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1. Properties of the increasing transformation.

LEMMA 1.1. Let h be a increasing transformation and g be a closed
proper convex function with dom g = @i such that

/@dhogda::C<oo.

+
Then the following are true:

1. For a sublevel set levyg with y > yo we have:

p[(lev, 9)] < C/h(y).

2. For any point xg € Ri and any subgradient a € dg(xg) all coordinates
of a are nonpositive. If in addition g(xg) > yo then all coordinates of
a are negative.

3. For any point xq € R‘i such that g(xo) > yo we have:

Cd!

<
ho g(x0) < grres

where V(z) = [13_; zx for z € RL.

4. The function h reverses partial order on Ri: if 11 < xo then g(x1) >
g(z2) and the last inequality is strict if g(z1) > yo.

5. The supremum of g on @i 1s attained at 0.
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PRrROOF. 1. Since h is nondecreasing we have h(y) > 0 and:
C= /7d hogdx > / ho gdz > h(y)p[(lev, g)°].
R, (lev, g)°

2. Consider the linear function I(x) = a” (x—2¢)+g(xg). We have g > . If
the vector a has a nonnegative coordinate a; then consider a closed ball
B = B(x) C RL. If m is a minimum of the function [ on B then the
minimum of the function hol on B+ Ae; is equal to h(m + Aa;), where
e; is the element of the basis which corresponds to the ith coordinate.
For A > 0 we have B + Ae; C ]Ri.
If a; > 0 then:

/ﬂ)hogde/ﬂholdmZ/ holdx > u[B]h(m + Aa;) — 400
R, R, B

as A — 00, which contradicts the assumption.
If a; = 0 and g(xg) = (o) > yo, then we can choose the radius of the
ball small enough so that m > yg. Then:

/7 hogde/ﬁ holdazz/holdeu[K]h(m)z—f—oo
RY RY K

where K = Uy~o(B + Ae;), and this again contradicts the assumption.
3. Consider the subgradient a € dg(x(). For the linear function I(z) =
a’ (x—x0)+g(xo) we have g > I and I(zq) = g(xg) therefore (levy () D €
(Iev,(,y) 9)°- From the previous statement we have that (lev . 1) is
a simplex and using inequality of arithmetic and geometric means we

have: (T )d ; (o)
P (i d*V (zo
Hl(evy(rg) 1) = aVie) = d

which together with 1. proves the statement.
4. Since z1 € @i and 1 < z9 we have xo € Ri = ri(dom g). For any
subgradient a € dg(z2) we have

g(x1) — g(a2) = a’ (21— 22) >0

from the previous statement. Now, if g(z1) > yo then we can assume
that g(z2) > yo since otherwise the statement is trivial. In this case
all coordinates of a are negative and:

g(x1) — g(a2) > a’ (21 — 22) > 0.
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CONVEX TRANSFORMED DENSITIES 3
5. From the previous statement we have that hog < hog(0) on R which
together with continuity of h o g implies the statement.

O

LEMMA 1.2.  Let h be an increasing transformation, g be a closed proper
convex function on @i and Q) be a o-finite Borel measure on @_F Then:

/ hogdQ = /a h'(y)Q[(leVy 9)“Nlev, gldy.
lev, g —00

ProoOF. Using the Fubini-Tonelli theorem we have:
h(a)
/1evagh °9dQ = /19/0 {z < hog(z)}dzdQ(z)
= / /h(a) 1{h_1(2) < g()}d=dQ(x)
lev, g /0O
/ W (y) Ky < g(x)}dydQ(x)
Vo, g J—00
= / h’(y)/ Hy < g(z)}dQ(x)dy
lev, g
/ W (y)Q[(lev, g)° Nlev, gldy.
O

LEMMA 1.3. Let h be an increasing transformation and let g be a poly-
hedral convex function with dom g = Ri such that:

/ﬂi h o gdx < co.
Ry
Then ¢(0) < Yoo-

PROOF. For yo = +00 the statement is trivial so we assume that y is

finite. If g(0) > Yo then since g is continuous there exists a ball B C Ri
small enough such that g > yo, on B and therefore

/ﬂihogdx:oo.
Ry

Let us assume that g(0) = yoo. By Lemma A.13 there exists a € dg(0) and
therefore g(z) > I(z) = a’z + yoo. Let a,, be the minimum among the
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4 ARSENI SEREGIN AND JON A. WELLNER

coordinates of the vector @ and —1. Then on Rj_ we have [(xz) > l1(x) =
am1T2 4+ yoo where a,, < 0 and thus /;(2) < yoo. By Lemma 1.2 we have:

Yoo —
/ﬂl hogdx > /ﬂl holidx = / W (y)ul(lev, 1) N Ri]dy.
R, R, —00
The set Ay = (lev, g)°N Ei is a simplex and:

Y
play) = e

for ¢ < Yso. By assumption M.I.2 we have 2'(y) < (Yoo — %) P as ¥ T Yoo
where 8 > d and therefore:

/fdhogldx:/idhogdx:—i—oo.
RS RY

This contradiction proves that ¢(0) < Yeo. O

LEMMA 1.4. Let h be an increasing transformation and let I(x) = aTx+b

be a linear function such that all coordinates of a are negative and b < Yoo
Then:

ﬁdhOde<m.
R+

Proor. We have [ < b on Ri and by Lemma 1.2:

b
/@d holde :/ B (y)ul(ev, 1)° 1R dy.
+

—0o0
The set A, = (lev, 1)°N Ri is a simplex and:

b— d
plA) = é!V(E)a)

for y < b. By assumption M.I.1 we have h'(y) = o(y ') as y — —oc for
a > d and therefore the integral is finite. O

LEMMA 1.5. Let h be an increasing transformation and suppose that

K C ﬁj_ is a compact set. Then there exists a closed proper convexr function
g € G(h) such that g > yo on K.
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CONVEX TRANSFORMED DENSITIES )
PROOF. If yg = —oo then consider the function T'(c) defined as:

T(c)= |, ho (—1Tz + ¢)dx.
R+

By Lemma 1.4, T'(¢) is finite for ¢ < Yoo, and by Lemma 1.3, we con-
clude that T(yo) = +00. By monotone convergence T is left-continuous
for ¢ € (—00,Yoo] and by dominated convergence is right-continuous for
¢ € (—00,Yoo). Since T(—00) = 0 there exists ¢; < Yoo such that T'(¢;) =1
and thus the linear function /(z) = —17x + ¢; belongs to G(h).

