p_ L > &Pr(BAY €L

Jj=—0
< Ci4e? Z @’ Pr(B, + Y€1)
Jj=-00

which, under the same assumption on Y as in Section 1, and for a;=|j|"/?=2%), is
dominated by a constant times &2, proving (3.5).

Finite-dimensional convergence follows from the fact that E(x,(¢))? <oo for all
tef0,1], e C{(R). O

The limiting Gaussian process {Z(t,¢):t€[0,1],¢ € C/(R)} is sample continuous
with respect to its covariance structure

pr((t, 9), (5, ¥)) = E(Z(1, ) — Z(s,¥))* = Var (i1(¢) — Ky (¥)).

In order to determine the meaning of “continuity of Z with respect to pp”, and of
the “tightness” condition on (the centered version of) the process n7(¢) associated to
the convergence in law given in Theorem 2 (see the introduction), we should have
a sensible upper estimate on pp. This will allow us to compare with the type of
convergence and with the limit continuity properties implied by weak convergence in
D([0,1],#"). For 0<s<t<1 and ¢,y € C](R), we have

pe(fi9: fs.0) S Pp(frg f5,6) + PP(fs9 fsu)-

The first term is bounded by C|¢ —s|y/2 by 4,C, and D in the previous proof. For the
second term, we proceed as in the proof of (3.5):

2
E(Zw - l//)(X;‘)> < {Z(E(qb - l/z)z(A;“»‘/Z}
] —1 1/2y2
- {Z (e 210 - iy + 8 }

— A TS = (2Ts)r/2
—e /2<§ i )E[(¢—w)2(Y+B,)]

< Cilld — ¥l%.

2

The conclusion is

pp((t, ), (s YN <K{|t — 5" + |1¢ — Yl }

with a considerable error made in the replacement of sup i ;[ {E(¢ — ¥)*(Bs+ )}/
by [l¢ — ¢¥||«. Hence, Z(t, ¢) is sample continuous with respect to the distance

a((t, ), (s, ¥)) = ]t - S| \% H¢ - ll’”OO’

and therefore, [0,1] x C](R) being compact for d, there is a version of Z all of whose
sample paths are uniformly continuous for the distance d on [0, 1] x C](R) (this can be



64 E. Giné, J.A. Wellner/ Stochastic Processes and their Applications 72 (1997) 47-72

extended to [0, 7] x C},(R) for all finite T and M). The condition that a version of Z
be in C([0,1], %) is much weaker. Likewise, the asymptotic equicontinuity condition
for the process x7, even with pp replaced by d, is much stronger than the tightness
given by Mitoma’s (1983) theorem.

4. A limit theorem for interacting diffusion processes

Our goal in this section is to provide a strengthening of a central limit theorem
of Tanaka and Hitsuda (1981) similar to the way Theorems 1 and 2 in the previous
sections strengthen the theorems of Ito (1983) and Walsh (1986). The main difference
in this section is that the particles interact.

Here is a description of the particle system considered by Tanaka and Hitsuda
(1981). Consider the diffusion process {X™(¢):¢>0} = {(X"™(2),...,X(1)): 1 >0}
in R” with generator

2, ¢
(n) hid
K¢ = 2 (3 ; ; b(x,,x] ox;

and initial positions X (0)=(Y1,...,Y,) where Y|, Y,,... are ii.d. with distribution
4 on R. As in Tanaka and Hitsuda (1981), we will focus on the case in which the
interaction function b is given by b(x, y) =—A(x — y) with 1>0. Then X™(¢) can be
obtained as the solution of the stochastic integral equations

X(t) =Y, + Bi(t) — n"jz /0 X"(s) — %Z)(j(")(s))ds, (4.1)
j=1

for t20, ke{l,...,n}, where 11,Y,,... are t.i.d. u and By, B,,... are i.i.d. standard
Brownian motions starting at 0 independent of the Y’s. Intuitively, as » — oo, the
averages n~! Py Xj(")(s) should converge to the mean v of the initial distribution,
v= [ xp(dx), and the system of equations (4.1) should converge to the (non-interacting)
system of equations

Xk(t)=Yk+Bk(t)—A/t(Xk(s)—v)ds, >0, ke{l,...,n} (4.2)
0

for the same initial positions and Brownian motions. As in Tanaka and Hitsuda (1981),
we will assume, without loss of generality, that v=0. Then Egs. (4.2) are those govern-
ing a system of independent Ornstein—~Uhlenbeck processes X;(¢) with initial positions
Xi(0)=Y;. It is well-known that Eqgs. (4.2) (with v=0) have the solutions

t
Xe(t)=e*Y + / e M=9GdB(s), 1=0; (4.3)
0
see Tanaka and Hitsuda (1981, (2.8) p. 418) or Breiman (1968, Section 16.1, pp.

