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• The Kiefer-Wolfowitz theorem, monotone densities
• Approximation theory: bounds for interpolation errors
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A Kiefer - Wolfowitz theorem for Convex Densities – p. 4/42



Introduction: the Kiefer-Wolfowitz theorem

• Let f be a monotone density on [0,∞).

• Thus F (x) =
∫ x
0 f(y)dy is a concave distribution function on

[0,∞).

A Kiefer - Wolfowitz theorem for Convex Densities – p. 4/42



Introduction: the Kiefer-Wolfowitz theorem

• Let f be a monotone density on [0,∞).

• Thus F (x) =
∫ x
0 f(y)dy is a concave distribution function on
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• Let Fn(x) = n−1
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i=1 1{Xi ≤ x} be the empirical d.f. of
X1, . . . ,Xn i.i.d. with density f .
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Introduction: the Kiefer-Wolfowitz theorem

• Let f be a monotone density on [0,∞).

• Thus F (x) =
∫ x
0 f(y)dy is a concave distribution function on

[0,∞).

• Let Fn(x) = n−1
∑n

i=1 1{Xi ≤ x} be the empirical d.f. of
X1, . . . ,Xn i.i.d. with density f .

• Let f̂n be the Grenander estimator of f ;
i.e. f̂n(x) is the slope at x of the least concave majorant F̂n

of the empirical d.f. Fn
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• Theorem 1. (Kiefer-Wolfowitz, 1976). Suppose that:

Then

‖F̂n − Fn‖ ≡ sup
t<α1(F )

|F̂n(t) − Fn(t)|

= O((n−1 log n)2/3) almost surely.
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• Theorem 1. (Kiefer-Wolfowitz, 1976). Suppose that:
◦ α1(F ) = inf{t : F (t) = 1} < ∞.
◦ f ′ continuous on [0, α1(F )].
◦ β1(F ) ≡ inf0<t<α1(F )(−f ′(t)/f2(t)) > 0.

Then

‖F̂n − Fn‖ ≡ sup
t<α1(F )

|F̂n(t) − Fn(t)|

= O((n−1 log n)2/3) almost surely.
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• Theorem 1. (Kiefer-Wolfowitz, 1976). Suppose that:
◦ α1(F ) = inf{t : F (t) = 1} < ∞.
◦ f ′ continuous on [0, α1(F )].
◦ β1(F ) ≡ inf0<t<α1(F )(−f ′(t)/f2(t)) > 0.

◦ γ1(F ) ≡ sup0<t<α1(F )(−f ′(t))/ inf0<t<α1(F ) f2(t) < ∞.

Then

‖F̂n − Fn‖ ≡ sup
t<α1(F )

|F̂n(t) − Fn(t)|

= O((n−1 log n)2/3) almost surely.
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• Theorem 2. (Wang (2000); Kulikov and Lopuhaa (2006)). If
f(t0) > 0, f ′(t0) < 0, and f ′ is continuous in a neighborhood
of t0, then

n2/3(F̂n(t0 + n−1/3t) − Fn(t0 + n−1/3t))

⇒
(

2f2(t0)
−f ′(t0)

)1/3 {
C(at) − (W (at) − a2t2)

}
in D[−K,K] for each fixed K > 0 where W is two-sided
standard Brownian motion starting from 0, C is the least
concave majorant of W (t) − t2, and
a ≡ ([f ′(t0)]2/(4f(t0)))1/3.
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• Goal in these two talks: prove results similar to theorems 1
and 2 in the case when f is decreasing and convex.
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• Unfortunately, there is not yet an analogue of Marshall’s
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• Good news: Dümbgen, Rufibach, Wellner have an
analogue of Marshall’s lemma for the Least Squares
Estimators f̃n and F̃n.
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• Goal in these two talks: prove results similar to theorems 1
and 2 in the case when f is decreasing and convex.

• Unfortunately, there is not yet an analogue of Marshall’s
lemma for the MLEs f̂ and F̂n in this case.

