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J. H. J. EINMAHL, F. H. RUYMGAART and J. A. WELLNER

1. Introduction

The characterization of weak convergence of the one-dimensional weighted
empirical process indexed by points is obtained by Caisisov [5] and O’REmLLy [11].
Later, SHORACK [16] and SHORACK and WELLNFR [17] wanted to give a new, “ele-
mentary” proof of this so called Chibisov—O’Reilly theorem but their proofs were
. Dot correct wihout additional mon otonicity conditions on the wei ght functions. This
was pointed out in CS6RGS, CSORGGH, HORVATH and MAsoN [6] (pp. 25—27). SHORACK
and WELLNER [17] also gave a characterization of weak convergence of the one-
dimensional weighted empirical process indexed by rectangles. Their proof, however,
is again only correct with an additional mon otonicity condition on the weight func-
tion. Recently a new approximation of the empirical process is established in CSORGS
CsOrGO, HORVATH and MAsoN [7] which among others yields a proof of the Chibj-
sov—O’Reilly theorem,

The aforementioned theorems can be generalized in two directions: (I) the case
of dependent and/or non-identically distributed random variables and (IT) the multi-
variate case. Case I has been studied by ALEXANDER [1], ALy, BEIRLANT and HorvATH
[3] and BEIRLANT and HorVATH [4]. In our paper, which is a revision of the technical
report EINMAHL, RUYMGAART and WELLNER [9], we study case IL, i.e. we derive nec-
essary and sufficient conditions on the weight functions for weak convergence of
weighted multivariate empirical processes; these processes are indexed by quadrants
(points) and rectangles respectively. Our main tools are exponential probability
inequalities for the empirical process. The paper is a continuation of RUYMGAART
and WELLNER [14], [15], where the basic tools are already presented but attention is
focussed on strong convergence properties.
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During the preparation of the earlier version of this work we became aware of
recent developments in this area, especially the work of ALexanper [1], already quoted
before, on weighted empirical processes based on non-i.i.d. random elements and
indexed by Vapnik—Chervonenkis classes of sets. Although his results are of impres-
sive generality, also this author needs a rather unnatural monotonicity condition
which we can avoid everywhere, i.e. though his theorems allow more general indexing
classes, our theorems allow more general weight functions. Very recently, ALEXANDER
[2] also obtained our (stronger) version of the multivariate characterization theorem
for points.

In order to be more explicit we need to present the basic notation. Let
X, .., X® neN, be a triangular array of i.i.d. random vectors that are uniformly
distributed on [0, 1], déN. Adopting the notation in Orey and Pruitt [12] we
shall write x={x;, ..., x,)={x;)={x(j))eR? if it is desirable to display the coordi-
nates of x. If x;=¢ for all j we simply write (£). For x, yeR? we write x=y if
x;=y; foralljand x=y if x=y and x=y. It has some advantage to denote the
half-open rectangles (x;, 11X ... X (xy, y4] by R(x, p) rather than (x, y]. The classes

(L) 2= {R((0),): R(0)3) < [0, 11}, 2 = {R(x,): R(x,») < [0, 114,

of all half-open quadrants respectively rectangles in the unit square will play an im-
portant role. We will write |f|=#X...X1,, |df| for Lebesgue measure on [0, 1]*
and |R| for the Lesbesgue measure of a rectangle R. Using this notation for the uni-
form underlying d.f. F we have

(1.2) F(r) = |1, r€]0, 1%
Given any function A: R*>R and an arbitrary rectangle R=R(x, y) we write
(1.3) AR} = A{R(x, )} = 424,

extending the difference operator 4%, usually applied only to distribution functions.
The weight functions will be always restricted to the class

(1.4 2% = {4:[0, 1] - [0, =) with g continuous and non-decreasing,
q = 0 on (0, 1]}

The subclasses that will appear in our characterization are
1
(1.5) 9 = {qE.‘Z*: f o~ exp (—Ag*(0)fo)do <= for all 1 = 0},
1]