347-350), and especially (16.6) on p. 349 with Breiman’s (y,a, ¥1(0)) taken to be our
(1,4,Y;). Note that Xi(t) = e~ # Y, +V(t) where Vi(t) = [; e ¢~ dBy(s) ~ N(0, 63(t))
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and o%(t)=(1 — e"2#)/2]. Hence, the marginal distribution of Xi(r) is L(X;)=
L(e~*Y) » N(0,03(t)). Note that as A — 0 it follows that

LX) —=a L(Y)*NQO,)=px g =

in agreement with Section 2. On the other hand, #(X,) — N(0,1/(21)) as t — oo.
Now consider the processes

2,(6.8)= 7= S{SU(0) - EYOR(0)}
k=1

for t€[0,1], ¢ € C/(R), y>1. Motivated by (4.1) and (4.2), our strategy will be to
decompose 7, as

2, ) = \/L;, D OHV(0) = SR} + —= S {DC(1) ~ ESCR()}
k=1 k=1

= Z0(1,6) + 21, 6).
Note that Z is a process with i.i.d. summands
FDX0) - PG = dXi(t)) — EXi(t))

where X; ={Xi(¢):0<r<1} are the iid. Omstein—Uhlenbeck processes given by
(4.3), and P denotes the law of X; on C[0,1]. Thus

ZP(t,6) = Galfg)
where P,=n"'3"7_, dx,, Gn=+/n(P, — P) and

FO={f 4(x)=p(x(t)): p € C](R),1 €[0,1]}.
On the other hand, the process Z'" involves the interactions between the particles in
X®™(¢). It will turn out that the interaction term Z$ is asymptotically equivalent to
7% where

19, $)=Gu(f), £ eF®
and

FO = { 90 = MES' (X:(2))) /0 ' x(s)ds: ¢ € CI(R),t €0, 1]} .

We therefore set

Frox) = $(x(1)) + AES Xi(1))) /0 x(s)ds
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and consider the collection of functions
F={fro:9€C](R), t€[0,1]},

where CJ(R), 1 <y<2, is defined as follows: ¢ € C}(R) if |¢'(x)— ¢'(»)| <L|x— y['~!
for all x, y €R, ||@|lco <L, ||¢'||cc <L. Thus our goal is to prove the following theorem:

Theorem 3. Suppose that y>1, EY; =0, and EY? <oco. Then Z, ~» Z in I°°(F)
where Z={Z(t,$):t€[0,11,¢ € C/(R)} ={Gp(fi4): fro €F} is a mean 0 Gaus-
sian process, uniformly continuous with respect to pp, indexed by the collection
[0, 1] x C](R), and with covariance function

Cov(Z(s, ¢), Z(t,¥)) = Cov <¢(X1(S)) + i(E¢'(X1(S)))/O Xy (u)du,

VX)) + AEY (1)) /0 Xl(u)du),
X as defined by (4.3) for s,t€[0,1], and ¢,y € C](R).

Proof. Our proof will rely heavily on Lemma 2.1 of Tanaka and Hitsuda (1981,
p. 417), which shows that

X1 =Xe(t) + n 270,

where

t 4 _
Y =4 / ZM(s)ds + A / exp { —M}Z(”)(s)ds
0 n— 1 0 n— 1

n2 ! ni(t — s)
_n—l/o exp{—ﬁ}Xk(s)ds

and
1 n
ZMWy=—Y X;().
0= ; ()
Define a new sequence of processes e by
!
706 9)= UEFCG(] | Vai(s)ds,
0

where X,(t)=n""3"7_, X;(). We first show that

Ri(t, ) =20 (1, ) — ZP(1, ¢)

satisfies

sup  |Ra(t, ) =05 (D). (44)
1€[0,1], ¢€C(R)
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To prove (4.4), we further decompose R,. Let W,(t)=4 fot VnX,(s)ds. Then we can
rewrite R, as

Ru(t,9) = % D {dXe(t) + n72YI()) — () + n” P H())}
k=1
+ 2 IO + 1) = OGO — # O}
k=1

+ \/L,—, DS X H(1) — [E' Ca(1)In™ W)}
k=1

=An(t, §) + Cult, &) + D(t, ).