• Good news: Dümbgen, Rufibach, Wellner have an
analogue of Marshall’s lemma for the Least Squares
Estimators f̃n and F̃n.

• Thus prove similar results for F̃n.
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• Groeneboom (1989), page 104 says: “ We finally want to
note that the process {V (a) : a ∈ R} not only describes the
limiting global behavior of the Grenander maximum
likelihood estimator of a (smooth and strictly decreasing)
density (see Groeneboom (1985)), but also describes the
limiting behavior of certain “isotonic” estimators of
distribution functions and hazard functions. In particular, by
using the properties of this process, a simple proof of
results in Kiefer and Wolfowitz (1976) can be given, which at
the same time clarifies the connection between these
results (on the estimation of concave distribution functions)
and results on the estimation of a monotone density.”
To the best of my knowledge Piet has not yet written the
“simple proof” he promised in 1989. We encourage him to
do so soon!
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• Theme 1: simplify proof of original K-W theorem using:
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• Theme 1: simplify proof of original K-W theorem using:
◦ Results from interpolation theory: de Boor, Hall and

Meyer, ... for the “broken line” interpolation operator I2.
◦ Results from empirical process theory involving the

oscillation modulus of the uniform empirical process:
Stute (1982), Mason, Shorack, Wellner (1983); Shorack
and Wellner (1986).
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• Theme 1: simplify proof of original K-W theorem using:
◦ Results from interpolation theory: de Boor, Hall and

Meyer, ... for the “broken line” interpolation operator I2.
◦ Results from empirical process theory involving the

oscillation modulus of the uniform empirical process:
Stute (1982), Mason, Shorack, Wellner (1983); Shorack
and Wellner (1986).

• Theme 2: proof of analogue of the K-W theorem for F̃n

corresponding to f convex using
◦ Results from interpolation theory for the complete (cubic)

spline interpolation operator I4; c.f. de Boor (2001).
◦ Oscillation theory of the uniform empirical process.
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2. Proof of the Kiefer-Wolfowitz (1976) theorem

• Lemma. (Marshall) Let F̂n be the least concave majorant of
Fn, and let h be a concave function on [0,∞). Then

‖F̂n − h‖ ≤ ‖Fn − h‖.
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• Outline of the Proof of the KW theorem:
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• Outline of the Proof of the KW theorem:
◦ Step 1: Marshall’s lemma.
◦ Step 2: Construct Ln (convenient) satisfying

PF (An) ≡ PF (Ln concave on [0,∞)) ≥ 1 − n−2

for all n sufficiently large.
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• Outline of the Proof of the KW theorem:
◦ Step 1: Marshall’s lemma.
◦ Step 2: Construct Ln (convenient) satisfying

PF (An) ≡ PF (Ln concave on [0,∞)) ≥ 1 − n−2

for all n sufficiently large.
◦ Step 3. On An note that by Marshall’s lemma we have

‖F̂n − Fn‖ ≤ ‖F̂n − Ln + Ln − Fn‖
≤ ‖F̂n − Ln‖ + ‖Ln − Fn‖
≤ ‖Fn − Ln‖ + ‖Ln − Fn‖ = 2‖Fn − Ln‖
≤ 2{‖Fn − F − (Ln − Ln)‖ + ‖F − Ln‖}
≡ 2Dn + 2En.
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• Outline of the Proof of the KW theorem:
◦ Step 1: Marshall’s lemma.
◦ Step 2: Construct Ln (convenient) satisfying

PF (An) ≡ PF (Ln concave on [0,∞)) ≥ 1 − n−2

for all n sufficiently large.
◦ Step 3. On An note that by Marshall’s lemma we have

‖F̂n − Fn‖ ≤ ‖F̂n − Ln + Ln − Fn‖
≤ ‖F̂n − Ln‖ + ‖Ln − Fn‖
≤ ‖Fn − Ln‖ + ‖Ln − Fn‖ = 2‖Fn − Ln‖
≤ 2{‖Fn − F − (Ln − Ln)‖ + ‖F − Ln‖}
≡ 2Dn + 2En.