(1.6) 2, = {g€2%: q(0)[Vo(log(1/0))F - as ¢i0}, keN.
Occosionally it will be convenient to use

(1.7) 2 = {qe2*: (-)""*¢(-) non-increasing on (0, 1]}.
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The (reduced multivariate) empirical process (indexed by points) is defined by
(1.8) U, () = n2(F,(n—11)), €10, 1T,

where the empirical d.f. F, is based on X{”, ..., X® and defined by nF,(f)=
_ g (1=i=n: XPER(0), 1)}, 1€[0, 1]%. It is well-known that U,—,U, as n—>ee,
where U denotes the standard tied-down d-parameter Brownian motion. The so
called Skorokhod construction ensures the existence of processes, equal in Jaw to the
U, and U above and all defined on the same probability space, for which this conver-
gence in distribution may be even replaced by almost sure convergence in the supre-
mum norm. Without loss of generality we can and will assume that the present U,
and U are obtained from the Skorokhod construction $o that we have

(1.9) sup |U,(—U(D)] —45.0, a8 B o=

tef0,1]¢

In view of (1.3) it will be clear that we even have

(1.10) sup U, {R} — U{R}
ReR

>, 0, as n oo,

It is the purpose of this paper to give necessary and sufficient conditions on the
weight functions ¢ and § in order that

(1.1 sup (U, (R} — U (R ja(RDZU—IRD =0, 25 n ==

where either @=2, (Section 2) or ¥c# (Section L)

Since for R=R({0), 1)€AR, we have U {R((0), 1)}=U,(t) and [R({0Y, D)=,
the random variable in (1.11) could as well be represented by means of the time
points 1€[0, 1] instead of the quadrants. More generally, a similar remark holds true
for R=R(s, 1)e% provided we allow the time points to be of dimension 2d. Let us
write §=(5;)=(1—s;) and note that

F{R(s, O} = P(X{M€R(s, 1) =
(L12) =PO—XQ =5,..1-X) =5 X7 =t =)
_ lt+5—1| = |t—s], for s=<t, 5, tefo, 114,
=il — { : :
0, if s=1t Iisnot fulfilled ;

of. Kierrr and Worrowrrz [10]. Let U, denote the reduced empirical process based on
the vectors (1—X%%, ..., X x7. .. X in [0, 1P, for i=1, ...,n. Now it
suffices for our purposes to consider
UG, 1) ; U, {R(s, D)}
- instead of — :
g(i—shad—1r—s)) 2R, D)a(1—IRGs D))

This will be called the point representation for rectangles.

(1.13)

13
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To conclude this section we present, in the next paragraph, our basic inequality
which can be found in RUYMGAART and WELLNER [14], [15]. The main results are pre-
sented in Section 2 and 3. They are derived under the assumption that the d.f. of the
X® is uniform. We conjecture, however, that extension to the case that F has a den-
sity w.r.t. to Lebesgue measure that is bounded away from 0 and < is possible. Let
y: [0, ==)—+[0, ==} be the decreasing function defined by

(1.14) Y(3) =222 [ log(1+0)do, 4= 03 Y(0) = 1.

See SHorACK and WELLNER [17] for elementary properties of 1.

Theorem 1.1 (basic inequality). Let Re# with |R|=1/2. Then we have

;.2
- = }) = 28%d+4 A 4 ] =
(1.15) P[;I:Jg]U,,{S}I = ).) =2 exp [32]R| lﬁ[4JR|n1f"‘3 ], A=0,
where S€A.

