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Part I: Introduction, history,

selected examples

e 1. Classical empirical processes
e 2. Modern empirical processes

e 3. Some examples

Talk, Shanghai; 23 June 2015

1.3



1. Classical empirical processes. Suppose that:
e Xq,...,Xy, arei.i.d. with d.f. F on R.
o Fp(z) =n~130 11x.<,]» the empirical distribution function.
o {Zn(x) =+/n(Fp(z) — F(x)): = € R}, the empirical process.

Two classical theorems:

Theorem 1. (Glivenko-Cantelli, 1933).

—o0o< <0

Theorem 2. (Donsker, 1952).

Zn=2=U(F) in DR, o)
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where U is a standard Brownian bridge process on [0,1]; i.e. U
IS a zero-mean Gaussian process with covariance

E(U(s)U(t)) =sAt—st, s,te]0,1].
This means that we have

Eg(Zn) — Eg(Z)

for any bounded, continuous function g : D(R,|| - ||lxc) — R and
9(Zn) —q 9(Z)
for any continuous function g : D(R,|| - |lcc) — R (ignoring

measurability issues).

Talk, Shanghai; 23 June 2015 1.5



2. General empirical processes (indexed by functions)
Suppose that:

e Xq,...,Xy are i.i.d. with probability measure P on (X, .A).
o P,=n"1%"0 0x,;, the empirical measure; here

1 A
6$(A)=1A(w)={o’ igA; for Ac A

Hence we have

Pu(A) =1 37 14(X), and Pa(f) =n"1 Y F(X).

=1 1=1

o {Gn(f) = v/nPn(f) — P(f)): fe€FC Lx(P)}, the empirical
process indexed by F
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Note that the classical case corresponds to:
o (X, A) = (R,B).
o fF = {1(_00775](-) A R}.
Then
1 n
Pr(l(_oos]) =71~ D 1 oo (Xi) = Fn(t),
i=1

P(L(_ooy) = F(®),
Gn(l(—oo,t]> — \/E(Pn — P)(l(—oo,t] — \/E(Fn(t) — F(t))
G(l(—oo,t]) = U(F(1)).
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Two central questions for the general theory:

A. For what classes of functions F does a natural generalization
of the Glivenko-Cantelli theorem hold? That is, for what classes
JF do we have

||Pn — PH?;: —a.s. O

If this convergence holds, then we say that F is a P—Glivenko-
Cantelli class of functions.

B. For what classes of functions F does a natural generalization
of Donsker’'s theorem hold? That is, for what classes F do we
have

Gn= Gp in £2°(F)7?

If this convergence holds, then we say that F is a P—Donsker
class of functions.
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Here Gp is a O—mean P—Brownian bridge process with uniformly-
continuous sample paths with respect to the semi-metric pp(f, g)
defined by

p2(f,9) = Varp(f(X) — g(X)),

¢>°(F) is the space of all bounded, real-valued functions z from
F to R:

0>°(F) = {z  F R‘ |z|| 7 = sup |z(f)] < oo},
feF

and

E{Gp(f)Gp(9)} = P(fg) — P(f)P(9).
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3. Some Examples

A commonly occurring problem in statistics: we want to prove
consistency or asymptotic normality of some statistic which is not
a sum of independent random variables, but which can be related
to a natural sum of random functions indexed by a parameter in
a suitable (metric) space.

Example 1. Suppose that X4,..., X, are i.i.d. real-valued with
E|X1| < oo, and let u = E(X7). Consider the absolute deviations
about the sample mean,

n

i=1
Since X, —a.s. 4, We know that for any 6 > 0 we have X &
[ — 6, u + O] for all sufficiently large n almost surely. Thus we
see that if we define

mn
Dn(t) =Pplz —t|=n"1 3 |X; — ¢,
1=1
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then D, = Dn(Xy) and study of D,(t) for t € [u — 6, u+ 8] is
equivalent to study of the empirical measure P,, indexed by the
class of functions

Fs={z—= |z —t|= fi(z): te[p—46nu+d]}
To show that D, —q.s. d = E|X — u|, we write

Dn—d = Pu|X — Xn|— P|X — 4 (1)
= (Pn— P)(|X — Xpn|) + P|X — Xp| — P|X — yf
= I+ II,. (2)
Now
In] = |(Pn—P)(|X — Xal)|
< sup |(Pn — P)|X —t|| = sup |(Pn — P)(f)]
tt—p| <6 feFs
—a.s. O (3)

if Fs is P—Glivenko-Cantelli.
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But convergence of the second term in (2) is easy: by the triangle
inequality

IIn=|P|X = Xn| - P|X —pl|] < PlXn—pl=|Xn—upl

—a.s. O.