Now it follows from (4.4), since ¢ € C}(R) implies that |¢(y) — ¢(x)|<|y — x|, that
we have

1 &1
(P < —= > =10 - W,
| (z¢)|<ﬁ;ﬁlk ORRAQ!

1 ¢ A ! nA(t —
<;;{ n_l/oexp{ p— }\/_X(s)ds

v /texp{ nA(t = S)}Xk(s)ds}
0

n—1
/texp{ nl(t }\/_X (s)ds
0
! A
+n‘{'_ll/0exp{ z (t } Zle(SN ds
A+1
< n—1)¢‘2/ [Xi(s)| ds,

where, by Doob’s inequality,

-+

<

n—1

E sup |Xi(s)| < E|Yi|+E sup

0<s<] 0ss<l

/0 ' e* dB,(u)

. 23112
<E|Y1|+{E( sup / e’l“dBl(u)) }
o<s<1 [ Jo

1 23172
<.EWY”'+2‘{E7< ) }
0
. 1/2
:E|Y1|+2{/ e“"du} <o0.
0

e™ dBy(u)
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Hence, it follows that

Al
sup |[4n(t, P} € ————— sup [Xi(s)|—0 a.s. 4.5)
1€[0,11, $€CI(R) § (n—1)/n ; 0<s<l

To handle C,, we first use ¢(y) — ¢(x)=¢'(¥)(y — x) for some point ¥ with |¥ —

x| <]y — x| to rewrite C, as

Calt, $) = % S EE0) - ¢ ) B (1)
k=1

1 « ~
=W(0)- > _{#'((®) — ¢ X))}
k=1
Hence, using |¢'(%) — ¢'(x)| < |% —x""' <]y — x|, it follows that
1 n
ICalt, ) < IHR@)= D I~ (o)
k=1

— n_(V_l)/2|VK,(t)|7.

The process W,(¢) has the same law as the process

1 & !
(1-e*—) 1, +i/ e =9 dB(s),
ﬁkg et h | (s)

which is sample bounded on [0, 1], and therefore its absolute value has an a.s. finite
supremum over [0, 1]. Hence

sup  |Cult, @)l =05 (1). (4.6)
t€[0,1], $€CJ(R)

Finally, to show that D, is 0,(1) uniformly in ¢ and ¢ € C}(R), note that
1 n
Dy(t,$)=Wi(1) {;; > X)) —Eqs'(Xl(t))}
k=1

and hence

sup  |Du(t,§)|< sup |[Wn(2)|||Pn — Pllg =0p(1) 47
t€[0,1], pEC](R) o<t

since supy¢,<; |W(2)] =0p(1) as argued immediately above, and, as we will argue
below, the class of functions ¢ defined by

9={¢'(x(): g € CJ(R), 0<1<1}

is a P-Glivenko—Cantelli class of functions. Once we have shown that 4 is Glivenko—
Cantelli, then it follows from (4.4) that

Zu(t, ) =Z3(t,¢) + ZD(t, ) + Ra(t, )

=Gn(fig) + 05 (1)
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where
t
£190) = (1)) + HES (X (1))} /0 x@)ds= 126 + £, (438)

Thus, it remains to show that ¢ is Glivenko—Cantelli, and that the class of functions
F={f,9:0€C](R),0<1<1},
with f; 4 as defined by (4.8), is P-Donsker.

To show that & is P-Donsker it suffices to separately show that #® and #® are
P-Donsker (see Van der Vaart and Wellner, 1996, Example 2.10.7, p. 192). For the
first, let X =4 X; and write X={X(t)=e #Y + fot e M9 dB(s):t€[0,1]} where
Y~y and B is a standard Brownian motion independent of Y. As in Sections 2 and
3, let the brackets for C](R) be denoted by [¢m 1, dmu], mE {1,...,J;}. Then, with
0<t < - Stgy <1, we have, for @ € [@m 1, Pmu] and 4 <<ty

HX()) = dX(t)) + (9(X(1)) — ¢(X(%)))
< ¢m,U(X(tk)) + 4

where

de= sup  sup |P(X(2)) — H(X (%)),
1€t ten] peCI(R)

and similarly
X ()= Pm, (X (&) — L.