If 4o < —oo then choose M such that 172 < M on K. Consider the
function T'(c) defined as:

T(c)= » ho (c(—1Tx + M) + yo)dz.
+

By Lemma 1.4, T'(c) is finite for ¢ < (Yoo —y0)/M and by Lemma 1.3, T'((yoo—
Yo)/M) = +oo. By monotone and dominated convergence 1" is continuous
for ¢ € [0, (Yoo — y0)/M]. Since T'(0) = 0 there exists ¢; € (0, (Yoo — yo)/M)
such that linear function I(x) = ¢;(—172 + M) + yo belongs to G(h). By
construction [ > yg on K. O

LEMMA 1.6. If Xi,...,X,, are i.i.d. po = ho gy € P(h) for a mono-
tone transformation h, then the observations X are in general position with
probability 1.

PROOF. Points are not in general position if at least one subset Y of X
of size d 4+ 1 belongs to a proper linear subspace of R?. This is true if and
only if X as a vector in R™ belongs to a certain non-degenerate algebraic
variety. Since with probability 1 we have X C domgg and by definition
dim(dom gp) = d, the statement follows from Okamoto [1973]. O

Below we assume that our observations are in general position for any
n. For an increasing model we also assume that all X; belong to Ri. This

assumption holds with probability 1 since p [@i \]R{‘H =0.

LEMMA 1.7 (M.3.6). Consider an increasing transformation h. For any
convex function g with dom g = @i such that:

/ﬂihogdxgl
Ry

and L,g > —oo, there exists g € G(h) such that g > g and L,g > L,g. The
function g can be chosen as a minimal element in ev}lﬁ where p = evy g.
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6 ARSENI SEREGIN AND JON A. WELLNER

PROOF. Let p = evy g. Since L,g > —oo we have g(X;) > yo for all
1 <4 < n and therefore g(x) > yo for z € conv(X). Consider any minimal
element g; among convex functions in ev;(1 p (which exists by Lemma A.15).

Then:
/*d hogidr < /ﬁ hogdr < 1.
RY R}

Since g¢; is polyhedral we have g = max/; for some linear functions [;(z) =
alT:U + b; and for each function I; there exists some facet of g1 such that
g1 = lz on it.

By Lemma A.15 the interior of the facet of g; which corresponds to [;
contains some X;, € X. We have 0¢1(X},) = {a;} and ¢1(X};,) = g9(Xj,) >
yo. Thus by Lemma 1.1, all coordinates of a; are negative and the supremum
M of gy is attained at 0. Therefore b; = [;(0) < M. By Lemma 1.3 we have
M < yYoo. Thus by Lemma 1.4 the functions h o (I; + ¢) are integrable for
all ¢ < Yoo — M. Since g1 has only a finite number of facets we have that
h o (g1 + ¢) is also integrable for all ¢ < yoo — M. Finally, for ¢ = yoo — M
the function h o (g1 + ¢) is not integrable by Lemma 1.3.

The function T'(c) defined as:

T(C)E/ﬁd ho (g1 +c)dx

is increasing, finite for ¢ € [0, yoo — M) and continuous for ¢ € [0, yoo — M] by
monotone and dominated convergence. Since T(0) < 1 and T'(yoo — M) =
+o00, there exists ¢; € (0,y0o — M) such that T'(¢c;) = 1. Since gy is the
minimal element in ev)_(1 (p), the function § = g; + ¢; is minimal in ev)_(l (p+
¢1). Then g satisfies the conditions of our lemma. O

THEOREM 1.8 (M.3.7). If an MLE gy exists for the increasing model
P(h), then there exists an MLE g which is a minimal element in ev)}1 q
where ¢ = evy go. In other words gy is a polyhedral convex function such that

dom gy =R, and the interior of each facet contains at least one element of
X. If h is strictly increasing on [yo, Yoo|, then go(z) = g1(x) for all x such
that go(x) > yo and thus defines the same density from P(h).

PROOF. Let gy be any MLE. Then by Lemma 1.5 applied to K = conv(X)
it follows that LL,,gop > —o0. By Lemma 1.7 there exists a function g; € P(h)
such that g; is a minimal element in ev)_(1 q1 where ¢1 = evy g1 and g1 > go.
Since go is a MLE we have ev y go = evy g1 which together with Lemma A.15
proves the first part of the statement.
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CONVEX TRANSFORMED DENSITIES 7

By Lemma 1.3 we have gy < Yoo and g1 < yoo. Since h o gg and h o g; are
continuous functions, for the strictly increasing h the equality:

/7 (hogi —hogy)dx =0

Ry

implies that gi(x) = go(z) for x such that go(x) > yo. O

LEMMA 1.9 (M.3.8). Consider a decreasing transformation h. For any
conver function g such that:

/ hogdr <1
R4

and L,g > —oo there exists g € G(h) such that § < g and L,g > L,g. The
function g can be chosen as the mazimal element in ev)_(1 q where ¢ = evy g.

PROOF. Let p = evy g. Since L,g > —oo we have g(X;) < yo for all
1 < i < n and therefore g(x) < yo for = € conv(X). Consider the maximal
element g; among convex functions in ev)_(1 p (which exists and is unique by
Lemma A.14). Then:

/hogldxg/ hogdr =1.
Rd Rd

By Lemma M.3.1 there exists xp and m > —oo such that g1 > g1(xg) = m.
By Lemma M.3.3 we have m > yo. By Lemma A.14 we have domg; =
conv(X) and therefore:

/ ho (g1 + ¢)dx < h(m + ¢)p[conv(X)] < oo,
R4
for ¢ € (Yoo —m,0]. By Lemma M.3.3 we have:

/ ho (g1 + Yoo — m)dzr = 0.