How to prove (3)? Consider the functions fq,..., fm € Fs given
by
fil@)=|z—(u—6(1—34/m)|, j5=0,...,2m.

For this finite set of functions we have

P, — .
02X 1(Bn = P)(fj)] ~as. 0

by the strong law of large numbers applied 2m + 1 times.
Furthermore ...
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it follows that for t € [u—6(1 —j/m),un—6(1 — (G + 1)/m)] the
functions fi(x) = |z — t| satisfy (picture!)

Li(z) = fjm(@) A fit1)m(@) < fi(@) < fjm (@) V fi41)m(x) = Uj(x)

where

Uj(2) — i) < =

Thus for each m

1

@) - L) £ Vi) - Li@) <

|Pn — Pl| £
= sup [(Pn — P)(f)|
JEFs
< max{O max |(Bn— PYWU)I, (max |(Pn - P)(Lj>|} +1/m

—a.s. O+ 1/m
Taking m large shows that (3) holds.
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This is a bracketing argument, and generalizes easily to yield a
quite general bracketing Glivenko-Cantelli theorem.

How to prove /n(Dnp —d) —4 7 We write
Vn(Dp — d)

Vn(Pp|X — Xn| — P|X — pl)
Vn(Pn| X — pl = PIX — pl)

+ vn(P|X — Xn| = P|X — pl)

+ Vn(Pn — P)(|X — Xn|) — vVn(Pn, — P)(|X — pl)
= Gn(|X — ) +vn(H(Xn) — H(p))

+ Gn(|X — Xn| = [X — pl)

= Gn(|X —p)) + H'(p)(Xn — p)
+ Vn(H(Xn) — H(p) — H' (1) (X0 — 1))
+ Gn(|X —Yn| — | X —.LLD
Gn(|X — pl + H'(w)(X — ) + In + Iy

where ...
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H(t)

P|IX —t,

Vn(H(Xn) — H(p) — H' () (Xn — p)),
Gn(|X — Xn|) = Gn(]X — u])

Gn(|X — Xn| — X — pl)

Gn(ffn _ fu) :

Here I, —» O if H(t) = P|X —t| is differentiable at u. The second
term

~
S
]

11,

= Gn(fyn — fu) =p 0O

if Fs is a Donsker class of functions! This is a consequence of
asymptotic equicontinuity of G,, over the class F: for every ¢ > 0O

lim limsup Pr*( sup Gn(f) — Gn(g)| >¢€) =0.
ONO  m—oo f.g: pp(f,9)<6
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Example 2. Copula models: the pseudo-MLE.
Let cp(uy,...,up) be a copula density with 6 C © C R?. Suppose
that X4,..., X, are i.i.d. with density

f(x1,...,2p) = cg(F1(x1), ..., Fp(xp)) - f1(x1) -+ fp(xp)

where Fy,...,F, are absolutely continuous d.f.'s with densities
fla R fp-
Let
1 n
]FnJ(a:j) =n Z 1{XZ,] < :L‘]}, ] — 1, N 4
i=1

be the marginal empirical d.f.’s of the data. Then a natural
pseudo-likelihood function is given by

ln(e) = PMOQCQ(Fn,l(CEl), ca ,Fn,p(mp)).
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Thus it seems reasonable to define the pseudo-likelihood esti-

mator 577, of 6 by the g—dimensional system of equations
W, (0,) =0
where

Wn(0) = Pn(ly(0; Fr1(21), - Frp(ap))

and where

69(9; UQ,y .- ,up) = V@|OQC@(U1, ce ,up).
We also define W(6) by

W (0) = Po(4y(0, F1(z1),. .., Fp(p)).
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Then we expect that

0 = Wn(0n) = Wa(0) — {~Wn(6;) } (6n — 60) (4)
where
W,(00) = Pnly(0,Fn1(z1), ... Foplzp)),
and
—Wn(0)) = —Pnlye(0y,Fni1(x1),. .., Fnplap))
—p —Po(lp p(00, F1(x1),. .., Fp(ap)) (5)
— BEI@@, (6)

a g x ¢ matrix. On the other hand ...
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VW (00) = vVnPrly(00,Fp1(x1), ..., Frp(ap))

where

lg(00,Fp 1(z1),s ..., Fp(ap))
— 69(007 Fl(x1)7 sy Fp(wp))

p
4 Z g (00, uy, .. up) - (Fy j(x;) — Fi(x;)),
j=1

i} o .
by j(0o,u1,...,up) = %30(907’&1, Loy Up),
J

and where |u;f(a:j) — Fi(z;)| < |Fy, j(x;) — Fj(xz;)| for j = 1,...,p.
Thus we expect that
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\/ﬁwn(HO)
— \/EPR(KH(QO7 IB“?7,,1(33].)7 .« .. 7Fn,p($p))
Gn (b9(00, F1(21), ..., Fy(zp)))

p
+ P, (Z lo j(Oo,ul,. .., up) - vn(Fy j(z;) — Fj(fb‘j)))

