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Ensemble Kalman Filter

» X; € R™: unobservable state at time ¢
y: € RP: observations at time t
Nonlinear system eq. x; = M(X;_1) + €, where e; ~ N,(0, Q;)
Observation eq. y; = Hix; + €, where €; ~ Np(0, R¢)

» M-member background ensemble: {x?(%) : k =1,... M} ¢ R™M
background mean x° = 1. S~/ x0(k)
background error covariance P? = 1= S"M . X0 X6 T where
Xb(k) — xb(k) _ xb

» analysis mean X2 = X° + K(y — Hx?)
analysis covariance P2 = (I — KH)P?

» Kalman gain K = PPHT(HP’H + R)~'
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Multivariate Localization

» Localization (covariance tapering) reduces the sampling errors,
often by Schur (elementwise) product of P? and a localization
matrix C given by a compactly supported correlation function
(Hamill et al. 2001; Houtekamer and Mitchell 2002):

P°=PPoC.

» Applying univariate localization directly to multiple state variables
causes rank deficiency problem.

» If p(-) = {p,-/-(‘)}l.’j:h“’N is a correlation function giving a
localization matrix, where N = the number of state variables, then
not only each pji(-) but also p(-) must be a valid function for
correlation.
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Localization for N = 2

1 Use pji(-) = Bj p(-) with |8 <1, |8 <1, and Bjj = B = 1.

> <; f) is positive-definite and of full rank for any g with |5| < 1.

2 Use multivariate compactly supported correlation functions.
» Bivariate Askey function (Porcu et al. 2012)

d\ "
pidine) =y (1-9)

¢/

where ¢ > 0, pi12 = pio1 > 3(p11 + piz2), v > [38] + 2, and s is space

dimension.
. r(14p12) FA4v+m)r(A+vdpe) o p.
> (Bl < r(1+y+,m)\/ POy i = B =1

> Bl < 1if par = poo.
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Bivariate Lorenz Model (Lorenz 95)

» Xk and Y« are equally spaced on a latitude circle (j =1,...,J
andk=1,...,K).

» With boundary conditions Xxi+x = Xk, Yj,kiK = Yj,ky
Yi—uk = Yik—1,and Yiyx = Yjkt1,

J
ax
Tz‘k = —Xk—1(Xk—2 — Xky1) — Xk — (ha/b) E , Yik + F,
=
dy;
T?k = —ab¥j1k(Virak = Yji1.4) — @Y + (ha/b)Xi
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Bivariate Lorenz Model

» 36 variables of X, 360 variables of Y,a=10,b=10,h=2
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variable
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Pbfor N =2

> Bivariate ensembles x2(K) — (x2) x2y 'k —1 . m
» P is expressed as
Pt — (P% P?z)
eh PL)

where P2 = ;L XPX0T and X0 = x)*) — %29,
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» Two scenarios for observation

1 Observe 20% of X and 90% of Y at locations where X is not
observed.

2 Fully observe X and Y as a control group.
» Four localization schemes
S1 uses P?.
S2 Pb, =P5, =0.
S3 localizes P2, and P5,, but P{, = P5, = 0. (3 =0)
S4 localizes P, P5,, P%,, P5,. (0 < 8 < 1)
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Localization S4

» Apply the following two correlation functions:
1 Gaspari-Cohn function: p;(d; ¢) = Bjp(d; c), i,j = 1,2, where

—3(d1/e)°+3(d/c)*+3(ldl/c)*~§(d/c)*+1, 0<|d|<c;
p(dic) = § 75(ldl/c)°~3(d/c)*+3(ldl/c)*+5(d/c)’~5(|d|/c)+4—5¢/|d|,  e<|d|<2c;
0, 2¢<|d|

and 311 = B2 = 1,0 < 3; < 1. (support=2c)
2 Bivariate Askey function

d) "
p/j(dvc):/Blj( _) 7’1_/:172
¢ +

with 1111 = 0, po2 = 2, pjj =1, v =3, and By1 = fa2 = 1,
0 < B <0.7. (support=c)
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Results for X in scenario 1
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Results for Y in scenario 1
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Results for X in scenario 2
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Results for Y in scenario 2
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Future Work

» Find optimal g at each time step?
» Use different localization length for each state variable?
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