◦ Step 4. Fix k ∈ N. Take Ln = I2Fn, Ln = I2F based on
the knots aj ≡ F−1(j/k), j = 0, 1, . . . , k − 1, ak = α1(F ).
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• From de Boor (2001), page 36, (18):

‖g − I2g‖ ≤ ω(g; |a|), |a| = max
1≤j≤k

(aj − aj−1),

ω(g; b) ≡ sup{|g(t) − g(s)| : |t − s| ≤ b}.
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• From de Boor (2001), page 36, (18):

‖g − I2g‖ ≤ ω(g; |a|), |a| = max
1≤j≤k

(aj − aj−1),

ω(g; b) ≡ sup{|g(t) − g(s)| : |t − s| ≤ b}.
• Thus with R ≡ max{1, f(0)}/f(α1(F )),

Dn = ‖Fn − F − I2(Fn − F )‖ ≤ ω(Fn − F ; |a|)
d= n−1/2ω(Un(F ); |a|)
≤ n−1/2ω(Un;Rpn), pn = 1/kn 	 C(n−1 log n)1/3

≤ n−1/2{(2 + ε)Rpn log(1/pn)}1/2 a.s.

= O((n−1 log n)2/3) a.s..
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• For En, use the inequality of de Boor (2001), page 31, (2): if
‖g′′‖ < ∞, then

‖g − I2g‖ ≤ 1
8
|a|2‖g′′‖.

A Kiefer - Wolfowitz theorem for Convex Densities – p. 13/42



• For En, use the inequality of de Boor (2001), page 31, (2): if
‖g′′‖ < ∞, then

‖g − I2g‖ ≤ 1
8
|a|2‖g′′‖.

• Taking g = F , this yields,

‖F − Ln‖ = ‖F − I2F‖ ≤ 1
8
|a|2‖F ′′‖

≤ 1
8
γ1(F )p2

n.
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• For En, use the inequality of de Boor (2001), page 31, (2): if
‖g′′‖ < ∞, then

‖g − I2g‖ ≤ 1
8
|a|2‖g′′‖.

• Taking g = F , this yields,

‖F − Ln‖ = ‖F − I2F‖ ≤ 1
8
|a|2‖F ′′‖

≤ 1
8
γ1(F )p2

n.

• Thus we are done if we can prove “step 2” for Ln = I2Fn:
i.e. PF (Ln concave on [0,∞)) ≥ 1 − n−2.
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• Lemma. If pn → 0 and δn → 0, then for the uniform(0, 1) d.f.
F = I,

Pr(|Gn(pn) − pn| ≥ δnpn) ≤ 2 exp(−2−1npnδ2
n(1 + o(1)))

where o(1) depends only on δn.
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• Lemma. If pn → 0 and δn → 0, then for the uniform(0, 1) d.f.
F = I,

Pr(|Gn(pn) − pn| ≥ δnpn) ≤ 2 exp(−2−1npnδ2
n(1 + o(1)))

where o(1) depends only on δn.
• Proof: Hoeffding’s inequality gives

Pr((Gn(pn) − pn)± ≥ pnλ) ≤ exp(−npnh(1 ± λ))

with h(x) = x(log x − 1) + 1. Since h(1 ± λ) ∼ 2−1λ as
λ ↘ 0, the lemma follows. �
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• Lemma. If pn → 0 and δn → 0, then for the uniform(0, 1) d.f.
F = I,

Pr(|Gn(pn) − pn| ≥ δnpn) ≤ 2 exp(−2−1npnδ2
n(1 + o(1)))

where o(1) depends only on δn.
• Proof: Hoeffding’s inequality gives

Pr((Gn(pn) − pn)± ≥ pnλ) ≤ exp(−npnh(1 ± λ))

with h(x) = x(log x − 1) + 1. Since h(1 ± λ) ∼ 2−1λ as
λ ↘ 0, the lemma follows. �

• Lemma. If β1(F ) > 0 and γ1(F ) < ∞, then for kn large

Pr(Ac
n) ≤ 4kn exp(−80−1β2

1(F )np3
n).
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• Proof: Set Tn,j ≡ Fn(aj) − Fn(aj−1), j = 1, . . . , k = kn, and
∆ja ≡ aj − aj−1. Then

An =
kn−1⋂
j=1

{
Tn,j

∆ja
≥ Tn,j+1

∆j+1a

}
.