=1

= Gn (€90, F1(x1), ..., Fyp()))

p
+ Po (Z ly (00, ul, ... up) - vVl j(25) — Fj(:vj)))

=1
p e
+ (Pn—Po) | D 49 (00,ui,. .. up) - vVn(Fy i(x;) — Fij(xz;)) | .
=1
In this last display the third term will be negligible (via asymptotic
equicontinuity!) and the second term can be rewritten as
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p
(Z lo j(Oo,ui,. .., up) - vn(Fy j(z;) — Fj(%‘j)))

J

=1
p
— Z Zeg(%,@(wl), ce »u;(fﬂp)) ' \/E(Fn,j(wj) - Fj(wj))

=1

Q.

1{X < w;} — Fj(x;)) dCy(F1(21), - - -, Fp(wp)))

O ]_]p 69’]’(90, U, ... 7“}?)

P,
= ( / lo (00, Fr(x1),. .., Fp(zp))

]_{F (X ) < u]} — U )dC’g(ul,...,up))

= Gn (Z Wj(Xj)>

j=1
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Example 3. Kendall's function.
Suppose that (X1,Y71),...,(Xn,Yn),... are i.i.d. Fy on R2, and
let F,, denote their (classical) empirical distribution function

1 n
Fn(a,y) = — > Lo a] % (—ooy] (Xis Y2).
i=1

Consider the empirical distribution function of the random
variables F,,(X;,Y;), i =1,...,n:

1 n
Kn(©) = Up,(xvp<ey t €011
1=1

As in example 1, the random variables {Fn(X;,Y;)}l ¢ are
dependent, and we are already studying a stochastic process
indexed by ¢t € [0,1]. The empirical process method leads to
study of the process K, indexed by both t € [0,1] and F € F»,
the class of all distribution functions F on R2:

1 n
Bn(t, 1) = - 3 Lipx,vy<i = Brlipoxy)<
=1

1=
Talk, Shanghai; 23 June 2015 1.22



with ¢t € [0,1] and F € F» ... or the smaller set

Fos={F € F2: [[F' = Fplloo < d}.
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Example 4. Completely monotone densities.
Consider the class P of completely monotone densities pg given

by
pa(x) = /OOO zexp(—zx)dG(z)

where G is an arbitrary distribution function on RT. Consider
the maximum likelihood estimator p of p € P: i.e.

p = argmax,cpPplog(p).

Question: Is p Hellinger consistent? That is, do we have

h(pn,po) —a.s. 07
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Part II: Some basic inequalities and

Glivenko-Cantelli theorems

e 1. Tools for consistency: two basic inequalities.

e 2. Tools for consistency:
a further basic inequality for convex P.

e 3. More basic inequalities:
least squares estimators; penalized ML.

e 4. Glivenko-Cantelli theorems.
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1. Tools for consistency: two basic inequalities

Density estimation Suppose that:

e P is a class of densities with respect to a fixed o—finite
measure p on a measurable space (X, A).

e Suppose that Xq,..., Xy are i.i.d. Py with density pg € P.

e Then the Maximum Likelihood Estimator (MLE) for the class
P is

pn = argmax,cp Pnlog(p) .
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Here are two ‘“basic inequalities’ for density estimation.

Proposition 1.1. (Van de Geer). Suppose that p, maximizes
P,log(p) over P. then

h? (B, po) < (Pn — Pg) (\/% — 1) 1{po > 0} .