Much as in Sections 2 and 3, in order to show that

14
log N (6 F O, 2P <K () (49
with ¥ =2-6, 0<d< %, it suffices to show
EA} <Kl|tip1 — 4| (4.10)
and
E{pmu(X(#)) — pme(X (%))} <K& (4.11)

for fixed constants K. Again to ease notation, set #; :=ty, ty4; :=1t+h. To prove (4.10)
we will bound 4, » = sup, <, </ 14 SUPyeci(R) |p(X;) — ¢(X;,)|. Now, since ¢ € C](R),

Afo,h < sup l’Yt —’onl

o <t<th+h
t to
= sup (e_’"~e”1’°)Y+/ e_l(“s)dB(s)——/ e~ M09 4B(s)
toSt<to+h 0 0
t
< sup (e_l’—e"“")(Y+/ e* dB(s))
to<t<to+h 0

+e M sup
to<t<to+h

/ ‘ e™ dB(s))

to
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}

/ t e™ dB(s))

< e Hoh {|Y| + sup
0

th<t<th+h

+e M sup
o <t<to+h

= Je h{|Y|+ 81} + e ™S,

/ t ™ dB(s))

Ly

Since { fy % dB(s):t €[0,1]} and {, ™ dB(s):t € [to, % + h]} are martingales, it fol-
lows by Doob’s inequality that
)2

/t e* dB(s))

0

E(S})=E < sup

toSt<to+h

to h
< 4E ( / " e™ dB(s)))
0

forth 24s 2 itk
=4 ds=- htn) _
/o e ds A{e }

i

2

and

/ t e dB(s))

1)

to+h 2
< 4E ( / e® dB(s)))

to+h 2
— 4/ eZAs ds = Z{62,3.(10+h) _ 621&)}.
to

ES}H =E ( sup

to<t<toth

Hence, we find that

E(Ay 1) <222 R2E{|Y]| + 81} + 267 E{S,}?
2
< 4/126—2h0h2{EY2 4 I(GZX(IO—%I!) _ 1)}
2
+26_“’°I {e2/1(to+h) _ 2o }

< Kjh,

proving that (4.10) holds.
To show that (4.11) holds, we compute, using {EW" }" < {EW*}'s for 0 <r<s<oo
in the second inequality,

o

2
E{¢pmu(X (&) — o (X ()} = E {28 Z ajl[j,j+1](X(tk))}

j==o0
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oo
=48 ) GPX(t)€)
j=—00
< 482E | X (1))~
< 4{E | X(t)F}/20-9
< AE(Y?) + (1 — e~ 2)/(24))}/21-0)2
< 4{E(Y?) + (1 — e~ 2hy)(22))}/20-0)g2
= Ké?,

completing the proof of (4.11). Hence #? is P-Donsker.

To show that #® is P-Donsker, we again invoke the bracketing theorem. For
O<h<l,letty =kh, k=0,1,...,[1/h]+1, and let [ € {—[1/h]—1,...,—1,0,1,...,[1/A]}.
Given ¢ €[0, 1], let k& be such that £, <¢<#,1, and let [ be such that Ih<E¢'(X1(2)) <

+(I+ 1A sup

(I 4+ 1)h. Then
) t < . &
(ES'(X(1))) /O Xi(s)ds<(I+ 1) ‘ /0 Xi(s)ds ey / Xi(s)ds

/Otk Xi(s)ds / Xi(s)ds

so that we can take the upper and lower bounding functions as defining the brackets.
Thus, we have at most ((2/h)+ 1)? brackets whose L,-size is dominated by the square
root of

2
1 sup E(/ Xl(s)ds> +4maxE sup (/ Xl(s)ds> < Kh
t€[0,1} [{S Ny

by previous computations. This shows that the class F) satisfies the hypotheses of
the bracketing CLT for P and is therefore P-Donsker.

Finally, to prove that the class % is P-Glivenko—Cantelli, we use the Blum-Dehardt
law of large numbers (e.g. Van der Vaart and Wellner, 1996, Theorem 2.4.1, p. 122).
We must show that

and

—(+1Dh sup

tE€[tk, te11)

b

(ES X)) /0 Xi(s)ds > Ih

log Ny1(¢, %, L1 (P)) <oo0 (4.12)

for all £>0. If y=1+ 4, then ¥C Cf(R), and the arguments and estimates necessary
to prove (4.12) are not too different from those in the proof of (4.9) for F©®). Thus
we omit them. O

Remark. It is easy to see, from estimates in the previous proof, that the distance pp
associated to the limiting Gaussian process of Theorem 3 satisfies

Pp(frg fon)<Clt = 5|+ ll¢ = ¥ll3 + 16" = ¥I15}
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and therefore, the process Z(t, ¢) is sample continuous for the distance d((s, ¢), (¢, ¥)) =
Is =] V¢~ ¥l VII¢' — ¥'lloo-
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