R4
Thus the function T'(c) defined as:

T(c) = / ho (g1 + c)dx
Rd

is decreasing, finite for ¢ € (Yoo —m,0] and continuous for ¢ € [yoo — m, 0]
by monotone and dominated convergence. Since T(0) < 1 and T (yoo —m) =
+o00, there exists ¢1 € (Yoo — m,0) such that T'(c;) = 1. Since g; is the
maximal element in ev)_(1 (p), the function g = g1 +¢; is maximal in ev)_(1 (p+

c1). Then g satisfies the conditions of our lemma. O]
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8 ARSENI SEREGIN AND JON A. WELLNER

THEOREM 1.10 (M.3.9). If the MLE gy exists for the decreasing model
P(h), then there exists another MLE gy which is the mazimal element in
(—:-V;(1 q where ¢ = evy go. In other words g is a polyhedral convex function
with the set of knots K, C X and domain dom g1 = conv(X). If h is strictly
decreasing on [Yoo, Yo, then go(z) = g1(x).

PROOF. Let gp be any MLE. Then by Lemma M.3.5 applied to K =
conv(X) we have that L, go > —oo. By Lemma 1.9 there exists a function
g1 € G;, such that g; is the maximal element in ev)_(1 g1 where g1 = evy g1
and g1 < go. Since gy is a MLE we have evy go = evy g1, which together
with Lemma A.14 proves the first part of the statement.

By Lemma M.3.3 we have gy > §1 > Yoo. Since h o gy and h o g; are
continuous functions, for the strictly decreasing h, the equality:

/]Rd(hofq\l—hofq\o)d$20

implies that g1(z) = go(z) for z € conv(X). Therefore go(zr) > ys for
x ¢ conv(X). Since go is convex we have gp = gi. O

LeEmMMA 1.11 (M.3.11). Consider a decreasing model P(h). Let {gi} be
a sequence of convex functions from G(h), and let {ny} be a nondecreasing
sequence of positive integers ng > ng such that for some e > —oo and p > 0
the following is true:

1. ]Lnkgk > E;
2. if pllev,, gr] = p for some ay, then Py, [lev, gx] < d/ng.

Then there exists m > Yoo Such that g, > m for all k.

PROOF. Suppose, on the contrary, that my — ys where my = min gg.
The first condition implies that Xg = {X;,..., X, } € dom hy, and therefore
by Corollary A.4 the function u[levy gr] as a function of y admits all values
in the interval [ullev,, gk], plconv(Xy)]]. If the second condition is true for
some p then it is also true for all p’ € (0, p), and therefore we can assume
that p < pf[conv(Xy)].

By Lemma M.3.1 we have ullev,, gi] — 0, and thus there exists such
ar, that pllev, gg] = p for all k large enough. We define Ay = lev, g.
By Lemma M.3.1 we have: h(ax) < 1/p and therefore the sequence {ay} is
bounded below by some a > yoo-

Consider t > my such that ¢t — yo. We will specify the exact form of
ti later in the proof. Since a; are bounded away from ¥, it follows that for
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CONVEX TRANSFORMED DENSITIES 9

k large enough we will have t; < ai. Using Lemma A.3 we obtain:

p = ulAx] < pllev, gi] [j::::]d = h(ik) {(Z: :Zﬂd
which implies:

ag = my, + (t, — my) [ph(ty)] .
We have:

gr = mpl{Ar} + ap(1 — 1{Ax}),

and hence:

Lnkgk < ]P)nk (Ak) IOg h(mk)
< ]P)nk (Ak) log h(mk)

P (

Ay))log h(ay)
Py, (Ax)) log h(my + (tx — mi) [ph(te)]/?).
Case Yoo = —00. Choose ty, = (1—05)my, where 6 € (0,1). Then starting from

some k we have my, < tg, h(mg) > 1, h(=Cmy) < 1 and (5[ph(tk)]1/d > C+1.
This implies:

+(1-
+(1-

my, + (b — m) [ph(t1)] /" = my(1 = S[ph(ty)]"?) > —Cmy,
and hence:

L9k < Pp, (Ag) log h(my) + (1 — Py, (Ax)) log h(—Cmy,)

d —d d
< —log h(mg) + fd log h(—=Cmy) = — log [h(my)h(—Cmy)7] — —o0.
nq Nq nq

Case Yoo > —o0. Without loss of generality we can assume that yo, = 0.
Choose t, = (1 + 0)my, where 6 > 0. Then:

B—d

me 4 (te — mp) [ph(te)]Y4 > mpd[ph((1 + &)mp)] Ve = m, T — 400
which implies
1/d a(Bd—d)
Bl + (6 = mlph(t] ) = o (my T ).

This in turn yields

B, a(B—d)(ng—d)
n dn
exp(Ly,gx) =0 (mk d d ) =o(1).

Therefore in both cases we obtained L, gr — —oo. This contradiction
concludes the proof. O
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10 ARSENI SEREGIN AND JON A. WELLNER

LEMMA 1.12 (M.3.13). Consider a monotone model P(h). Suppose the
true density h o go and the sequence of MLEs {g,} have the following prop-
erties:

/(h| log h) o go(z)dz < oo,

and
/ log[e + 0 g (2)]d(Pa(x) — Po(x)) —as. 0,

for e > 0 small enough. Then the sequence of the MLFEs is Hellinger consis-
tent:
H(h O gn,ho gO) —a.s. 0.

PROOF. For ¢ € (0,1) we have:
0> / log(e + h o go)dPy > log(e)Po{h o go(x) <1 —¢} > —o0
{hogo(z)<1-c}
0< / log(e + h o gg)dPy < / log(2h o gg)d Py
{hogo(z)>1} {hogo(z)=>1}
< /(hlog h) o go(x)dx + log2 < co.
Thus the function log(e 4+ h o gg) is integrable with respect to probability

measure Fp.
We can rearrange:

0 < Lingn — Lngo = /log[h o GndP, — /log[h o go]dP,,

< / logle + h o gu]dP, — / log[h © go]dP,,

(1.1) < /10g[5+hogn}d(IPn—Pg)
e+ho gn}
1.2 lo dP,
( ) + / |:€ + ho go 0
(1.3) + /log e+ hogyldPy— /log[h o go)dPy,.