Proposition 1.2. (Birgé and Massart). If p, maximizes P,log(p)
over P, then

h2((pn + 10)/2,P0)

1 pn +
< (Pn— Fp) <—'0 (p 2p0p0> 1[po>0]> ’

and

. D+
h?(Pn,po) < 24h? (pn 5 po,po) :
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e Proposition 1.1 leads to the class of functions

=) ver)

and the question: Is F a Py—Glivenko class?

e Proposition 1.2 leads to the class of functions

1 P + po .
F = {<§Iog ( 200 > 1[p0>0]> . pc 73}

and the question: Is F a Py—Glivenko class?
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Proof, proposition 1.1: Since p, maximizes P,logp,

1 N
0 < — log <@> dPp,
2 J[po>0] Po

| Dn
< —— —1|dP,
o /[po>0]< PO )

since log(l+2z) <z

_ Pn _
— /[po>0] <\/; 1) d(Pp, — Pp)

-I-Po< @—1) 1{po > 0}
PO

Pn 2,
Joo (\/po ) (Pn — Po) = h*(pn, po)

where the last equality follows by direct calculation and the
definition of the Hellinger metric h. []
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Proof, Proposition 1.2: By concavity of log,

0 (pn + pg
2po

1 >1Io Pn 1
[po>0] = 5'°9 po ) Po>0l"

1 Pn 1 Pn + PO
< n | - e s FPni3
0 < P <4I09 <p0>1[p0>0]>—P (2"’9( 2p0 )1[p°>o]>

1 D
(Pn, — Po) <§|09 (p 2+ po) 1[p0>0]>

PO
1 Pn + PO
o309 (%50 el
1 Pn + PO 1 3
= (Pu—70) (100 (P50 14,y ) = 2K P (Pt P)/2)

1 Dn, _
< (Pn - PO) (5'09 (p QZOPO) 1[p0>0]> o hQ(POa (Pn + PO)/Q) .

where we used EXxercise 1.2 at the last step. The second claim
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follows from Exercise 1.4. L]

Exercise 1.2: (Pinsker inequalities)
(a) K(P,Q) > 2h*(P,Q) = [[\/p — \/a*dp.
(b) K(P,Q) > (1/2) ([ |p — qldp)® = 2d2.,(P, Q).

Exercise 1.4:

2h2(P, (P + Q)/2) < h?(P,Q) < 12h%(P, (P + Q)/2).

Corollary 1.1. (Hellinger consistency of MLE). Suppose that
either

{(yp/po—1)1{po > O} : p€ P}, or {%log (p;—p0> 11,050] P € 7?}

PO
is a Pp—Glivenko-Cantelli class. Then h(pn,pg) —a.s. O.
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2. Tools for consistency: a further basic inequality.

e For 0 < a < 1, let pu(t) = (t* - 1)/(t*+ 1) for t > 0O,
o(t) = —1 for t < 0. Thus ¢ is bounded and continuous for
each a € (0, 1].

e For 0 < 8 <1 define
hg(p,q) =1 — /pﬁql_ﬁdu.
e Note that
hf/g(p, q) = h?(p,q) = %/{\/ﬁ — J/qY2du

yields the Hellinger distance between p and g. By Holder's
inequality, hg(p,q) > 0 with equality if and only if p = q a.e.

Lo
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Proposition 1.3. Suppose that P is convex. Then

h2_ o 1o (ins 0) < (P — F) (soa (1@)) |

Po

In particular, when a =1 we have, with ¢ = ¢4,

h? (Pn, p0) = 7 j2(Pn,p0) < @%—F@(@(ﬁﬂ)

Corollary 1.2. Suppose that {¢(p/pg) : p € P} is a Pyp—Glivenko-
Cantelli class. Then for each 0 < a <1, hy_,/5(Pn,po) —a.s. 0.

Proof. Since P is convex and p, maximizes Pplogp over P, it
follows that
Pn
P, log — >0
TTT(1 = )pn + tpr
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for all 0 <t < 1 and every p1 € P, this holds in particular for
p1 = po- Note that equality holds if ¢t = 0. Differentiation of the
left side with respect to ¢t at ¢t = 0O vields

1@7#2 <1 for every p; € P.
Pn
If L : (0,00) — R is increasing and t — L(1/t) is convex, then

Jensen’s inequality vields

Dn 1 . p1
ot (00) 2 2 (50 m) 2 20 =2 ()

Choosing L = oo and p1 = pgo in this last inequality and noting
that L(1) = 0, it follows that

0 < Pn@a(ﬁn/pO)
= (Pn— Py)pa(dn/po) + Popa(dn/po), (7)

see van der Vaart and Wellner (1996) page 330, and Pfanzagl
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(1988), pages 141 - 143. Now we show that

_ [(P"—Pp B 1-8
Popalp/po) = | —(——5dFPo < —(1— /pop dp (8)
p +po

Note that this holds if and only if

pe B 1-8
—1-|-2/ | pod S—l—l-/pp dps

or

/pgpl_ﬁdu > 2/ CAN
- py + p®

But this holds if
PPo
py + p®

pgpl_ﬁ > 2
With g =1 — «a/2, this becomes
1 2
S5 +p%) > po/2p/2 = | [pape
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and this holds by the arithmetic mean - geometric mean
inequality, vab < (a 4+ b)/2. Thus (8) holds. Combining (8)
with (7) yields the claim of the proposition.