2. Weight functions for quadrants (points)

We first derive a useful inequality that should be compared with Inequality 1.1
in SHORACK and WELLNER [17]; see also RuyMGAART and WELLNER [14] (Corollary
2.3). For the proof a special countably infinite partition of (0, 1]* will be used that
becomes arbitrarily fine near the lower boundary of this set. This kind of partition is
motivated by O’REILLY [11]; see also SHORACK and WELLNER [17]. This partition is
the collection of rectangles

@.1) 2 = {R{1/2)P), (/2 D=1): Ce(j))eN).
For any R(a, b)e# we have the useful property

Ial (1/2)k(1)+,‘.+k(dj
Bl T (1/2)*ODFF DT

@.2) = (12 = 0(d) = 0<(0, 1);

notice that @ is independent of the particular rectangle in the partition.
For any O=a=p=1 let us introduce the subclass

(2.3) P 5 = {R(a, b)EP: |b| = «, |a| < f},

consisting of all rectangles having a non-empty intersection with the set {#€[0, 1]%:
a=|t|=p}. The inclusions

(249 =i =§ CRJ}J R c {0« = |1] = p/6}

are immediate, e
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Inequality 2.1. Let us choose any O<o=p=0/2=1/2°*'. For any q€2
and A=0 we have

(2.5) P( sup 100N/l = 1) =
Blo d—1 2 2 :
— 93t (log 1/a) —022¢%(0) , [ Aq(a)
= 73d+4 f 6‘7 exp [ g 1/ [400115]] do.

Oz

Proof. It follows from the monotonicity of ¢ and from Theorem 1.1 that

(26) H o |U.()l/g(14) = 2) = P(, max = sup 1U.()l/q(lal) = 2) =

R(@bYEPe, p 1€ Ria, b

A

P( sup U0 = iq(ial)) =

R(a,D)EP,, 5 1ER@D

— 244 —A*¢(lal) ., (_2q(a)
::2d Z CXP[ 32|bl w(4]b|n”2]].

Rla,B)EF, o

In view of (2.2) and because (-)"Y2q(-) is non-increasing we may bound the
first factor in the exponent in (2.6) below by

(2:7) J2g(lal)/321b] = 022¢°(|t])/3214], for t€R(a,b).

Using the monotonicity of g and y and g€Q, the second factor in the exponent in
(2.6) may be bounded below by

(2.8) qlf(lq(1a])/4]b]n”2)E_fq’/(,?.q(a)jf-hm”a), for R{a,b)EZ, ;.

When we use

2.9) 1=2Ypl [ ldl =2 [ 1ldd, for R Db},
Efa,b} ER(a,b)

at the transition from summation to integration we find, by combining (2.4), (2.6)—
(2.8) that

(2.10) e RACTOERE
— H3d+d sl =022 (1) [ Agq(®)
iy {aa:!z’!:-_wm 17 exp[ 21 ¥ [4“””2 ]] 6%

To complete the proof we use the change of variables o=s=|{[, 5=, ...
., §,=1, with Jacobian ( ]] 5;)~" to compute the integral on the right hand side
of (2.10). This yields as an upper bound for the right hand side of (2.10)

Bjo o 1 g2 ‘
.11 f(f f—_—-—dsz dsd]—;-ex;}[ Bgzi(“)‘i‘(iiﬁl] do,

which is easily seen to be equal to the expression on the right in (2.5).

13*
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Theorem 2.1. Let F(t)=|t|, t€[0, 1%, déN, and q€2*. Then we have
(212) qlulp |Un(r) 7 U(I)[/Q(“D p 0: as H - oo,
0=|t| =1

if and only if q€2,-,.

Proof. The theorem is well-known for d=1: see O’RELy [11]. Hence we
assume d=2. The notation
2.13) g(0) = 4(0)[Vo (og o)*~*, ¢ =0,

will be used in both parts of the proof.
(<) Suppose that ¢€2, ;. Following SHOrRACK and WELLNER [17] (p. 649)
we can and will assume without loss of generality that

(2.14) g(-)=V{ogl/(-)Y* and g} on (0,1] (hence g€2).
For any 0=4:=(1/2)""' we have
(2.15) sup [Up()=U@Vg() = 2 Yoo

0=[t] =1

where, with «,=¢¥1/n), B,=(d—1)!-(nogn)*~1) and p€(0, =), the r.v.’s
Y. are given by

(2.16) Yy = ug..;ifl-fg“;yEU”(WQ(“D’
(2.17) Yio = W \U,@l/g (1)),
(2.18) Y3 = augﬁzﬁﬂlUn(r)i/g(lr[),
(2.19) Y= Oiglzf_:alU(t)lfq(lti),
(2.20) Y = s |T.()) = U@)]/(3).