The term (1.1) converges almost surely to zero by assumption.
For the term (1.2) we can apply the analogue of Lemma 1 from Pal et al.
[2007]:

e+ hogy
II= |1 dPy <2 dPy —2H? h 0n, h
/0 {b+h } /\/6+h > % © gns 10 go)-
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CONVEX TRANSFORMED DENSITIES 11

For the term (1.3), the SLLN implies that:

11T = / log[e + h o go]dPy — / log[h © go]dP,,

h
/logs—l—hoggdPo—/loghogodPo—/lo {”090} dP.
Thus we have:
0 <liminf(f + 11+ III)
<as. —hmsup2H (h o gn,hogp)
5+hogo}
2| ——dPR, 1 dPy.
+ / €+hogg 0+/O { ho g 0
This yields
hmsupH hogn,hogo
E—l—hogo]
T 1 dP, 0
/ 1+h0g0/€ Fot 5 /O [ 0
as € | 0 by monotone convergence. O

LeEMMA 1.13 (M.3.15). Let A be a class of sets in R? such that class
AN [—a,a]® has finite bracketing entropy with respect to Lebesque measure
w for any a large enough:

log N[] (€,Aﬂ [*a’a]dw[/l(/‘)) < +0o0

for every € > 0. Then for any Lebesgue absolutely continuous probability
measure P with bounded density we have that A is a Glivenko-Cantelli class:

”]P)n - PHA —a.s. 0.

PROOF. Let C be an upper bound for the density of P and a be large so
that for the set D = [—a, a]? we have P([—a,a]?) > 1—¢/2C. By assumption
the class AN D has a finite set of e/2-brackets {[L;, U;]}. Then for any set
A € A there exists index 4 such that:

L, CANDCU;
Therefore:

L CACU;UD"
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12 ARSENI SEREGIN AND JON A. WELLNER

and:

1{U: U D%} = 1{Li} |z, py < H{Ui} = HLi L, (p) + LD, (py
< CUMULY — ULl + IUD ) < &
Thus the set {[L;, U; U D]} is the set of e-brackets for our class A in L (P).

This implies that A is a Glivenko-Cantelli class and the statement follows
from Theorem 2.4.1 van der Vaart and Wellner [1996]. O

2. Consistency of the MLE for an increasing model. To prove
consistency for increasing models we begin with a general property of lower
layer sets (see Dudley [1999], Chapter 8.3). Recall that a lower lay set B C RY
is a set satisfying y < x coordinate-wise with = € B implies y € B.

LEMMA 2.1.  Let LL be the class of closed lower layer sets in ]R‘i and P be

a Lebesgue absolutely continuous probability measure with bounded density.
Then:
H]P)n - PHEL —a.s. 0.

PRrROOF. By Theorem 8.3.2 Dudley [1999] we have
log Njj(e, LL N[0, 1% Ly () < +oo.

Since the class £L£ is invariant under rescaling, the result follows from
Lemma 1.13 O

Note that Lemma 1.1 implies that if h o g belongs to an increasing model
P(h) then (lev, g)° is a lower layer set and has Lebesgue measure less or

equal than 1/h(y). Let us denote by As the set {V(z) <,z € R4 }. Then
by Lemma 1.1 part 3 we have:

(24) (levy g)c C Ac/h(y)v
for ¢ = d!/d".

THEOREM 2.2 (M.2.15).  For an increasing model P(h) where h satisfies
assumptions M.I1.1 - M.1.3 and for the true density h o go which satisfies
assumptions M.1.4 - M.1.6, the sequence of MLEs {p, = ho gy} is Hellinger
consistent: H(pn,po) = H(h o gn,ho gg) —a.s. 0.

PRrROOF. By Assumption M.I.6 and Lemma 1.12 it is enough to show that:
/log[&? + ho gn(x)]d(Pr(x) — Py(x)) —q.s. 0.
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CONVEX TRANSFORMED DENSITIES 13

Indeed, applying Lemma 1.2 for the increasing transformation log[e +h(y)] —
log ¢ we obtain:

[ 108le + 10 gu(@)ld(Ba() = Po(a))

_ / I L%] (B — Po) ((lev, §u)°) d=

—0o0

<|P» — Pollcc /A:O L-Z(;LZ()ZJ dz+ /M+OO

< ||y, — Pollzc log {5()} + /M

W(z) .
€+h(z)} [Pr — Pof ((lev, gn)°) dz

h(2) o
g—i—h(z)] (P + Po) ((lev, §n)°) dz.

The first converges to zero almost surely by Lemma 2.1. For the second term
we will use the inclusion 2.4:
h'(z)

/+oo h/(z> :| (P . P )(]e R )Cdz < /+oo
2 (p, V_ G < )
M le+h(2) 0 29 M Lle+h(z)
Now, we can apply Lemma 1.2 again for ga(z) = h~1(c/V(z)). We have
(lev, ga4)¢ = A n(z) and therefore:

el

e+ h(z)

:| (]P)n + PO)Ac/h(z) dz.