The corollary follows by noting that ¢(t) = (t —1)/(t+ 1) =
2t/(t+ 1) — 1. O
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3. More basic inequalities: penalized ML & LS
Penalized ML.:

e Suppose that P is a collection of densities described by a
“penalty functional” I(p):

P={p:R—[0,00): [p(e)dw=1, I*(p) < oc}
For example, I%(p) = [(p/(x))?dz.
e Suppose that

pn = argmax,cp (Pnlog(p) — AnI?(p))
here A\, IS @ smoothing parameter.

Basic inequality: (van de Geer, 2000, page 175): For pg € P

Dn + PO
2po

~ ~ 1
h? (B, po) + 4X212(Pn) < 16(Py, — Po)§|09 ( ) + 4221%(po).
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Least squares regression:

e Suppose that Y; = go(z;)+W;, where EW; =0, Var(W;) < o3.

¢ Qn=n"1Y0 6z llgllR =0Tt 0 g(20).

o lly—gllz =n 1 XT(Y; — 9(2:))?.

o (w,g)n =n"1tYTWig(z).

* gn = argmingeglly — gll7-
Basic inequality: (van de Geer, 2000, page 55).

|gn — 90”727, < 2(w, §Z — go)n
= 2n~ ! Z:l Wi (Gn(z) — go0(2:)) -
=
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4. QGlivenko-Cantelli Theorems:

Bracketing:

Given two functions [ and w on X, the bracket [l,u] is the set
of all functions f € F with [ < f < u. The functions [ and u
need not belong to F, but are assumed to have finite norms. An
e—bracket is a bracket [l,u] with ||[u — || < e. The bracketing
number Np(e, F,|| - ||) is the minimum number of e—brackets
needed to cover F. The entropy with bracketing is the logarithm
of the bracketing number.

Theorem 1. Let F be a class of measurable functions such that
Np(e, F, L1(P)) < oo for every e > 0. Then F is P—Glivenko-
Cantelli; that is

*
[Pn — P||F = <5Up Prf — Pf|> —a.s. 0.
feF

Talk, Shanghai; 23 June 2015 1.39



Proof. Fix ¢ > 0. Choose finitely many e—brackets [l;,u;], i =
1,...,m = N(e, F,L1(P)), whose union contains F and such that
P(u; — ;) <eforall 1 <i:<m. Thus, for every f € F there is a
bracket [I;,u;] such that

(P, —P)f < (Pn—P)Ui‘I'P(Ui_f) < (Pn—P)uz’+€-
Similarly,

(P=Pn)f <(P=Pu)l; +P(f—1) < (PPl +e.
]

It is not hard to see that bracketing condition of Theorem 1 is
sufficient but not necessary.

In contrast, our second Glivenko-Cantelli theorem gives condi-
tions which are both necessary and sufficient.
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A simple setting in which this theorem applies involves a
collection of functions f = f(-,t) indexed or parametrized by
t € T, a compact subset of a metric space (D,d). Here is the
basic lemma; it goes back to Wald (1949) and Le Cam (1953).

Lemma 1. Suppose that F = {f(,t) : t € T} where the
functions f : X xT — R, are continuous in t for P— almost
all x € X. Suppose that T is compact and that the envelope
function F' defined by F(z) = supser |f(x,t)| satisfies P*F < oc.
Then

N[](E,I,Ll(P>) < o0

for every € > 0, and hence F is P—Glivenko-Cantelli.
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The qualitative statement of the preceding lemma can be
quantified as follows:

Lemma 2. Suppose that {f(-,t) : t € T} is a class of functions
satisfying

[f(z,t) — f(z,s)] < d(s, t) F(x)

for all s,t €T, x € X for some metric d on the index set, and a
function F' on the sample space X. Then, for any norm || - |,

N e||FI[, F, |- []) < N(e, T, d) .

Talk, Shanghai; 23 June 2015 1.42



For our second Glivenko-Cantelli theorem, we need:

e An envelope function F for a class of functions F is any
function satisfying

|f(x)| < F(x) forall xe X and forall feF.

e A class of functions F is L1(P) bounded if supscr P|f| < oco.
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Theorem 2.. (Vapnik and Chervonenkis (1981), Pollard (1981),
Giné and Zinn (1984)). Let F be a P—measurable class
of measurable functions that is L{(P)—bounded. Then F is
P—Glivenko-Cantelli if and only if both
(i) P*F < .
(ii)

%

n”_>moo E IOgN(Ea‘:MvLQ(Pn)) —0

for all M < oo and € > 0O where F); is the class of functions
{fI{F < M}: feF}
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For n points z1,...,zn in X and a class of C of subsets of X, set
AC(zq,...,on) =#{CN{z1,...,zn}: C€C}.

