
Applica'on:	  French	  Precipita'on	  
Data,	  and	  a	  few	  Miscellaneous	  

Comments/Direc'ons	  
Wendy	  Meiring	  	  

University	  of	  California,	  Santa	  Barbara	  
	  

(Joint	  work	  with	  Peter	  GuIorp,	  Paul	  Sampson,	  Pascal	  Mones'ez)	  
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Environmental	  and	  ecological	  data	  usually	  
exhibit	  dependence	  in	  space	  and	  7me	  

	  	  	  	  Aim:	  use	  this	  dependence	  to	  	  
	  	  	  	  es7mate/predict	  process	  of	  interest	  	  

	  	  	  	  in	  space	  and	  7me,	  
	  

	  	  	  taking	  into	  account	  both	  	  
	  	  	  small-‐scale	  space-‐7me	  dependence,	  	  
	  	  	  and	  large-‐scale	  space-‐7me	  trends	  



Tobler’s	  First	  Law	  of	  Geography	  

“Everything	  is	  related	  	  	  	  
	  	  to	  everything	  else,	  	  
	  	  but	  near	  things	  are	  	  	  	  
	  	  more	  related	  than	  
	  	  distant	  things.”	  
	  
	  
	  
Source:	  ESRI	  online	  GIS	  dic'onary	  
hIp://support.esri.com/es/knowledgebase/GISDic'onary/
term/Tobler's%20First%20Law%20of%20Geography	  

	  

	  
Professor	  Waldo	  Tobler,	  
UCSB	  Geography	  Dept	  



	  
	  
	  
	  

How	  can	  we	  model	  associa7ons	  
between	  observa7ons	  at	  two	  spa7al	  

loca7ons?	  



	  
	  

Frequently	  use	  spa7al	  Covariance	  and	  Correla7on	  
	  (assuming	  finite	  variance	  field)	  

	  
An	  example	  of	  an	  “isotropic”	  spa7al	  covariance	  func7on:	  
	  an	  exponen7al	  spa7al	  covariance	  func7on	  with	  nugget	  	  



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (Spa7al	  variogram	  or	  structure	  func7on)	  

More	  generally	  -‐	  spa'al	  variogram/structure	  func'on/spa'al	  dispersion	  



	  
An	  Exponen7al	  variogram	  	  (on	  a	  standardized	  scale)	  -‐	  an	  example	  of	  an	  isotropic	  

model	  for	  spa7al	  associa7on	  
	  



	  
An	  Exponen7al	  variogram	  	  (on	  a	  standardized	  scale)	  -‐	  an	  example	  of	  an	  isotropic	  

model	  for	  spa7al	  associa7on	  
	  

Here	  spa'al	  
dependence	  only	  
depends	  on	  the	  
Euclidean	  distance	  
between	  
geographic	  
loca'ons.	  
	  



Non-‐isotropic	  spa7al	  covariance	  modeling	  

•  A	  deforma'on	  approach.	  
•  There	  are	  many	  other	  approaches	  –	  ac've	  
development	  area.	  	  	  	  Non-‐sta7onary	  covariance	  workshop	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  My	  collabora'ons	  on	  deforma'on	  approach:	  

•  Work	  with	  Peter	  GuIorp	  and	  Paul	  Sampson	  at	  
U.	  Washington,	  Pascal	  Mones'ez	  and	  Olivier	  
Perrin	  in	  France.	  

Sampson-‐GuQorp	  approach	  



(For	  simplicity	  in	  this	  talk,	  
	  	  assume	  independence	  
	  	  	  in	  'me.	  Replica'ons.)	  



Variogram	  is	  modeled	  
as	  isotropic	  as	  a	  func7on	  
of	  	  distance	  	  
in	  the	  deformed	  space	  
(in	  D-‐space)	  



Variogram	  is	  modeled	  
as	  isotropic	  as	  a	  func7on	  
of	  	  distance	  	  
in	  the	  deformed	  space	  
(in	  D-‐space)	  

In	  this	  talk	  p=d=2	  



Network	  of	  Precipita'on	  Monitoring	  Sites	  in	  France	  
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This	  page	  illustrates	  effect	  of	  
Deforma'on	  using	  a	  	  
Gaussian	  variogram.	  
Note	  difference	  near	  origin	  
versus	  exponen'al	  variogram	  
Shown	  on	  a	  few	  other	  plots.	  
	  
	  
Other	  talks	  –	  	  
gave	  defini'ons	  











Es7ma7on	  decisions,	  
Including	  penalized	  
	  weighted	  least	  squares	  
op7miza7on	  
Criterion.	  
	  
Other	  approaches:	  variants	  
on	  Penalized	  likelihood	  
(Paul	  Sampson’s	  talk)	  







Fig. 7: Precipitation in Southern France -  
an example of a non-linear deformation 

 



G-plane Equicorrelation Contours"



D-plane Equicorrelation Contours"



	  

Exponen7al	  variogram	  	  	  -‐	  an	  example	  of	  an	  isotropic	  model	  for	  spa7al	  associa7on	  
	  



Figure	  based	  on	  a	  	  
Simula'on	  study.	  



Es7ma7on	  decisions,	  
Including	  penalized	  
	  weighted	  least	  squares	  
op7miza7on	  
Criterion.	  
	  