It will be shown that for any ¢=0 and each k=1, ..., 5 there exist y=7(¢), 6=05(g)
and n(g)éN such that

(2.21) P¥,=c=¢ for n=nle)

To show (2.21) for k=1. let |X|;.,,=min {{X®}, ..., |X®¥}. Note that
P(1X|y.n=Bafr)>1—exp (—1/y), as n-—oo, so that P(|X|;.,=B./y)=¢ for 7 suf-

ficiently large. Under the condition sup  F,(1)=0, which is fulfilled with
0=t =8,7
probability =1—¢ according to the remark j“JllSt made, it is easy to see that

(2.22) Yo =n? sup |tl/g(12]) = 02 (Bu/v)"* {g(Bufy) log m)U == < ¢,

o=t =g,0y
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for n sufficiently large. Hence it follows that

(2.23) PF,=¢ =P sup F,®=0)+
0=[t| =807
+P( sup |UMlg() =l suwp F@=0)=e
o=l =p,.07 0=t =p,07

for n sufficiently large.
Eor k=2 the left hand side of (2.21) is for any 7,€(0, =) bounded above by

P sup U@ = sl (og o)) =
Buly=lti=a,

(2.24) d_? 1/2 (d—1)/2

=P( sup |GV = 91 (log )27,

Bulv=ltl =2,
for n=n,=mn,(y,). Hence, applying Inequality 2.1 with g(-)=(-)"%, we scc that
there exist ¢y, ..., 26(0, ==) such that the last expression in (2.24) is in turn bounded
above by
¢, (log n)* exp (—ca33 (log n Y=Y (cypy 7™/ (log m)' 1)) =

(2.25) b, . 1 =
= ¢, (logn)’ exp (—cays7 loglogn) = &,

provided y; and n are chosen sufficiently large.
Inequality 2.1 may be directly applied to ¥, with a=¢, and f=34. Theintegral
in the resulting upper bound decreases to 0 as 040, since g€ 9,_, implies that

1
(2.26) [ (/e exp (—2¢%(0)/o)do <oo, forall 1= 0;
0

see SHORACK and WELLNER [17], ((1.9), (1.15) and (1.26)).
According to OrRey and Prurrt [12] (Theorem 2.2) the function g is point
upper class for U, for all 2=0. This yields

(2.27) sup [U®/g(lf]) =250, as 040,

0=t|=é

which entails (2.21) for k=4. The validity of(2.21) for k=5 isimmediate from (1.9).
(=) Let B, be as before. We obviously have

(2.28) sup |U,()—U@lg(lh) = sup |U()—U@l/a(f)) = T-
0=(t|=1 0=(t| =8,
Using the remark below (2.21) we see that with probability larger than 1/2 we have

(2.29) Y = Pt =B - s [U@I}/a(Bn) =

= (22¢(B) " = (B((d— DY2g(B)™"

for all large n, where for the second ineguality again Theorem 2.2 in Orey and
Prurtt [12] is applied.
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The assumption that sup |U,(1)—U@)l/q(lt])~,0, as n—co, jointly with
(2.28), (2.29) and the fact tll;zll:”; 1is nondecreasing, implies that g2, ;.

Theorem 2.2. Ler F(t)=|t|, 1€[0,1]%, deN and Gc2*. Then we have
(2.30) oﬁsll»}gllUn(f)—U(f)l/éf(l—lfl) -p0, as n—eo,

if and only if G€2,.
Proof. Suppose §c2,. Starting with the equalities

(2.31) U,(1) = —U{R(0), 1)} and U(1) = —U{R(0), )}
we obtain using the union-intersection principle
(2.32) U, (0 =U@)| = Zf U {R:(0} = U{R:(2}},

where the R;(7)’s are rectangles and .# a finite index set. This yields
(2.33) o U =UW)|/g(1 1) = ‘Zf’m e U {R:(0} — U {Ri(0)} /G (1~ |1]).
=|t| =1 i = =1

It turns out to be convenient to split this sum into two parts. Define .#, as the
set of all i€.# such that R(¢) is (0, 1P~-1X(¢;, 1] (0, 1¥~7 for some 1=j=d.
Write f=5\%,. For ic.#, we have

(2.34)
sup |U,{R:(®)} — U{R:D}|/g(1— 1) = [.ésﬁ]pgl \Ua{R: ()} — U{R(D}|/G(IR:(D)).