Corollary. (Vapnik-Chervonenkis-Steele GC theorem) If C is a
P—measurable class of sets, then the following are equivalent:
(D) |[|[Pn — PHE —*a.s. O

(i) n~1ElogAC(Xq,..., Xn) — 0; where,

The second hypothesis is often verified by applying the theory of
VC (or Vapnik-Chervonenkis) classes of sets and functions. Let

mC(n) = w{naén A%(ml, ey Tn),

and let

V(C) = inf{n: m‘(n) < 2™},
S(C) = sup{n: mC(n) = 2"},
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Examples:

(1) X=R,C={(—o0,t]: teR}: S(C)=1.

(2) X=R, C={(s,t]: s<t,s,teR}: S(C)=2.

(3) X =R4 C={(s,t] :s<tstecR}: S(C)=2d.

(4) X =R% Hyc.={zxcR: (z,u) <c},
C={Hyc: ueR? ceR}: S(C)=d+1.

(5) X =R Bur={zeR?:|z—ull <r}
C={Byr: ueRY reRT}: S(C)=d+ 1.

Definition. The subgraph of f: X — R is the subset of A x R
given by {(x,t) € X xR : t < f(x)}. A collection of functions
F from X to R is called a VC-subgraph class if the collection of
subgraphs in X x R is a VC - class of sets. For a VC-subgraph
class F, let V(F) = V(subgraph(F)).
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Theorem. For a VC-subgraph class with envelope function F
and r > 1, and for any probability measure @ with ||[F||; o) > O,

16e\5(F)
)

N el Flig,, . Lr(Q)) < KV(F) (

Here is a specific result for monotone functions on R:

Theorem. Let F be the class of all monotone functions f: R —
[0,1]. Then:
(i) (Birman and Solomojak (1967), van de Geer (1991)):
K
logNpy(e, 7, Ler(@)) = —
for every probability measure @, every »r > 1, and a constant K

depending on r only.
(ii) (via convex hull theory):

K
sgplogN(e,F, Ly(Q)) £ —

€
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Part III: Using the Glivenko-Cantelli theorems:

first applications

e 1. Preservation of Glivenko-Cantelli theorems.
Preservation under continuous functions.

Preservation under partitions of the sample space.

e 2. First applications
Example 1: current status data
Example 2: Mixed case interval censoring

Example 3: Completely monotone densities.
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1. Preservation of Glivenko-Cantelli theorems.

Theorem 1. (van der Vaart & W, 2001). Suppose that
Fi,...,F are P— Glivenko-Cantelli classes of functions, and
that ¢ : R¥ — R is continuous. Then H = o(Fy,...,F) is
P— Glivenko-Cantelli provided that it has an integrable envelope
function.

Corollary 1. (Dudley, 1998). Suppose that F is a Glivenko-
Cantelli class for P with PF < oo, and g is a fixed bounded
function (J|g||lc < o©). Then the class of functions
g-F={g-f:feF}isa P-Glivenko-Cantelli class.

Corollary 2. (Giné and Zinn, 1984). Suppose that F is
a uniformly bounded strong Glivenko-Cantelli class for P, and
g € L1(P) is a fixed function. Then the class of functions
g-F={g-f:feF}isa P—Glivenko-Cantelli class.
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Theorem 2. (Partitioning of the sample space). Suppose that
F is a class of functions on (X, A, P), and {X;} is a partition of
X Uq?il‘)(i = X, XiﬂXj = () for i = j. Suppose that F; = {lej :

f € F} is P—Glivenko-Cantelli for each j, and F has an integrable
envelope function F. Then F is itself P—Glivenko-Cantelli.

