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o W C RY: an arbitrary Borel set with 0 < |W/| < oo

o Forue Sﬁ’:l, the cylindrical K-function in the directions +u
is defined as

#
1
Ku(r,t) = W] E Zexuxl € W,xo—x1 € Gu(r,t)], r,t>0
X1,X2

o C(r,t): the d-dimensional cylinder with midpoint o, radius
r > 0, and height 2t > 0 in the direction along the xy4-axis.
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o pKy(r,t): the mean number of further points in the cylinder
with radius r, height t, direction u, and midpoint at &,
conditional on that X has a point at the location &

o Does not depend on the choice of W because of stationarity
of X

o For d = 3, a relationship with the space-time K-function in
Diggle et al (2009).
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#

. 1

Ru(r 1) = = D wlxg,x2)1[xz — x1 € Cu(r, 1)]
P~ x1,x26y

~

o p2 = n(n—1)/|W|? is the usual estimate of p?
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Three possibilities:
o Translation correction factor
@ Isotropic correction factor
o Combined correction factor
Our choice: the translation correction factor because:
@ no restriction on the shape of W.
@ no restriction on the directions of C,(r, t).

o similar results for the translation and the combined results
based on the simulations
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o |W|=510u x 138 x 518u

o Layer Ill; Brodmann area 4
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o For t = 80, n=999, type | error probability= 0.026
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on each line /;, a Poisson process Y;
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o The phase representation:
o L: is identified by a point process ® C H x S9!
o H: the hyperplane perpendicular to the xg-axis
o S971: the unit-sphere in R?
o I=I(y,u) eL=(y,u) € HxSI!
o u is the direction of /

o y is the intersection point of / and H
o p,.(x) = x — (x - u)u: the orthogonal projection of x € RY
onto ut (the hyperplane perpendicular to u and containing

the origin).
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o Useful for computational reason:
to specify the distribution of the Poisson line process L by
(B, M).

o Useful for interpretation:

to specify the distribution of the Poisson line process L by
(pLsR)

o pr: the intensity of L

o R: the rose of directions of L
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@ py: the mean length of lines in L within any region of unit
volume in RY

o R: the distribution for the direction of a typical line in L
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o p;: the mean length of lines in L within any region of unit volume
in RY

o R: the distribution for the direction of a typical line in L

A one-to-one correspondence between (5, M) and (p;, R):
For any Borel set B C S971, [0.2]

o= [ 1/lua M), RE) = [ 1/lual M(d0) /[ 1/100] M(d0).

A one-to-one correspondence between (p;,R) and (3, M):

5= [ lud Rew). M(8) = [ Jul Reaw) / [ 0] Recw)

37/64
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intensity A.
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Reminder: The PLCPP X is a Cox process with driving random
intensity A.

p=E[NO)]. rg(x) = EINO)AX)], xR

We verified that
p=apL

and
1 ~
g =1+ / koo % koo (pys (X)) R(du), x € R,
L

Thus g > 1, reflecting the clustering of the PLPCP
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o Xy = XN W, the PLCPP restricted to a bounded region W c R
o A finite approximation of the latent process ®

Their densities are required for Bayesian inference

o k,.(y) = f(y|o?): the density for a zero-mean radially symmetric
normal distribution on H with variance 02 > 0

o R follows the von Mises-Fisher density f(:|u, <) with respect to
the surface measure vy_1 on S91:

jod/2-1

(27T)d/2/d/271('f)7
l4: the modified Bessel function of the first kind and order d

uesi

f(u‘/-‘l’v KV) - Cd(/i) eXp(h”,/.,L-u)7 Cd("{) =
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o Conditional on ®, X,y is absolutely continuous with respect to the
unit rate Poisson process on W, with density

f({xla v ,Xn}|¢.,(1,0'2) = €Xp (|W| - / A(X|¢70470'2)dX> HA(XI"(D?O[?UZ)
JW

i=1

for finite point configurations {xi,...,x,} C W.
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o Conditional on ®, X,y is absolutely continuous with respect to the
unit rate Poisson process on W, with density

f({xla v ,Xn}|¢',()[,0'2) = €Xp (|W| - / A(X|¢70470'2)dX> H/\(Xl-‘q),o[’gz)
JW

i=1

for finite point configurations {xi,...,x,} C W.

o We replace the infinite ® by a finite approximation ®s = ® N S so
that

AX|®s,a,0?) =a > f(pa(x—y)lo?)
(Y7u)€¢5
is a finite sum.
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o S: the set of lines hitting a bounded region W, 2 W