Thus

P (Ac
n) ≤

kn−1∑
j=1

P

{
Tn,j

∆ja
<

Tn,j+1

∆j+1a

}
≡

kn−1∑
j=1

P (Bn,j)

=
kn−1∑
j=1

P (Bn,j ∩ {|Tn,i − 1/kn| ≤ δn/kn}, i = j, j + 1)

+
kn−1∑
j=1

P (Bn,j ∩ {|Tn,i − 1/kn| > δn/kn}, i = j, j + 1)

≡ In + IIn.
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• If |Tn,i − 1/kn| ≤ δn/kn, i = j, j + 1, and

∆j+1a

∆ja
≥ 1 + 3δn, (1)

we have

Tn,j ≥ 1
kn

− δn

kn
=

1 − δn

kn
,

Tn,j+1 ≤ 1 + δn

kn
,

Tn,j

∆ja
∆j+1a ≥ 1 − δn

kn
(1 + 3δn) ≥ 1 − δn

kn

1 + δn

1 − δn
≥ Tn,j+1

if δn ≤ 1/3. Thus when (1) holds, the events in the sum In

are empty and hence In = 0.
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• To show that (1) holds, note that

∆j+1a = F−1(
j + 1

k
) − F−1(

j

k
)

=
1
k

1
f(aj)

+
1

2k2
n

−f ′

f3
(ξ), aj ≤ ξ ≤ aj+1

∆ja ≤ 1
k

1
f(aj)

,

so

∆j+1a

∆ja
≥ 1 +

1
2kn

f(aj)
−f ′(ξ)
f3(ξ)

≥ 1 +
1

2kn

−f ′(ξ)
f2(ξ)

≥ 1 +
1

2kn
β1(F ) ≥ 1 + 3δn

if δn ≡ β1(F )/(6kn) (so 3δn = β1(F )/(2kn)).
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• Then it follows from Lemma 1 that

IIn ≤ 2
kn∑

j=1

P (|Tn,j − 1/kn| > δn/kn)

≤ 4
kn∑

j=1

exp(−2−1npnδ2
n(1 + o(1)))

≤ 4kn exp(−2−1np3
n

β2
1(F )
36

(1 + o(1)))

≤ 4kn exp(−np3
n

β2
1(F )
80

)

for n sufficiently large. Choosing
1/kn 	 pn = (7 log n/(3Kn))1/3 where K = β2

1(F )/80 makes
this bound smaller than 4n−2 for n sufficiently large. �
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3. The convex case, k = 2.

• Suppose that f̃n = H̃
(2)
n where:

(a) H̃n(x) ≥ Yn(x) ≡ ∫ x
0 Fn(s)ds,

(b)
∫∞
0 (H̃n − Yn)dH̃

(3)
n = 0.

Here we start with a local limit theorem which follows from
Groeneboom, Jongbloed, and Wellner (2001).
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3. The convex case, k = 2.

• Suppose that f̃n = H̃
(2)
n where:

(a) H̃n(x) ≥ Yn(x) ≡ ∫ x
0 Fn(s)ds,

(b)
∫∞
0 (H̃n − Yn)dH̃

(3)
n = 0.

Here we start with a local limit theorem which follows from
Groeneboom, Jongbloed, and Wellner (2001).