Talk, Shanghai; 23 June 2015 1.50



First Applications:

Example 2.1. (Interval censoring, case I). Suppose that Y ~
F on Rt and T ~ G. Here Y is the time of some event of
interest, and T' is an “observation time”. Unfortunately, we do
not observe (Y,T); instead what is observed is X = (1{Y <
Ty, T) = (A, T). Our goal is to estimate F, the distribution of
Y. Let Py be the distribution corresponding to Fp, and suppose
that (A1,71),...,(An,Ty) are i.i.d. as (A,T). Note that the
conditional distribution of A given T is simply Bernoulli(F(T)),
and hence the density of (A,T) with respect to the dominating
measure # x G (here # denotes counting measure on {0,1}) is
given by

pr(6,t) = F(t)°(1 — F(#))1 .
Note that the sample space in this case is
X = {(5,t):6€{0,1},te RT}={(1,t):te RT}U{(0,t) :t e RT}
= X7 UAL.
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Now the class of functions {pr: F a d.f. on RT} is a universal
Glivenko-Cantelli class by an application of GC-preservation
Theorem 2, since on Xy, pp(1,t) = F(t), while on X5, pp(0,t) =
1 — F(t) where F is a distribution F (and hence bounded and
monotone nondecreasing). Furthermore the class of functions
{pr/pr, : F a d.f. on Rt} is Py—Glivenko by an application of
GC-preservation Theorem 1: Take

Fi={pp: F adf. on RT} Fo={1/pg,},
and ¢(u,v) = wv. Then both F; and F» are Py—Glivenko-
Cantelli classes, ¢ is continuous, and H = ¢(F1,F>) has

Py—integrable envelope l/pFO. Finally, by a further application
of GC-preservation Theorem 2 with ¢(u) = (¢t — 1)/(t + 1)
shows that the hypothesis of Corollary 2.1.1 holds: {¢(pr/pF,) :
F a d.f. on RT} is Py—Glivenko-Cantelli. Hence the conclusion
of the corollary holds: we conclude that

hz(pﬁnap}?o) —ra.s. O as n — 0.
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Now note that h?(p,pg) > d#y (p,po)/2 and we compute

arv (g, v = [ 1Fa(t) = Fo(OIdG(®)
+ [ 11— Fu(®) = (1 = Fo(1)laG(t)
= 2 [|Fu(®) — Fo(®IdG(),

SO we conclude that
/ 1By (t) — Fo(t)|dG(t) —as. O

as n — oo. Since Fj, and Fj are bounded (by one), we can also
conclude that

[ 1Fa(®) = Fo(OI dG(®) —as. 0

for each r > 1, in particular for r = 2.
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Example 2. (Mixed case interval censoring)

Suppose that:
e Y ~F on Rt =][0,00).
e Observe:

Tk = (Tk1,---,Tk k) Where K, the number of times is
itself random.

The interval (Tk ;j_1,Tk ;] into which Y falls (with Tk g =
O, TK,K—|—1 — OO)
F@mKE{LZ”},mdzz{ﬁmj:L”whkzLQW},
Y and (K,T) are independent.

e X = (Ag,Tk,K), with a possible value x = (0, tr, k),

where Ak = (Ak,la"°7Ak,k) with Ak,j = 1(Tk,j—1aTk,j](Y)'
i=1,2,... k+1.
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e Suppose we observe n i.i.d. copies of X; Xq1,Xo,...,Xn,

where X, = (Ag)(i),Tg()@,K@), i = 1.2.....n. Here

(Y@ 70 @)Yy i =12 ... are the underlying i.i.d. copies
of (V,T,K).

note that conditionally on K and T}y, the vector Agx has a
multinomial distribution:

(AK|K, TK) ~ I\/IultinomiaIK_H(l, AFK)
where

AFg=(F(Tk1), F(Tk2) —F(Tk1),---,1 = F(Tk K)) -
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Suppose for the moment that the distribution Gy of (T |K = k)
has density g, and p, = P(K = k). Then a density of X is given
by

pF(57 tk7 k>
k+1

= I (Fltry) — Fltr;-1)) %91y
1=1

pr(x)

where t. 0 =0, tj 41 = oo. In general,

k+1 5
= |] (F(tg;) — F(tg j—1))°%3
J=1
k+1
= > 0 ;(F(ty ) — F(trj-1)) (9)
j=1
IS a density of X with respect to the dominating measure v where
v is determined by the joint distribution of (K,T), and it is this
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version of the density of X with which we will work throughout

the rest of the example. Thus the log-likelihood function for F
of X4,...,Xy is given by

n ni:]. j:]_ ) J
where
K+1
e = S5 A os (et — (i 1)
j=1
K+1
= -21 Ak jlog (AF ;)

]:

and where we have ignored the terms not involving F. We also
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note that
K+1
Pmp(X) =P | > AFpklog (AFk;) | .
j=1
The (Nonparametric) Maximum Likelihood Estimator (MLE)

ﬁn can be calculated via the iterative convex minorant algorithm
proposed in Groeneboom and Wellner (1992) for case 2 interval
censored data.