0=|tj=1

Application of Theorem 2.1 with d=1 (the case d=1 is symmetrical) completes
the proof for this part of the sum.

Now let i€.#,. Define dimension (R,(z))= % {j: R;(t) dependson ¢;}. Suppose
dimension (R;(t))=1I, 2=I[=d. By symmetry considerations, studying '

52 [Un{Ri(D) = U{R(0} /1~ 1)
is equivalent with studying

s U, ()= U@)|fg(1—K1y— 1)),

where ¢’ is ¢ restricted to [0, 1}’ in the way suggested above.
Define q“:lma.xﬂ_ ;. We have
=j=

(2.35) g1 =[(1)~1) = 4(9),

and for small values of &

(2.36) q& =ve,
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because G€2,, using an argument similar to SHORACK and WELLNER [17] ((2) en
p. 648). Define g€2,_, in the following way:

g(o) = sup Yz (ogl/ry.
O=t=0

Using &'=1t’], it is easy to sec that

e

(2.37) VE = VIl (og i)' = q(7])
for small values of |t’|. The assertions (2.35)—(2.37) entail that

sup |U,(#)—U)/q(£]) -0, as n—eo,

refo,1]t

sup 11Un(?')—U(f')l/§(1 —[(1)—1) =0, as n-ece.

0=jti=

implies

Combining this with Theorem 2.1 completes the “if”” part of the proof.
The “only if”” part is clear from the “only if”” part in the one-dimensional case by
restricting the supremum e.g. to points of the formy o=, Lo 1)

Combining Theorems 2.1 and 2.2 yields

Corollary 2.1. Let F(t)=|t|, €[0, 1}, deEN and g, Gc2*. Then we have
(2.38) 0_§11-:|111IUR(I)—UU)U‘I(VDQ"(E“VD 0 A nee,

if and only if both q€241 and §ed,.

3. Weight functions for rectangles

Extending an example in SHORACK and WELLNER [17] to the multivariate case we
have

(3.1) sup |U, {R}|/g(IR]) ===, a.s.
ReZR

for any g€2* with ¢(0)=0. For this reason |R| should be bounded away from 0
when the growth of the empirical process for small rectangles | R} is studied.

Our first goal is to obtain a suitable modification of Inequality 2.1. The special
countably infinite partition of (0, IP*\{F=0} that will be used now becomes arbi-
trarily fine near the lower boundary of this set; for d=1 this boundary is the line
segment joining (0, 1) and (1, 0). This partition cannot be written as a product of a
partition of (0, 1} like (2. 1), but it can be written as a product of a partition of a subset
of (0, 1]2, namely the set A= {(x, »)€(0, 1]2: x+y=1}). So we know the partition
completely if we define it on A.
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Let us first introduce a sequence 51” ;) g-;’ﬂ”, ... of partitions of (0, 1] consisting of
a finite number of half-open squares. More specifically, let
(2 27 = {R{(/2"(k(j)— Y, {12k (), (GIELL, ..., 2712
Let us next define recursively

P = {ReP!: R {(x, €O, 1P: (1/2) = x+y— 1= 1}},
(3.3)

Py =A{ReZ]: R [{, WEO, 1P: (12" = x+y—1=3-(U2')\ U R]}
ReFPnai
for n= 2,

and finally the desired partition of 4 by

(3.4) 7 = ()7

n=1

We now obtain the partition of (0, 1P\ {F=0} by taking the product of %’ taking
the co-ordinates s; and #; together to form (0, 1]3, 1=j=d. Denote this partition

as 2.
For any R(a, b)E§ we have the property
(3.5) F(a)[F(b) = (1/2)* = 8(d) = 6¢(0, 1).
Again for 0=a=f=1 we introduce
(3.6) P, = {R(@, b)e?: F(b) = «, F(a) < B}
and remark
(3.7 fo=FG,0)=8) c U Rc {00 = F(5, 1) = B/06}.
REP, 4