• Theorem. If f(t0) > 0, f ′′(t0) > 0 and f and f ′′ are
continuous in a neighborhood of t0, then(

n3/5(F̃n(t0 + n−1/5t) − Fn(t0 + n−1/5t))
n4/5(H̃n(t0 + n−1/5t) − Yn(t0 + n−1/5t))

)

⇒
(

c1(f, t0)(H
(1)
2 (at) − Y

(1)
2 (at)

c2(f, t0)(H2(at) − Y2(at)

)

where
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• the processes Y2 and H2 are described by

Y2(t) =
∫ t

0
W (s)ds + t4,

H2(t) ≥ Y2(t) for all t ∈ R,∫ ∞

−∞
(H2 − Y2)dH

(3)
2 = 0,
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• the processes Y2 and H2 are described by

Y2(t) =
∫ t

0
W (s)ds + t4,

H2(t) ≥ Y2(t) for all t ∈ R,∫ ∞

−∞
(H2 − Y2)dH

(3)
2 = 0,

• the constants cj(f, t0) are given by

c1(f, t0) =
(

24
f(t0)3

f ′′(t0)

)1/5

, c2(f, t0) =
(

243 f(t0)4

f ′′(t0)3

)1/5

,
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• the processes Y2 and H2 are described by

Y2(t) =
∫ t

0
W (s)ds + t4,

H2(t) ≥ Y2(t) for all t ∈ R,∫ ∞

−∞
(H2 − Y2)dH

(3)
2 = 0,

• the constants cj(f, t0) are given by

c1(f, t0) =
(

24
f(t0)3

f ′′(t0)

)1/5

, c2(f, t0) =
(

243 f(t0)4

f ′′(t0)3

)1/5

,

• and the constant a is defined by

a =
(

f ′′(t0)2

242f(t0)

)1/5

.
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• Global theory hypotheses:
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• Global theory hypotheses:
◦ R1. F has continuous 3rd derivative F (3) = f ′′(t) > 0,

t ∈ [0, τ ], and

β2(F, τ) ≡ inf
0<t<τ

f ′′(t)
f3(t)

> 0.
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• Global theory hypotheses:
◦ R1. F has continuous 3rd derivative F (3) = f ′′(t) > 0,

t ∈ [0, τ ], and

β2(F, τ) ≡ inf
0<t<τ

f ′′(t)
f3(t)

> 0.

◦ R2. γ̃1(F, τ) ≡ sup0<t<τ |(−f ′(t)/f2(t)) < ∞.
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• Global theory hypotheses:
◦ R1. F has continuous 3rd derivative F (3) = f ′′(t) > 0,

t ∈ [0, τ ], and

β2(F, τ) ≡ inf
0<t<τ

f ′′(t)
f3(t)

> 0.

◦ R2. γ̃1(F, τ) ≡ sup0<t<τ |(−f ′(t)/f2(t)) < ∞.

◦ R3. γ2(F, τ) ≡ sup0<t<τ f ′′(t)/ inf0<t<τ f3(t) < ∞.
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• Global theory hypotheses:
◦ R1. F has continuous 3rd derivative F (3) = f ′′(t) > 0,

t ∈ [0, τ ], and

β2(F, τ) ≡ inf
0<t<τ

f ′′(t)
f3(t)

> 0.

◦ R2. γ̃1(F, τ) ≡ sup0<t<τ |(−f ′(t)/f2(t)) < ∞.

◦ R3. γ2(F, τ) ≡ sup0<t<τ f ′′(t)/ inf0<t<τ f3(t) < ∞.
◦ R4. R ≡ max{1, f(0)}/f(τ) < ∞.
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• Global theory hypotheses:
◦ R1. F has continuous 3rd derivative F (3) = f ′′(t) > 0,

t ∈ [0, τ ], and

β2(F, τ) ≡ inf
0<t<τ

f ′′(t)
f3(t)

> 0.

◦ R2. γ̃1(F, τ) ≡ sup0<t<τ |(−f ′(t)/f2(t)) < ∞.

◦ R3. γ2(F, τ) ≡ sup0<t<τ f ′′(t)/ inf0<t<τ f3(t) < ∞.
◦ R4. R ≡ max{1, f(0)}/f(τ) < ∞.