(Pn + PO)Ac/h(z) dz = / log(&? -+ C/V(.%))d(]P’n + P())
Ac/n(m)

< / log(2¢/V (2))d(Py, + Fo),
Ac/n(nr)

for M large enough. Assumption M.L.5 and the SLLN imply that:
/ log(2¢/V (2))d(Py + Po) —as. 2 / log(2¢/V (z))dFy.
Ac/n(n) A

¢/h(M)

Since M is arbitrary and A./par) | {0} as M — +oo the result follows. [

3. Lower bounds.

3.1. Local deformations.

LEMMA 3.1 (M.3.18). Let {gc} be a local deformation of the function
g : RY — R at the point xy, such that g is continuous at xo, and let the

function h : R — R be continuously differentiable at the point g(xg). Then
for any r > 0:

(3.5) lim ) |ge(z) — g(z)|"dz = 0,
R

e—0
. Jralhoge(z) —hog(x)|["dx
(30 gll% Jra lge(x) — g(x)|"dx

= [ o g(o)|".
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14 ARSENI SEREGIN AND JON A. WELLNER

PROOF. Since {g.} is a local deformation, for £ > 0 small enough we
have:

fubosda) =hog@iide= [ hoge(s)—heglo)lds
R4 B(zosre)

Julo-@) —g@rde= [ o) ~ (o) da

Then: [,y |9 — 9l"dz < esssup [ge — g|"p[B(zo; re)] implies (3.5).
Let us define a sequence {a.}:

a: =esssuplg: —g|+ sup |g(z) — g(z0)|-
z€B(zo;re)

For z € B(xg;re) and y € [g-(x), g(x)] we have a.e.:
ly — g(@o)| < lge(x) — g(2)| + |g(x) — g(z0)| < a.

Using the mean value theorem we obtain:

[ Ihoge(a) = hog@)lde= [ W)l lg:(@) = g(a) "do

: _ Jralhoge(x) —hog(x)"de .
inf | (y)|" < © " < sup ' (y)]
yEB(g(wo);ae) fRd |gs(x) - g(x)] dx y€B(g(xo);ae)

Since ' is continuous at g(zp), to prove (3.6) it is enough to show that

a. — 0. By assumption we have: lim._gesssup|ge — g| = 0. Since g is
continuous at g and r. — 0 we have: lim._o SUpge p(z:r.) [9(2) —g(z0)| = 0.
Thus a. — 0, which proves (3.6). O

LEMMA 3.2 (M.3.19). Let {g:} be a local deformation of the function
g : RY — R at the point xy, such that g is continuous at xo, and let the
function h : R — R be continuously differentiable at the point g(xg) so that
h' o g(xg) # 0. Then for any fized 6 > 0 small enough, the deformation
906 =095 + (1 —0)g and any r > 0 we have:

(3.7) limsup 0" | |hoggs(z)— hog(z)|"de < oo,
6—0 Rd

(3.8) lminf 0" [ |hoggs(x) —hog(x)"dx > 0.
0—0 Rd

Note that gg s is not a local deformation of g.
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CONVEX TRANSFORMED DENSITIES 15

PROOF. The statement follows from the argument for Lemma 3.1. For a
fixed 0 the family {ggps} is a local deformation of g. Thus for ag. defined
by: ap. = esssup|gp,e — g| + SUPge B(zgir.) [9(2) — g(w0)], it follows that

Jra|lhogoe(z) —hog(x)dr o
. < sup  [W'(y)I",
fRd ’ge,a(x) - g($)| dx y€B(g(zo0);a9,c)
ho z)—hog(x)|"dx
Jra | o goe(z) g9(z)| . " W)
Jralgo.(x) — g(z)|"dx yEB(g(wo)sa0.<)

For |6] < 1 we have: |gg. — g| = |0]|g: — g| and therefore ags < as. Since
a: — 0 and h is continuously differentiable for all 6 > 0 small enough we
have:

sup  [F(y)[" < sup  |W(y)]" < oo,

yE€B(g(z0);a0,5) y€B(g(z0);as)
inf W) > inf ()" > 0.
y€B(g(z0);a6,5) I wI" = y€B(g(xo);as) )l

Thus for all & we obtain:

07 [ Mhogs—hogldus s W) [ las— gl du < oo,
R yeB(g(zo);as) Rd

0*’"/ ho —hogl"du > inf ' r/ —g"dp >0
o g0 girdp = _ inf W[ 195 —gl"dp

which proves the lemma. ]

LEMMA 3.3 (M.3.22). For all € > 0 small enough there exist 0F,0- €
(0,1) such that the functions g+ and g- defined by:

95 = (1= 67)Dc(g; x0,v0) + 07 D} (g; 1)
9- = (1—02)DZ(g;20) + 0. Ds(g; x15v1)
belong to P(h).

PROOF. By dominated convergence, the function F'(#) defined by:
F(6) = /h o (1 — 0)De(g; z0, vo)dz + 0D} (g; 21)) d

is continuous. We have:

F(0) Z/hoDs(g;:vo,vo)dm>/hogdas:L

F(l):/hODg(Q;ml)d$</h09dx:1.

Therefore there exists 1 € (0,1) such that F (1) = 1. O
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16 ARSENI SEREGIN AND JON A. WELLNER
3.2. Mode estimation.

THEOREM 3.4 (M.2.26). Let h be a decreasing transformation, h o g €
P(h) be a convex-transformed density and a point xy € ri(dom g) be a unique
global minimum of g such that h is continuously differentiable at g(zo),
h' o g(xg) # 0 and curv, g > 0. In addition let us assume that g is locally
Hélder continuous at xo: |g(x) — g(xo)| < L||z — xo||? with respect to some
norm || - ||. Then, for the functional T(h o g) = argming there erists a
sequence {pn} € P(h) such that:

(3.9)

1

. 2 1 [hog(w)®curv,, g] @D
lim inf @9 Ry (n; T, {p, pn}) = C(d)L ™~ l h' o g(xp)4 } ’

n—oo

where the constant C(d) depends only on the dimension d and metric s(x,y)
is defined as ||z — y||.

PROOF. The proof is similar to the proof for a point estimation lower
bounds. The deformation we will construct will resemble g_ .

Our statement is not trivial only if the curvature curv, g > 0 or equiva-
lently there exists such positive definite d x d matrix GG so that the function
g is locally G-strongly convex. For a > 0 small enough h’ o g(x) is negative
and decomposition (M.3.16) is true on B(xo;a). Let us fix some vy € dg(xp),
some x1 € B(xp;a) such that x; # ¢ and some y; € dg(x1). We fix d such
that equation (M.3.14) of Lemma M.3.19 is true for the transformation Vh
and r = 2 and also 29 ¢ Bg(x1;v/20).

