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ABSTRACT

Climate datasets with both spatial and temporal components are often studied after removing from each

time series a temporal mean calculated over a common reference interval, which is generally shorter than the

overall length of the dataset. The use of a short reference interval affects the temporal properties of the

variability across the records, by reducing the standard deviation within the reference interval and inflating it

elsewhere. For an annually averaged version of the Climate Research Unit’s (CRU) temperature anomaly

product, the mean standard deviation is 0.678C within the 1961–90 reference interval, and 0.818C elsewhere.

The calculation of anomalies can be interpreted in terms of a two-factor analysis of variance model. Within

a Bayesian inference framework, any missing values are viewed as additional parameters, and the reference

interval is specified as the full length of the dataset. This Bayesian scheme is used to re-express the CRU

dataset as anomalies with respect to means calculated over the entire 1850–2009 interval spanned by the

dataset. The mean standard deviation is increased to 0.698C within the original 1961–90 reference interval,

and reduced to 0.768C elsewhere. The choice of reference interval thus has a predictable and demonstrable

effect on the second spatial moment time series of the CRU dataset. The spatial mean time series is in this case

largely unaffected: the amplitude of spatial mean temperature change is reduced by 0.18C when using the

1850–2009 reference interval, while the 90% uncertainty interval of (20.03, 0.23) indicates that the reduction

is not statistically significant.

1. Introduction

For the purposes of studying climate, space–time da-

tasets are often analyzed after the mean over some spe-

cific time interval has been removed from each time

series. For example, the gridded temperature anomaly

compilation produced by the Climate Research Unit

(CRU) is composed of monthly time series of anomalies

from a 1961–90 reference interval (Brohan et al. 2006),

while the Intergovernmental Panel on Climate Change

(IPCC) Fourth Assessment Report plots numerous

millennial-scale climate reconstructions as anomalies from

that same interval (Fig. 6.10 of Jansen et al. 2007).

There are both technical and scientific reasons for

analyzing temperature anomalies rather than the actual

values. Jones et al. (1999) argue that use of anomalies

avoids a number of problems that can potentially arise

when combining daily station data into monthly gridbox

averages. The impacts of differences in station eleva-

tions, the timings of daily observations, and the methods

used to calculate monthly means are minimized by con-

sidering anomalies, and the resulting dataset is more

homogeneous than the corresponding compilation of ac-

tual values (Jones et al. 1999).

In general, climate fields display complex spatial struc-

tures, such as a strong dependence on latitude, sharp

gradients across land–sea boundaries, and elevation

effects—all of which can be seen in the National Centers

for Environmental Prediction–National Center for At-

mospheric Research (NCEP–NCAR) reanalysis (Kalnay

et al. 1996; data available at http://www.esrl.noaa.gov/psd/

data/gridded/data.ncep.reanalysis.html) annual mean tem-

perature field for 1981 (Fig. 1a). Many of these spatial

structures are relatively stable as a function of time,

and are thus well estimated from the long-term temporal

* Current affiliation: Department of Earth and Planetary Sci-

ences, Harvard University, Cambridge, Massachusetts.

Corresponding author address: Martin P. Tingley, National Center

for Atmospheric Research, 1850 Table Mesa Drive, Boulder,

CO 80305.

E-mail: tingley@fas.harvard.edu

15 JANUARY 2012 T I N G L E Y 777

DOI: 10.1175/JCLI-D-11-00008.1

� 2012 American Meteorological Society



mean (Fig. 1b). There is generally less structure in the

field of anomalies with respect to an estimated long-

term mean (Fig. 1c), and the anomalies are generally

representative of larger spatial areas (e.g., Hansen and

Lebedeff 1987). A sensible analysis of the anomaly field

likely requires fewer covariates, as the anomaly field is

more likely to be spatially stationary (e.g., Banerjee

et al. 2004). As scientific interest often lies in under-

standing changes in climate fields such as surface tem-

peratures, rather than the details of the field itself, the

analysis of anomalies allows for a simpler statistical model,

which facilitates the identification of trends and pat-

terns of change.