Talk, Shanghai; 23 June 2015 1.58



By Proposition 1 with a = 1 and ¢ = ¢ as before, it follows
that

P2 (pg . Pry) < (B — Po) (#(pg /Pr,))

where ¢ is bounded and continuous from R to R. Now the
collection of functions

gE{pF: FEF}

is easily seen to be a Glivenko-Cantelli class of functions: this can
be seen by first applying the GC-preservation theorem Theorem
1 to the collections G, k = 1,2,... obtained from G by restricting
to the sets K = k. Then for fixed k, the collections G, =
{pp(d,ty, k) : F € F} are Py—Glivenko-Cantelli classes since F is
a uniform Glivenko-Cantelli class, and since the functions pg are
continuous transformations of the classes of functions z — 9y, ;
and z — F(t ;) for j=1,...,k+ 1, and hence G is P—Glivenko-
Cantelli by van de Geer's bracketing entropy bound for monotone
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functions. Note that single function pg, is trivially Po— Glivenko-
Cantelli since it is uniformly bounded, and the single function
(1/pg,) is also Pp— GC since Py(l/pp,) < oo. Thus by the
Glivenko-Cantelli preservation Theorem 1 with g = (1/pp,) and
F=G={pp: FeF} itfollows that ¢’ = {pp/pp,: F € F}. Is
Py—Glivenko-Cantelli. Finally another application of preservation
of the Glivenko-Cantelli property by continuous maps shows that
the collection

H = {o(pr/rr,) : F €F}

is also FPp-Glivenko-Cantelli. When combined with Corollary 1.1,
we find:

Theorem. The NPMLE F,, satisfies
h(pg s PFy) —as. 0.

To relate this result to a result of Schick and Yu (2000), it
remains only to understand the relationship between their L1 (u)
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and the Hellinger metric h between pp and pg,. Let B denote
the collection of Borel sets in R. On B we define measures u
and pu, as follows: For B € B,

00 k
w(B)= > P(K=k) ) P(IT,,; € BIK=k), (10)
k=1 j=1
and
00 k
a(B) =) P(K= k)% Y P(T ;€ BIK =k). (11)
k=1 j=1

Let d be the Li(n) metric on the class F; thus for Fy, F» € F,

A(F1, F2) = [ [F1(t) = Fa(®)lda(t)

The measure p was introduced by Schick and Yu (2000); note
that p is a finite measure if E(K) < co. Note that d(F7, F>) can
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also be written in terms of an expectation as:

K+1
d(F1, F2) = By | D |[F1(Tk,j) — Fo(Tk j)|| - (12)
(K,T)

=1
As Schick and Yu (2000) observed, consistency of the NPMLE
Fy, in L1(x) holds under virtually no further hypotheses.

Theorem. (Schick and Yu). Suppose that E(K) < co. Then
d(Fn,FO) _>a“3. O

Proof. We have shown that this follows from the Hellinger
consistency proved above and the following lemma; see van der
Vaart and Wellner (2000).

Lemma.

1([ = 2 5
5{/|Fn—Fo|du} < h*(pg Pr,) -
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Example 3. (Completely monotone densities:)

Suppose that P = {P; : G a d.f. on R} where the measures
P, are scale mixtures of exponential distributions with mixing
distribution G-

pa(e) = [~ yemdG(y).

We first show that the map G — pg(x) is continuous with respect
to the topology of vague convergence for distributions G. This
follows easily since kernels for our mixing family are bounded,
continuous, and satisfy ye=*¥% — 0 as y — oo for every = > O.
Since vague convergence of distribution functions implies that
integrals of bounded continuous functions vanishing at infinity
converge, it follows that p(z; G) is continuous with respect to
the vague topology for every x > 0.

This implies, moreover, that the family F = {pg/(pg + po) :
G is a d.f. on R} is pointwise, for a.e. =z, continuous in G
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with respect to the vague topology. Since the family of sub-
distribution functions G on R is compact for (a metric for) the
vague topology (see e.g. Bauer (1972), page 241), and the
family of functions JF is uniformly bounded by 1, we conclude
from the basic bracketing lemma (Wald and LeCam) that
N[](e,]-",Ll(P)) < oo for every € > 0. Thus it follows from
Corollary 1.1 that the MLE G, of Gg satisfies

h(pg PGy) —as. 0.

By uniqueness of Laplace transforms, this implies that @n
converges weakly to Gg with probability 1. This method of proof
is due to Pfanzagl (1988); in this case we recover a result of
Jewell (1982). See also Van de Geer (1999), Example 4.2.4,
page 54.
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