Let us consider the deformation D, (g;20 + cu) where u € R? is an

arbitrary fixed vector in R? with ||u|| = 1 and
£(e) = glwo) — gl + eu) +7FL

Since the value of Dg( ) (g; o + €u) at any point x is a convex combination
of g(y) for some y, g(z) > g(wo) and

Dy () (g; w0 + eu) (o + eu) = g(xo) +7F!

the global minimum of Dg(a) (950 + eu) is zg + eu. By Lemma M.3.21 for
all € > 0 small enough we have

supp[Dy (95 zo + eu) — g] € Ba(zo + eu, \/2£(e)).

Since, by assumption
£(e) < Le” + 11
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CONVEX TRANSFORMED DENSITIES 17

the support of supp[DZ‘(s) (g; xo + eu) — g] converges to a point zy and thus
does not intersect supp[D:(g;x1,y1) — g] for € small enough i.e. these two
deformations do not interfere.

The same argument as in Lemma M.3.22 shows that there exists 07" &
(0,1) such that the deformation g7 defined as:

92" = (1= 0") Dy (g5 w0 + eu) + 02" Ds(g; 1, y1)
belongs to P(h). Also g > D}, \(g; o+ eu) and the global minimum of g

. £(e)
is xg + eu. We have:
e ls(Tg™, Tg) = 1.

Next, we will show that 6" goes to zero fast enough so that g7 is very
close to Dg(s) (g; xo + eu). We have:

02/(hog§n—hog)dx
= —/(hog—ho((l—9;")D2‘(€)(g;xo+€u)+9;”g)> dx
+ [ (ho @ Ds(givr ) + (1= 67)g) ~ hog) da.

where both integrals have the same sign. For the first integral by Lemma M.3.18
we have:

/ ‘h og—ho((1—0")D¢, (920 +eu) + G?g)‘ dx,
< [|pog—ro D gswo+eu)|de ~ [ Dz (g0 + ) — g da
< &(e)nlBa (o + eu\/26(e))] = O(£(e)+?)
The second integral is monotone in §7* and by Lemma M.3.19 we have:
[ (o 0 Ds(g: 00, 30) + (1~ 029) — o g) e ~ 07

thus we have 91 = O(£7(1+4/2)),
For Hellinger distance we have:

H(hog",hog)=H(ho((1—0)D. (970 +eu) +0g),hoyg)
+ H(ho (6"Ds(g; x1,y1) + (1 —07")g)),h o g).
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18 ARSENI SEREGIN AND JON A. WELLNER

For the first part we can apply Lemma M.3.18:

H?(ho (1 —00)Df(y(g; w0 + eu) + 02g), h o g) < H?(ho Df(g; %0 + €u), h o g)
po Ao D (gio +eu) hog) I o g(ag)?

= d
=0 [(Dg (gm0 + €u) — 9)%dx 4h o g(xg) o

/(D§<a) (g 20 + €u) — g)*dx < £()*u[Ba(wo; /26 (€))]

ara/a2u[S(0,1)]

=¢6) Vet G

which gives:

limsupe "IV H(ho ((1 - 02") D¢y (g: 20 + €u) + 01°g), ho g)

e—0

1/4
h' o g(wo)*
= Cd) hog(xg)?detG

where S(0, 1) is d-dimensional sphere of radius 1.
For the second part by Lemma M.3.19 we obtain:

limsup(67) 2 H2(h o (1 — 05)g + 62 Ds(gia1,51)), h o g) < o

e—0

H(ho((1- 9;’)9 + 0:D5(g; z1,1)),hog) = 0(57(1‘%/2))'

Thus:

(1+d/4) + /4 |10 g(zo)! .
. -y < .
hI?j(l)lpg H(hog! ,hog)<C(d)L [hog(:ﬂo)Q det G]

Finally, we apply Corollary M.2.21:

!
ho g(zo)? det G] v(d+e)

. . L _l
lim inf @9 Ry (n; T, {p, pn}) = C(d)L"~ l R o g(xo)*

n—oo

Taking the supremum over all G € SC(g; zo) we obtain the statement of the
theorem. O

APPENDIX A: SOME RESULTS FROM CONVEX ANALYSIS

We will use the following general properties of convex sets and convex
functions. We use Rockafellar [1970] as a reference.

imsart-aos ver. 2009/08/13 file: ConvexTransfSupp-v4.tex date: May 23, 2010



CONVEX TRANSFORMED DENSITIES 19

LEMMA A.1. For any convex set A in R? we have:

1. The boundary of A has Lebesgue measure zero.

2. A has Lebesque measure zero if and only if it belongs to a d— 1 dimen-
stonal affine subspace.

3. A has Lebesgue measure +o0o if and only if it is unbounded and has
dimension d.

PRroOF.
1. If A is such that cl(A) has finite Lebesgue measure then:

DAC (1+e)cl(A)\ (1 —e)cl(A), &e(0,1)
n[0A] < 2epcl(A)]

and thus p[0A] = 0. Since R is a countable union of closed convex
cubes Bj; the result for an arbitrary convex set A follows from:

dAC|Jo(ANB).

2. If A has dimension k& < d then its affine hull V' has dimension k and A
contains a k-dimensional simplex D (Theorem 2.4 Rockafellar [1970]).
Then if k = d we have p[D] > 0 and if k¥ < d we have u[V] = 0.

3. Part 1 implies that it is enough to consider closed convex sets. Part 2
implies that it is enough to prove that an unbounded closed convex
set, of dimension d has Lebesgue measure +00. Let A be such a set; i.e.
an unbounded closed convex set. Then A contains d-dimensional sim-
plex D (Theorem 2.4 Rockafellar [1970]) which has non-zero Lebesgue
measure. Since A is unbounded then its recession cone is non-empty
(Theorem 8.4 Rockafellar [1970] ) and therefore we can choose a direc-
tion v such that D 4+ Av C A for all A > 0 which implies p[A] = +oo.

