Stat/Math 491

Homework 6 solutions.

1. The process is Markov since it is a birth-and-death process. From the descripiton, 
[image: image1.wmf], so pG = 0 yields
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whence 
[image: image3.wmf]which is summable iff 
[image: image4.wmf], yielding that the stationary distribution is geometric with parameter 
[image: image5.wmf].

2. We have 
[image: image6.wmf] and 
[image: image7.wmf]. The jump chain thus has elements 
[image: image8.wmf] (so 
[image: image9.wmf]). To solve for the stationary distribution of the jump chain we get 
[image: image10.wmf]
Solving recursively we get 
[image: image11.wmf]
and 
[image: image12.wmf] Summing over k we get 
[image: image13.wmf] and finally 
[image: image14.wmf]. The jump chain has a different stationary distribution from the discrete skeleton since the holding times in the discrete skeleton depend on the state the chain is in.

3. We have 
[image: image15.wmf]and 
[image: image16.wmf], i ≥ 1. Using the usual approach we write



[image: image17.wmf]
Letting 
[image: image18.wmf]we get 
[image: image19.wmf]and
[image: image20.wmf] whence 
[image: image21.wmf].

4. (a) By the coloring theorem the probability that the first bear is brown is 
[image: image22.wmf]
(b) Dividing the process up into pieces between consecutive brown bears there are going to be k independent events (grizzly bears), each with success probability 
[image: image23.wmf], followed by a failure (a brown bear). Hence the number of grizzlies between consecutive brown bears has a geometric distribution with this success probability.

(c) Since we know that one brown bear has arrived at time 1, we need to calculate  the expected value of the arrival time T of the first bear. If k bears (k-1 grizzly and 1 brown) have arrived by time 1, the expected arrival time of the first will simply be the expected value of the minimum of k independent U(0,1) random variables, which is 1/(k+1). Hence the overall expectation will be
[image: image24.wmf]. To work out the sum, write


[image: image25.wmf]
Thus we get the expected value 
[image: image26.wmf].
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