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Kriging



The geostatistical model

Gaussian process Z(s),s €D c R?
w(s)=EZ(s) Var Z(s) <
Z is strictly stationary if

d
(2(81),---,Z(sk)) =(Z(s1 + h), ..., Z(si +h))
Z is weakly stationary if

u(s)=p Cov(Z(sq),Z(s2)) = C(s1—s3)

Z is isotropic if weakly stationary and

C(s1—52)=Cp(Is1—s2|)



The problem

Given observations at n locations
Z(s1),---,Z(S,)

estimate
Z(S,) (the process at an unobserved location)

or jZ(s)dv(s) (an average of the process)
A

In the environmental context often time series of
observations at the locations.
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Regression (Bravais, Galton,
Bartlett)

Mining engineers (Krige 1951,
Matheron, 60s)
Spatial models (Whittle, 1954)
Forestry (Matérn, 1960)

Objective analysis (Gandin,
1961)

More recent work Cressie
(1993), Stein (1999)

Gelfand et al. (2010)



A Gaussian formula

(] sl
Y Ly J\Zyx 2Zyy
then (YIX)~N(y + ZyxZxk X—y),

1
2yy — Zyx Zxx=xy)



Simple kriging

Let X = (Z(s,),---,Z(S,))", Y = Z(s,), so that

Hx=p1,, Hy=H,
Zxx=[C(s;-s)], Zyy=C(0), and
Zyx=[C(si-so)].

Then
P(X) = Z(s,) =p+[C(s, - s,)] [Cls, - )] (X—p1,)

This is the best unbiased linear predictor
when 1 and C are known (simple kriging).

The prediction variance is
m, = C(0)—[C(s,—s,)] [ C(s,~s,)] [C(s,~s,)]



Some variants

Ordinary kriging (unknown |1.)
~ A - R
p(X)=Z(s,) =i +[C(s,~s,)] [C(s,—-s) ] (X-}i1,)
where

= (1: [C(s, - si):|_1 1, )_1 17[C(s, - sj):|_1 X

Universal kriging (1 (s)=A(s)p for some
spatial variable A)

B=(As)]'[Cs,-s)] [As))
[As)]'[C(s,—s)] X

P(X) = Z(s,) = fi(s,) +[C(s,— 8,)] [C(s, — )] (X~ [ik(s,)])
where [L(S)=A(s)B
Still optimal for known C.



Universal kriging variance

simple kriging

~ 2 .
E(Z(So) _ Z(So)) — m1 + variance

(A(s,) - [A(s)"IC(s, - s "[C(s, - S,)])
x((As)]"[C(s,—s)] [As)]
x(A(s,) - [A(s,)[C(s, — )] "[C(s; - 5,)])

/

variability due to estimating




The (semi)variogram

y(|hi) = %Var(Z(s +h) - 2Z(s)) = C(0) - C(|h|)

Intrinsic stationarity
Weaker assumption (C(0) needs not
exist)

Kriging predictions can be expressed in
terms of the variogram instead of the
covariance.



The exponential variogram

A commonly used variogram function
is y(h) = 02 (1 — e™9),

Corresponds to a Gaussian process
with continuous but not differentiable
sample paths.

More generally,
y(h) = (c® —7°)(1-e™*) + 7?

has a nugget 12, corresponding to
measurement error and spatial
correlation at small distances.
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Ordinary kriging

2(so) = i LL(s))

where
T 1_1TF_1Y ' 1
A =('y+1 m=F ] T
Y =(Y(Sg —8)y-0s¥Y(Sg = S,))'
Fij = Y(si — sj)

and kriging variance

m1(so) = Zi A’iY(SO - si) _ iixixj'Y(si - Sj)

i=1 j=1



An example

Precipitation data from Parana state in
Brazil (May-June, averaged over years)
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Bayesian kriging

Instead of estimating the parameters,
we put a prior distribution on them,
and update the distribution using the
data.

Model:

X([0) ~ N(B,5*(C(¢) 1+ 7l

(Z(s,)--2(s))Y] / \

Matrix with meésurement
i,j-element error

C(si-sj; ¢)

(correlation)

6=(B,0%9,7°)"




Prior/posterior of ¢
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Estimated variogram
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