Inequality 3.1. Let us choose any O—=oa=p=0/2=(1/2)?*1. For any q€2
and A=0 we have
(€2 B wo B Olales )t e

g L 2
= guara, 3 f (log ‘ljig)d 1 exp[_)v 8 ¢*(0) ‘L[}Lq(cx) ]} T

| i 2 o " dar
y 4

Proof. The same reasoning as in the proof of Inequality 2.1. yields

(3.9 P( 5}}1::)5‘8 UG, olfq(t—s]) = 2) =

a=F(3,

= 2d 44 '_‘q'zgz(F(a)) AQ(F(‘I))
= ""p[ 2FG) " [4F(b)n”" ]]

R(a,DEP,, 5
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In this case we have, moreover, that

(3.10) 12q*(F(a))[32F (b) = 022 q*(F())/32F (1), for t€R(a,b);

(3.11) W (Aq(F(a))/4F(b)n*?) = W (Ag(0)/4n**w), for R(a, B, 5.
The way of construction of 2 entails

(3.12) 1= 2%.3% [(/F()Pldl| for REP.

R
Combination of (3.7) and (3.9)—(3.12) yields

(3.13) P( sup 3|U,,’(§, Dglt—s) = A) =

a=F(§, )=

= Qid+d, 3 f (I/F(g, t))z exp [—0 q (F(E, I)) !ff[ Agq(=) ]] 1d(5, )]

{Fa=[t—s| =518} 32FG, D A7y

To complete the proof let us recall formula (1.12) for F (5,t). The change of
variables u;=1;+5—1 and v;=1;—5; for 1=j=d, with Jacobian (1/2), yields
as upper bound for the integral in (3.13)

(3.14) [ 1 _exp[—éipqz(!u[) 1;,(*‘1(“) ]] .

(el =510} ul? 32 |u| 4nt2o

Another change of variables, similar to the one above (2.11), completes the proof.

Theorem 3.1. Let F(t)=|t|, t€[0, 1%, deN, and q€2*. For any fixed
7€(0, =) we have 3 .

(3.15) sup  |U{R}—U{R}/4(IR)) =,0, as n—e,

ylognin=|R|=1
if and only if q€2,.

Proof. («) Suppose that g€2,. Like in the proof of Theorem 2.1 the notation

(3.16) 2(0) = g(o)[Valoglfo, o =0,

will be used. We can and will assume without loss of generality that (2.14) holds true
(for ¢ as in (3.16)) with /(log I/(-))*~* replaced by Vlog1/(-). We have for any
0=<06=(1/2)*** that

4
(3.17) sup U {R}—U{R}|/a(IR]) = 2 Zoi:

vlog n/n=|Rl=1
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where with «,=¢%(n~) and B,=ylogn/n the r.v.’s Z, are given by

(3.18) - [T {R}|/q(RD),
(3.19) Za= s |, {R}|/a(R)),
(3.20) Zn= sup |[U{R}|/a(IR)),

(3.21) Zu= D |U.{R} — U{R}|/4(5).

Again it will be shown that for any &=0 and each k=1,2,3,4 there exist
d=056(e) and n(e)éN such that

(3.22) PZr=¢e)=¢ for n=n(s).
For k=1 the left-hand side of (3.22) is bounded above by
P( sup |U{R}/IRI* = eg(w,) (log 1/0,))'/%) =
fif ;RI-;.zrl

3.23 =
s = P( sup  [Up{RY|/IRP" = 3. (log m)'")

=|R|=4,

for 7,6(0, =) arbitrary and n=mn,=n;(y;). Using the point representation for
rectangles we can apply Inequality 3.1. This yields the existence of ¢;, ..., ¢,€(0, =)
such that the last expression of (3.23) is bounded above by