• Theorem. Suppose that R1 - R4 hold. Then

‖F̃n − Fn‖ ≡ sup
0<t<τ

|F̃n(t) − Fn(t)| = O

((
log n

n

)3/5
)

a.s.
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• Corollary. If R1-R4 hold, then

√
n(F̃n − F ) =

√
n(Fn − F ) + O(n−1/10(log n)3/5) a.s.

uniformly on [0, τ ].
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• Corollary. If R1-R4 hold, then

√
n(F̃n − F ) =

√
n(Fn − F ) + O(n−1/10(log n)3/5) a.s.

uniformly on [0, τ ].
• Outline of the Proof of the KW theorem, convex case:
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• Corollary. If R1-R4 hold, then

√
n(F̃n − F ) =

√
n(Fn − F ) + O(n−1/10(log n)3/5) a.s.

uniformly on [0, τ ].
• Outline of the Proof of the KW theorem, convex case:

◦ Step 1: Analogue of Marshall’s lemma for the least
squares estimator: for any h with convex second
derivative,

‖H̃(1)
n − h‖ ≤ 2‖Fn − h‖.
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• Corollary. If R1-R4 hold, then

√
n(F̃n − F ) =

√
n(Fn − F ) + O(n−1/10(log n)3/5) a.s.

uniformly on [0, τ ].
• Outline of the Proof of the KW theorem, convex case:

◦ Step 1: Analogue of Marshall’s lemma for the least
squares estimator: for any h with convex second
derivative,

‖H̃(1)
n − h‖ ≤ 2‖Fn − h‖.

◦ Step 2: Construct Hn,kn
(convenient), show that

PF (An) ≡ PF (H(2)
n,kn

is convex on [0,∞)) ≥ 1 − n−2

for all n sufficiently large if
k = kn = (C0β2(F, τ)n/ log n)1/5 for some C0.
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• Proof outline, continued:
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• Proof outline, continued:
◦ Step 3. On An note that by the analogue of Marshall’s

lemma we have

‖F̃n − Fn‖ ≤ ‖H̃(1)
n − H

(1)
n,kn

+ H
(1)
n,kn

− Fn‖
≤ ‖H̃(1)

n − H
(1)
n,kn

‖ + ‖H(1)
n,kn

− Fn‖
≤ 2‖Fn − H

(1)
n,kn

‖ + ‖H(1)
n,kn

‖ − Fn‖
= 3‖Fn − H

(1)
n,kn

‖
≤ 3{‖Fn − F − (H(1)

n,kn
− H

(1)
kn

)‖ + ‖F − H
(1)
kn

‖}
≡ 3Dn + 3En.
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• Proof outline, continued:
◦ Step 3. On An note that by the analogue of Marshall’s

lemma we have

‖F̃n − Fn‖ ≤ ‖H̃(1)
n − H

(1)
n,kn

+ H
(1)
n,kn

− Fn‖
≤ ‖H̃(1)

n − H
(1)
n,kn

‖ + ‖H(1)
n,kn

− Fn‖
≤ 2‖Fn − H

(1)
n,kn

‖ + ‖H(1)
n,kn

‖ − Fn‖
= 3‖Fn − H

(1)
n,kn

‖
≤ 3{‖Fn − F − (H(1)

n,kn
− H

(1)
kn

)‖ + ‖F − H
(1)
kn

‖}
≡ 3Dn + 3En.

◦ Step 4. Fix k ∈ N. Take Hn,kn
= I4Yn, Hn = I4Y where

I4g is the “complete spline interpolant” of g based on the
knots aj ≡ F−1((j/k)F (τ)), j = 0, 1, . . . , k. Thus

H
(1)
n,kn

= (I4Yn)(1), Hn = (I4Y )(1).
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• Interpolation theory bounds:
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• Interpolation theory bounds:
◦ If g has bounded 4th derivative g(4), then

‖g(1) − (I4g)(1)‖ ≤ 1
24

|a|3‖g(4)‖.
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• Interpolation theory bounds:
◦ If g has bounded 4th derivative g(4), then

‖g(1) − (I4g)(1)‖ ≤ 1
24

|a|3‖g(4)‖.