S={(y,u) € Hx S I(y,u) N Wy # 0}

o The choice of Wey;

o depends on the model and the data at hand
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©

S: the set of lines hitting a bounded region We,y O W

S={(y,u) € Hx S I(y,u) N Wy # 0}

(+]

The choice of Wy

©

depends on the model and the data at hand

o to elliminate boundary effects, Wy, is sufficiently large so that it is very
unlikely that for some line ; = I(y;,u;) € L with (y;,u;) € S, X; has a
point in W.
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X(y, ulp, k) = prluglf (ulp, x)
with respect to the measure A(dy)ry_1(du)
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with respect to the measure A(dy)ry_1(du)

o The distribution of @ is absolutely continuous with respect to the
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®; is a Poisson process on S with intensity function
X(y,ulp, &) = prlugl|f(ulp, x)
with respect to the measure A(dy)ry_1(du)

The distribution of @ is absolutely continuous with respect to the
distribution of a natural reference process ®q s defined as the
Poisson process on S with intensity function

xo(y, u) = |ug|F(d/2)/(2n7?)
with respect to the measure A\(dy)vy—1(du)

The reference process corresponds to the case of an isotropic
Poisson line process with unit intensity.
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o Letting ®g s = ®y N S, then the density of ®g with respect to the
distribution of ®q s is

f({(y1,u1), -, (Y, uk) oL, p, k)

= exp (/ [xo(y, u) — x(y. ulp, £)] A(dy)vg—1(du) ) H X(yj. ujli: v)

o xo(yiw)

for finite point configurations {(y1,u1),...,(Yx,uk)} C S.



Cylindrical K-function
Poisson Line Cluster Point Processes (PLCPP)

Literatur

@ That is
f({(ylv u1)7 SERE) (ykv Uk)}|PL,/1'-, ’{)

xcop (<o [ s\ (ol vo-a (0w

k 7d/2
H[ w1y € 4]
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(+]

Our data: Xy = {x1,...,Xn}

©

Independent priors on the parameters: p(a), p(c?), p(pL), p(1t), p(k)

@ The missing data: ®g

(4]

The joint density of X}y and ®s:

/(()z,0'2,pL,/_l,7 Ii|{X1, s 7X"}7 {(yla u1)7 B (yk7 uk)})
= f({X17 .. '7X"}|{(y17 ul)ﬁ ey (Yk, uk)}7a102)f({(y17 ul)v ceey (ykv Uk)}|PL7HI7 ‘%)
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o Our data: Xy = {x1,...,Xn}
@ Independent priors on the parameters: p(a), p(a2), p(pL), p(1), p(%)
@ The missing data: ®g

@ The joint density of X\ and ®s:

/(040—27va“7 H|{X17 s 7X"}7 {(YI, u1)7 B (yk7 uk)})
= f({x17 .. '7x"}|{(y17 ul)ﬁ ey (Yk, uk)},a,az)f({(y17 ul)v ceey (ykv Uk)}|PL7HI7 ‘%)

@ Thus the posterior density:

p(av 02’ PL; K Ky {(ylv u1)7 B (Yk, uk)}‘{xlv s ,X,,})
oc (e, 0%, pry pr, K1{x1, - xa}, {(y1, 1), (ves u) P p(@)p(0®) p(p) p(R)P(K).

59 /64



Cylindrical K-function
Poisson Line Cluster Point Processes (PLCPP)

Literatur

« and p;: Gibbs updates from two gamma distributions

*p(glz)ex a N x —yj)|o?) — x —vy;)|o"?)| dx
Rp2 = p( /WZ[f(puf( ¥)lo®) = f(pur (x = y))l )}d)

k
ﬁ j=1 f(PujL (xi — Yj)|<7/2)

k )
i=1 24j=1 f(pyr (xi —yj)lo?)

J

i Z({:)) o (o (1, 1) = 1, ) [ ff(&'f:,’:))
v X . K//
R,i:p(/%)exp(pl_ [/(M,;g)f/(ﬂ,ﬁx)])l—[ f(uj|p, K7)

p() Ll
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AMJu)|u
Ruirth = Ruirth (K, y, u) = %1[/(% u) N Weee # 0]
ke
PLA(Ju;)| g ]
_ ‘ufi,jp‘(-juj/-)
|ud,jIA(Ju;)

Ryeath = Rdeath(k7YJ'a uj) =

Rmove - Rdeath(kvyja uj)Rbirth(kflvyjl‘a U/-) l[l(yjla ujl')mWext # @]
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Thank you!
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