O]

The following lemma shows that convergence of convex sets in measure
implies pointwise convergence.

LEMMA A.2. Let A be a conver set in R? such that dim(A) = d and
ri(A) # 0. Then:

1. Suppose a sequence of convex sets By, is such that A C By, and lim p[B,,\
A] =0 then limsup cl(By,) = cl(A);

2. Suppose a sequence of convex sets By, is such that C,, C A and lim p[A\
Cy] = 0 then liminfri(C),) = ri(A).
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20 ARSENI SEREGIN AND JON A. WELLNER
PROOF. By Lemma A.1 we can assume that A, B, and C,, are closed
convex sets.

1. If on the contrary, there exists a subsequence {k} such that for some
x € A° we have x € Ng>1 By, then for A = conv({z} U A) we have:

A C By
ulBi\ A] > pfeA )\ A)

Since A is closed there exists a ball B(z) such that B(z) N A = 0.
Since ri(A) # () there exists a ball B(zg) such that B(zo) C A for
some zg € ri(A). Then for xB = conv({z} U B(z¢)) we have:

zB CzA
ulzA\ Al > p[zB N B(x)] > 0.

This contradiction implies lim sup B; = A.

2. If on the contrary, there exists a point € ri(A) and subsequence {k}
such that x ¢ Cy for all k then for each Cj, there exists a half-space Ly,
such that € Ly and Cj, C L§. Let B(x) be a ball such that B(z) C A.
We have:

WA\ G = p[AN L] = u[B(x) 1 L] = p[B(2)}/2 > 0.

This contradiction implies ri(A) C liminf Cj.
O

Our next lemma shows that the Lebesgue measure of sublevel sets of a
convex function grows at most polynomially.

LEMMA A.3. Let g be a convexr function and values y1 < yo < y3 are
such that lev, g # (). Then we have:

Ys — Y1

d
lev .
Y2 — yl] pullevy, g

(A.10) pllev,, g < {
PROOF. By assumption we have:
pllev,, gl > pllev,, g] > pflev, g] > 0.

Let us consider the set L defined as:

L={x1+k(z—x1)|z € lev,, g},
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CONVEX TRANSFORMED DENSITIES 21

where x; is any fixed point such that g(x1) = y; and

Ys — Y1
Y2 — 1

k= > 1.

Then:

plL] = kullev,, gl.

and therefore it is enough to prove that lev, g € L.
If 25 € levy3 g then for x9 = 1 + (x3 — x1)/k we have:

I3 = X1 + k(ﬂjg — 561),
g(@2) < (1= 1/k)g(z1) + (1/k)g(x3) = 2

and thus x9 € levy2 g. O

COROLLARY A.4. If g is a convex function then function u[levy g] is
continuous on (inf g, sup g).

A.1. Maximal convex minorant. In this section we describe the con-
vex function f. which is in some sense the closest to a given function f.

DEFINITION A.5. The maximal convexr minorant f. of a proper function
f is a supremum of all linear functions | such thatl < f.

It is possible that f. does not majorate any linear function and then
fe = —oo. However if it is not the case the following properties of the
maximal convex minorant hold. Recall that for any function f, the convex

conjugate f* of f is defined by f*(y) = sup,cra((y,z) — f(2)).
LEMMA A.6. Let f be a function and f. # —oo its maximal convex
minorant. Then:

1. f. is a closed proper convex function;
2. if f is proper convex function then f. is its closure;

3' fC S f;
4 (fe)"(y) = ()
PRrOOF. This follows from Corollary 12.1.1 Rockafellar [1970]. O

The maximal convex minorant allows us to see an important duality be-
tween operations of pointwise minimum and pointwise maximum.
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22 ARSENI SEREGIN AND JON A. WELLNER

LEMMA A.7. Let f; be a proper convex functions and let g = inf; f; be
the pointwise infinum of f;. Then (g.)* = sup; f;.

Proor. This follows from Theorem 16.5 Rockafellar [1970]. O
A.2. Subdifferential.

DEFINITION A.8.  The subdifferential Oh(x) of a convex function h at the
point x is the set of all vectors v which satisfy the inequality

h(z) > (v,z — ) + h(x) for all .

Obviously 0h(x) is a closed convex set. It might be empty, but if it is not,
the function h is called subdifferentiable at x.

LEMMA A.9. Let h be a proper convezr function then for x € ridomh
subdifferential Oh(x) is not empty.

ProoF. This follows from Theorem 23.4 Rockafellar [1970]. O

LEMMA A.10. Let h be a closed proper convex function. Then the fol-
lowing conditions on x and x* are equivalent:

1. x* € Oh(z);

2. l(z) = (x*, 2z) — h*(x*) is a support plane for epi(h) at x;

3. h(x)+ h*(z*) = (z*, z);

4. x € Oh*(x*);

5. 1(2) = (x,z) — h(x) is a support plane for epi(h*) at x*;

Proor. This follows from Theorem 23.5 Rockafellar [1970]. O

LEMMA A.11. Let hy and hg be proper convex functions such that ri dom hiN
ridom hg # (). Then O(hy + ha) = Ohy + Ohs for all x.

Proor. This follows from Theorem 23.8 Rockafellar [1970]. O
A.3. Polyhedral functions.

DEFINITION A.12. A polyhedral convexr set is a set which can be ex-
pressed as an intersection of finitely many half-spaces. A polyhedral convex
function is a convex function whose epigraph is polyhedral.
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From Theorem 19.1 Rockafellar [1970] we have that the epigraph of the
polyhedral function h : R — R has finite number of extremal points and
faces. We call projections of extremal points the knots of h and projections
of the nonvertical d-dimensional faces the facets of h. Thus the set of knots
and the set of facets of polyhedral function are always finite. Moreover, by
Theorem 18.3 Rockafellar [1970] the knots are the extremal points of the
facets. Finally, let {C;} be the set of facets of a polyhedral function h then:

domh = UC}

ri(C;) Nri(Cy) = 0,

and on dom h we have h = max(l;) where [; are linear functions. For each
C; there exists [; such that:

Ci ={z|h(x) =1;(x)}.