◦ Applying this to Y (t) =
∫ t
0 F (s)ds yields

En = ‖Y (1) − H
(1)
kn

‖ ≤ 1
24

|a|3‖Y (4)‖

≤ 1
24

γ2(F, τ)p3
n = O((n−1 log n)3/5).
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• Interpolation theory bounds:
◦ If g has bounded 4th derivative g(4), then

‖g(1) − (I4g)(1)‖ ≤ 1
24

|a|3‖g(4)‖.

◦ Applying this to Y (t) =
∫ t
0 F (s)ds yields

En = ‖Y (1) − H
(1)
kn

‖ ≤ 1
24

|a|3‖Y (4)‖

≤ 1
24

γ2(F, τ)p3
n = O((n−1 log n)3/5).

• To handle the random term Dn, use de Boor’s (2001)
bounds together with empirical process oscillation theory:
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• The random term Dn is bounded as follows:

Dn = ‖Fn − F − (H(1)
n,kn

− H
(1)
kn

)‖
= ‖(Yn − Y )(1) − (I4(Yn − Y ))(1)‖
≤ (19/4)dist((Yn − Y )(1), $3)

≤ (19/4)dist((Yn − Y )(1), $2)

≤ (19/4)‖(Yn − Y )(1) − [I2(Yn − Y ))(1)]‖
≤ (19/4)‖Fn − F − I2(Fn − F )‖
≤ (19/4)ω(Fn − F ; |a|) ≤ (19/4)n−1/2ω(Un;Rpn)

≤ O(n−1/2
√

pn log(1/pn)) a.s.

= O((n−1 log n)3/5)

if we choose pn = (Mn−1 log n)1/5 for some M ; cf. de Boor
(2001), pages 56 and 36.
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• It remains to prove that step 2 holds: i.e. show that

PF (An) ≡ PF (H(2)
n,kn

is convex on [0,∞)) ≥ 1 − n−2

for n sufficiently large.
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• It remains to prove that step 2 holds: i.e. show that

PF (An) ≡ PF (H(2)
n,kn

is convex on [0,∞)) ≥ 1 − n−2

for n sufficiently large.
• Let

Sn,k ≡ Hn,kn
= I4Yn ≡ CYn,

Sn,k = Hkn
= I4Y ≡ CY.
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• It remains to prove that step 2 holds: i.e. show that

PF (An) ≡ PF (H(2)
n,kn

is convex on [0,∞)) ≥ 1 − n−2

for n sufficiently large.
• Let

Sn,k ≡ Hn,kn
= I4Yn ≡ CYn,

Sn,k = Hkn
= I4Y ≡ CY.

• The slope of S
(2)
n,k on [aj−1, aj ] is

Bj ≡ Bj(CS) =
12

(∆ja)3

S
(1)
n,k(aj−1) + S

(1)
n,k(aj)

2
∆ja − ∆jYn


≡ 12

(∆ja)3
Tn,j
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• The slope of the Hermite interpolant on [aj−1, aj ] is

B̃j ≡ Bj(Herm) =
12

(∆ja)3

{
Fn(aj−1) + Fn(aj)

2
∆ja − ∆jYn

}
≡ 12

(∆ja)3
Rn,j
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• The slope of the Hermite interpolant on [aj−1, aj ] is

B̃j ≡ Bj(Herm) =
12

(∆ja)3

{
Fn(aj−1) + Fn(aj)

2
∆ja − ∆jYn

}
≡ 12

(∆ja)3
Rn,j

• Corresponding to the random Tn,j and Rn,j the
corresponding population values are given by

tn,j =
(C[Y ])(1)(aj−1) + (C[Y ])(1)(aj)

2
∆ja − ∆jY,

rn,j =
Y (1)(aj−1) + Y (1)(aj)

2
∆ja − ∆jY.
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• We write

Tj − rj = Tj − tj + tj − rj

= Rj − rj + (Tj − tj − (Rj − rj)) + tj − rj

≡ Rj − rj + Aj + bj .
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• We write

Tj − rj = Tj − tj + tj − rj

= Rj − rj + (Tj − tj − (Rj − rj)) + tj − rj

≡ Rj − rj + Aj + bj .