Other	  approaches:	  variants	  
on	  Penalized	  likelihood	  
(Paul	  Sampson’s	  talk)	  

	  	  

EnviroStat	  –	  currently	  
Uses	  penalized	  
	  least	  squares	  



Op'miza'on	  
•  Alterna7ng	  algorithm:	  
	  	  	  	  -‐	  Parameter	  es'ma'on	  for	  D-‐space	  variogram	  
	  	  	  	  	  -‐	  Es'ma'on	  of	  D-‐space	  loca'ons	  of	  monitoring	  sites	  
	  	  	  	  	  	  	  	  	  N	  sites	  	  	  	  	  	  	  	  	  	  	  	  2N-‐4	  dimensions	  
	  
•  Scaling	  of	  coordinates	  
	  	  	  	  	  -‐	  Calcula'on	  of	  BEP	  
	  	  	  	  	  	  -‐	  Similar	  scales	  for	  op7miza7on	  over	  variogram	  parameters	  
	  
•  Star7ng	  values	  
	  	  	  	  -‐	  Loca'ons	  (start	  at	  geographic	  loca'ons)	  
	  	  	  	  -‐	  Variogram	  parameters	  
	  

⇒





	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

Complexity	  of	  the	  
Op'miza'on	  
Surface	  decreases	  
As	  λ	  increases	  



Orange	  -‐	  G-‐plane	  loca7on	  	  
	  
Red	  	  	  	  	  	  	  -‐	  D-‐plane	  loca7on	  	  	  

Blue	  	  	  	  –	  minimizes	  WLS	  term	  (le`)	  
	  
Green	  –	  minimizes	  BEP	  term	  (right)	  









Complexity	  of	  the	  op'miza'on	  surface	  decreases	  as	  λ	  increases	  	  



Universal Kriging:

(here using s as spatial location instead of x)

Suppose

Z(s) =
p+1
X

j=1

fj�1(s)�j�1 + �(s), s 2 D.

i.e., Z = F� + �

where
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.

Known functions {f0 (s) , . . . , fp (s)}.
Unknown parameters: � = (�0, . . . ,�p)

0 2 <p+1.

�(.) is a spatial residual process.

Aim: Predict Z (s0) = f

0
� + � (s0) where

f = (f0 (s0) , . . . , fp (s0))
0.



Special case: Second order polynomial trend in <2
:

For s = (x, y),

µ (s) = a00 + a10x+ a01y + a20x
2
+ a11xy + a02y

2

f0(s) = 1

f1(s) = x

f2(s) = y

f3(s) = x

2

f4(s) = xy

f5(s) = y

2



Minimize the mean square prediction error, subject

to the uniform unbiasedness constraint.

mse

= E

h

(p (Z, s0)� Z (s0))
2
i

= Var (p (Z, s0)� Z (s0)) + [E (p (Z, s0)� Z (s0))]
2
.

= Var

"

n
X

i=1

�iZ (si)� Z (s0)

#

+
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n
X
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!#2

Minimizing the mse subject to the unbiasedness

constraint is equivalent to minimizing

Q = E

h

(p (Z, s0)� Z (s0))
2
i

�2

p+1
X

j=1

mj�1

(

n
X

i=1

�ifj�1 (si)� fj�1 (s0)

)

with respect to �1, . . . ,�n, and m0, . . . ,mp





Ordinary	  Kriging	  Weights	  Illustra7on	  –	  although	  for	  different	  data	  

Last	  minute	  addi'on	  given	  other	  talks	  



Spa'al	  predic'on	  via	  universal	  kriging	  

	  
•  Op'mality	  results	  assume	  that	  the	  form	  and	  
parameters	  of	  the	  spa'al	  correla'on	  func'on	  are	  
known.	  

•  In	  prac7ce,	  both	  the	  form	  and	  parameters	  are	  
unknown.	  

	  	  	  	  	  	  -‐	  use	  Bayesian	  Kriging;	  	  	  	  
	  	  	  	  	  	  	  	  	  or	  a	  bootstrap	  approach.	  
	  



Space	  and	  Time	  O`en	  Are	  Non-‐Separable.	  Ozone	  Example	  
Spa7al	  Structure	  in	  Pre-‐whitened	  Residuals	  –	  varies	  by	  hour	  of	  day	  



	  
	  
	  
	  
	  
	  
	  
	  

Points	  for	  discussion/brain-‐storming	  
	  

Extensions	  to	  space-‐7me	  correla7on.	  
	  

Diagnos7cs	  for	  data	  that	  are	  different	  in	  their	  space-‐7me	  
second	  order	  structure	  from	  their	  neighbors	  –	  quality	  control	  

(eg.	  Ozone	  eg.	  GuQorp	  et	  al.,	  1994)	  
	  

Step	  1	  -‐	  Heterogeneous	  es7ma7on	  approach	  can	  help	  iden7fy	  
and	  understand	  nature	  of	  anisotropy	  in	  spa7al	  (or	  space-‐7me)	  

correla7on,	  including	  changes	  in	  7me	  such	  as	  seasonal.	  
	  

Always	  mo7vates	  further	  study:	  	  
Is	  structure	  real?	  	  

Are	  there	  scien7fic	  explana7ons	  for	  these	  anisotropies?	  
Alexandra	  –	  including	  covariates	  in	  covariances.	  