(3.24)
¢, -n(logn)?~2exp (— ¢y 73 log mfr (c57,)) = cyn(logn)* > exp (—c¢y7; logy, logn) = &,

provided y, and n are chosen sufficiently large.
To handle Z,, we can again use Inequality 3.1. The integral in the resulting upper
bound decreases to 0 as §}0 since g€2, implies

1 v d—1 — g
325 [ (log i/f) exp[ / qa_(a)]do' <o, forall =0, deN,
0

by a slight modification of the proof of Proposition 3.1 in SHORACK and WELLNER
[17].

Using Theorem 2.1 in OrEY and PruITT [12] we can treat Z,, in the same way as
Y,, in the preceding section. We also have similarity between Z,, and Y,,; using (1.10)
instead of (1.9).

(=) For this half of the proof we refer to CsorG6, CsORGG, HorvATH and
MasoN [7] (pp. 87—89) where the proof'is given for the quantile process and the one-
dimensional empirical process. Their proof immediately carries over to the multi-
variate empirical process; the generalizations of the results required in that paper can
be found in EINMAHL [8] (p. 2) and PykE [13] (p. 340) respectively.
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We note in passing that the analogue for rectangles of Proposition 2.1 in
O’REILLY [11] can be obtained using some of the ideas in the proof of Theorem 3.1:
Let déN and q€2*. Then we have

(3.26) 1}551 |itil--_1=)5 [U{R}|/g(R]) = 0 a.s.

if and only if q€2;.

For any 7€(0, =), define U, ,, a process indexed by rectangles, by
(32?) Un,v{R} o UR{R} 1{ylogu;n,11([RD= REZ.
Combining Theorem 3.1 and (3.26) yields

Corollary 3.1. Let F(t)=ltl, t€[0, 1}, deN and ge2*. For any fixed
y€(0, =) we have

(3.28) sup |U,, {R}y— U{R}|/g(IR) =, 0, as n—
Red®

if and only if q€2,.
Theorem 3.2. Let F(1)=ltl, te[0, 11, deN and §c2*. Then we have
(3.29) sup |U{R}— U{R}|/G(1—|R)~,0, as n—ce
0=|R|=1

if and only if d€2,.

Proof. (<) To avoid difficulties with notations and technicalities we restrict
ourselves to the case d=2. Without any mathematical problems the proof can be
extended to arbitrary d. (See also the proof of Theorem 2.

Let us first remark that for 0<d=<1

(3.30) e U, {R}— U{R}|/g(1—|R]) =
= sup U {R} - U{R)|[g@®)+ sup U {R}— U{R}|/g(1~R]).

The first term of the last expression causes no problems, so we focus on the second
term. Let us choose R with [R]=1—§ and angular points a;, d», s, 4, starting at the
upper vertex and moving clockwise. Remark that |a|=1—68 and @), |as], la,=0.
Using the inequality

(33D U,{R}— U{R}|/q(1~R)) = é U, (@)~ U(al/g(1—|R])

we see that we only have to handle sup |U,(a)— U(a)l/g(1—IR]) for

1-d=[R|=1

i=1,2,3,4. Using §(1—|R)=q(1—]ail) we can apply Theorem 2.2 to handle the
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case 7=1. With the same technique as used in the proof of this theorem we can also
treat the cases i=2, 3,4. -

(=) Theorem 2.2 together with the remark that (3.29) implies (2.30) yields this
part of the proof.

Combining Theorem 3.1, Theorem 3.2 and Corollary 3.1 yields

Corollary 3.2. Let F(t)=|t|, t€[0, 11, déN and q,dc2* For any fixed
y€(0, ==) the following three statements are equivalent:

(32 sup _ |U{R)-U(BY/g(RDI(1~|R) =0, as n e,
(333)  sup|U,,{R}— U{R}|/a(RDG(1~IR) =0, as n-—e,
(3.34) . g2, and Geg,.
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marks concerning the tied-down Brownian sheet.
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