• For 0 ≤ s < t < ∞, set

hs,t(x) =
(

x − s + t

2

)
1[s,t](x).
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• We write

Tj − rj = Tj − tj + tj − rj

= Rj − rj + (Tj − tj − (Rj − rj)) + tj − rj

≡ Rj − rj + Aj + bj .

• For 0 ≤ s < t < ∞, set

hs,t(x) =
(

x − s + t

2

)
1[s,t](x).

• Then:

Phs,t =
∫

hs,t(x)dF (x) =
1
2
(F (t) + F (s))(t − s) −

∫ t

s
F (u)du,

Pnhs,t =
∫

hs,t(x)dFn(x) =
1
2
(Fn(t) + Fn(s))(t − s) −

∫ t

s
Fn(u)du,

rn,j = Phaj−1,aj
, Rn,j = Pnhaj−1,aj

.
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
• Lemma. With Aj ≡ Tn,j − tn,j − (Rn,j − rn,j),

Pr(|Aj | > δnp3
n) ≤ 4 exp(−100−1nδ2

np3
nf2(a∗j)(1 + o(1))).
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
• Lemma. With Aj ≡ Tn,j − tn,j − (Rn,j − rn,j),

Pr(|Aj | > δnp3
n) ≤ 4 exp(−100−1nδ2

np3
nf2(a∗j)(1 + o(1))).

• Proof. Interpolation theory bounds and Bernstein’s
inequality. �
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
• Lemma. With Aj ≡ Tn,j − tn,j − (Rn,j − rn,j),

Pr(|Aj | > δnp3
n) ≤ 4 exp(−100−1nδ2

np3
nf2(a∗j)(1 + o(1))).

• Proof. Interpolation theory bounds and Bernstein’s
inequality. �

• Lemma. max1≤j≤k |tn,j − rn,j |/(∆ja)4 = o(1).
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
• Lemma. With Aj ≡ Tn,j − tn,j − (Rn,j − rn,j),

Pr(|Aj | > δnp3
n) ≤ 4 exp(−100−1nδ2

np3
nf2(a∗j)(1 + o(1))).

• Proof. Interpolation theory bounds and Bernstein’s
inequality. �

• Lemma. max1≤j≤k |tn,j − rn,j |/(∆ja)4 = o(1).
• Lemma.

Pr(|Tn,j − rn,j | > 3δnp3
n) ≤ 6 exp(−100−1nδ2

np3
nf2(a∗j )(1 + o(1))).
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• Lemma.

Pr(|Rn,j − rn,j | > δnp3
n) = Pr(|(Pn − P )hs,t| > δnp3

n)

≤ 2 exp(−3nδ2
np3

nf2(a∗j )(1 + o(1))).

• Proof. Bernstein’s inequality. �
• Lemma. With Aj ≡ Tn,j − tn,j − (Rn,j − rn,j),

Pr(|Aj | > δnp3
n) ≤ 4 exp(−100−1nδ2

np3
nf2(a∗j)(1 + o(1))).

• Proof. Interpolation theory bounds and Bernstein’s
inequality. �

• Lemma. max1≤j≤k |tn,j − rn,j |/(∆ja)4 = o(1).
• Lemma.

Pr(|Tn,j − rn,j | > 3δnp3
n) ≤ 6 exp(−100−1nδ2

np3
nf2(a∗j )(1 + o(1))).

• Proof. Combine the previous 3 lemmas �
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• Lemma. (Final exponential bound for step 2.)

PF (Ac
n) ≤ 12kn exp(−Kβ2

2(F, τ)np5
n)

where K−1 = 4246732800 ≤ 4.3 × 109.
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4. Some illustrative plots
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