LEMMA A.13. Let f be a polyhedral convex function and x € dom h then
Oh(x) # 0.

PrOOF. This follows from Theorem 23.10 Rockafellar [1970]. O

LEMMA A.14. For the set of points * = {x;}?, such that v; € R?
and any point p € R™ consider a family of all convex functions h with
ev, h = p. The unique mazimal element UY in this family is a polyhedral
convez function with domain dom UP = conv(z) and the set of knots K C x.

PROOF. Points (x;,p;) and direction (0, 1) belong to the epigraph of any
convex function h in our family and so does convex hull U of these points and
direction. By construction U is an epigraph of some closed proper convex
function UP such that domUP? = conv(z), by Theorem 19.1 Rockafellar
[1970] this function is polyhedral, by Corollary 18.3.1 Rockafellar [1970] the
set of its knots K belongs to = and since epi(UP) = U C epi(h) we have
h < UP. On the other hand, since (x;,p;) € U we have

pi = h(z;) < UR(zi) < pi
and therefore UP(x;) = p; which proves the lemma. O

LEMMA A.15.  For the set of points v = {x;}I_,, convex set C such that
x; € 1i(C) and any point p € R™ consider a family of all convex functions h
with ev, h = p and C C domh. Any minimal element LE in this family is a
polyhedral convezr function with dom LY = R?. For each facet C of L2 ri(C)
contains at least one element of x.
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PROOF. For any function A in our family let us consider the set of linear
functions I; such that l;(z;) = h(z;) = p; and l; < h and which correspond
to arbitrarily chosen nonvertical support planes for epi(h) at x;. Then L =
max(l;) is polyhedral and since [;(z;) < h(x;) = p; we have L(z;) = p;. We
also have dom L = R?. If the interior of any facet C; of L does not contain
elements of x we can exclude corresponding linear function /; from maximum.
For the new polyhedral function L' = max;.;l; we still have ev, L' = p.
Now, we repeat this procedure until interior of each facet contains at least
one element of z and denote the function we obtained by LP. If a closed
proper convex function A is such that ev, h = p and h < L2, then consider
for any facet C; and corresponding linear function I; we have h < [; on C;
and the supremum of A on the convex set C; is obtained in interior point
xj € z. By Theorem 32.1 Rockafellar [1970] h = L? on C;. Thus h = L and
L? is the minimal element of our family. O

LEMMA A.16. For linear function I(z) = a’x + b the polyhedral set
A={l>c}N ]Rfl|r s bounded if and only if all coordinates of a are negative.
In this case, if b > c the set A is a simplex with vertices p; = ((c — b)/a;)e;
and 0, where e; are basis vectors. Otherwise, A is empty.

PROOF. If coordinate a; is nonnegative then the direction {\e;}, A > 0
belongs to the recession cone of A and thus it is unbounded. If all coordinates
a; are negative and b < ¢ the set A is either empty or consists of zero
vector 0. Finally, if a; are negative and b > ¢ then for x € A we can define
0; = ajz;/(c—b) > 0. Then 1 > >, 0; and = = Y, 6;p;, which proves that A
is simplex. ]

A.4. Strong convexity. Following Rockafellar and Wets [1998] page
565 we say that a proper convex function h : R — R is strongly convez if
there exists a constant ¢ such that:

(A.11)  h(fz+ (1 —0)y) < Oh(z) + (1 —O)h(y) — %a&(l —0)||z — yl?

for all z, y and @ € (0,1). There is a simple characterization of strong
convexity:

LEMMA A.17. A proper convex function f : R? — R is strongly convex
if and only if the function f(z) — io||z||? is convex.

Since we need a more precise control over the curvature of a convex func-
tion we define a generalization of strong convexity based on the characteri-
zation above:
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DEFINITION A.18. We say that a proper convex function h : R* — R
is G-strongly convex if there exists a point xg, a positive semidefinite d X d
matriz G and a convex function q such that:

(A.12) h(z) = %(Jc — 20) Gz — ) + q(z) for all x.

Obviously, strong convexity is equivalent to ol-strong convexity where I
denotes the d x d identity matrix. Note that the definition does not depend
on the choice of xg.

DEFINITION A.19.  We say that a proper convex function h: R¢ — R is
locally G-strongly convexr at a point xg if there exist an open neighborhood
of xo, a positive semidefinite d X d matrix G and a convex function q such
that (A.12) holds for any x in this neighborhood.

We can relate G-strong convexity to the Hessian of a smooth convex
function:

LEMMA A.20. If a proper convex function h : R* — R is continuously
twice differentiable at xo then h is locally (1—¢)V2h-strongly convex for any
e€(0,1).

The last result suggests the following definition:

DEFINITION A.21. For a proper convex function h : R* — R we define
a curvature curv, h at a point Ty as:

(A.13) curv, h= sup det(G)
GeSC(h;zo)

where SC(h; zg) is the set of all positive semidefinite matrices G such that
h is locally G-strong conver at xq.

Lemma A.20 implies that:

LEMMA A.22. If a proper convex function h : R — R is continuously
twice differentiable at xo and Hessian V2h(xg) is positive definite then

(A.14) curv, h = det(V2h(zp)).
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NOTATION
R = (—00,400)
R = [—o0,+o0]
Ry = [0,4+00)
R, = [0, +o0]
V(z) = Tl @, zeRYL
C = {f:R? = R|f closed proper convex function}
D = {p:R? — R|p density}
G(h) = {h:|geC, hogeD}
L.g = Pyhog
ev, = (f(xl)vf(l'n))’ X GRd
supp(f) = {z|f(z)# 0}
o(-10) = o0-1lge+0-1¢
lev, g = {z]g(x) <y}
ulS] = Lebesgue measure of S
{(fSa} = {zeX|f@)Sa)
B(zo;r) = {z:|z—xo| <r}
Bu(zo;r) = {x:(z —x0) H(z — o) <r?}
curv,h = curvature of a convex function h at a point x
ri(A) = the relative interior of the set A
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