Given the underlying assumption that the climate field

is changing in time, it is important to remove from each

time series a mean calculated over a common reference

interval, and this reference interval is often chosen as

a subinterval that minimizes the number of missing

values (e.g., Brohan et al. 2006). Using a reference

interval that is shorter than the full length of the dataset

leads to increased uncertainty in the estimation of the

means (smaller sample size), and often does not en-

tirely eliminate the missing data problem. In addition,

using a short reference interval results in the variance

across the estimated anomaly time series (spatial var-

iance) being reduced within the reference interval, and

inflated elsewhere (see section 2). In the extreme case,

the spatial variance within a one time-step reference in-

terval is zero.

Any analysis of climate anomalies that depends on

second- or higher-moment properties may therefore be

affected by the choice of reference interval used to

calculate the anomalies. For example, the frequency of

climate events that are defined as threshold exceed-

ances, such as heat waves or other extremes, changes if

either the mean or the standard deviation changes (see

Fig. 4-1 in Watson et al. 2001). As the standard de-

viation is lower within a short reference interval, any

threshold is more likely to be exceeded outside of the

reference interval used to calculate the anomalies, and

this effect becomes more pronounced the more extreme

the threshold.

The scientific interpretation of several figures from

the IPCC Fourth Assessment Report (Trenberth et al.

2007) is influenced by the reference interval used to

calculate climate anomalies. For example, Fig. 3.5 in the

Fourth Assessment Report plots zonally averaged tem-

perature anomalies with respect to a 1961–90 reference

interval as a function of latitude and time, while Fig. 3.15

depicts precipitation anomalies in the same manner. The

choice of a short reference interval affects the temporal

evolution of the spatial standard deviation as a function

of time, and this effect is clearly visible in the pre-

cipitation plot, which features markedly reduced vari-

ability within the 1961–90 reference interval.

As a final example, paleoclimatic field reconstructions

are generally calibrated against instrumental anomalies

with respect to a reference interval that is a subset of the

calibration interval. Mann et al. (2009) presents a re-

construction, calibrated over the 1850–1995 interval, of

surface temperature anomalies relative to a 1961–90

reference interval. The spatial pattern of temperature

anomalies for the Medieval Climate Anomaly and the

Little Ice Age, which are shown in Fig. 2 of Mann et al.

(2009), are influenced in part by the choice of reference

interval, which affects the spatial variability as a func-

tion of time. In addition, the 1850–1995 calibration

interval used in Mann et al. (2009) includes both the

1961–90 reference interval used to calculate the instru-

mental anomalies, as well as times outside of this in-

terval. The reconstruction is thus calibrated against a

dataset with nonstationary statistical properties, and

this temporal structure may introduce artifacts into the

estimated relationship between the two datasets. Note

that these issues are not unique to Mann et al. (2009);

indeed, all 12 large-scale temperature reconstructions

FIG. 1. NCEP reanalysis (Kalnay et al. 1996) for the annual mean temperature field: (a) values for 1981, (b) 1968–96 long-term mean, and

(c) 1981 anomalies from the long-term mean.
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depicted in Figs. 6–10 from Jansen et al. (2007) are cali-

brated against instrumental temperature anomalies with

respect to a 1961–90 reference interval.

An alternative approach to the calculation of anom-

alies is to maximize the length of the reference interval,

thereby mitigating the effects on the second-moment prop-

erties of the dataset, while accounting for the increased

uncertainty that results from some observations being

missing. We propose a two-factor analysis of variance

(ANOVA) model for the calculation of climate anom-

alies, with the factors being location and year. The design

is not balanced, as there is either one or zero observations

at each combination of factor levels, and this complexity

motivates a Bayesian inference scheme. The missing

values in the dataset are then treated as additional pa-

rameters, the reference interval is specified as the full

length of the dataset, and the uncertainty in the esti-

mated anomalies accounts for the fact that the dataset is

incomplete.

Section 2 illustrates the effects of a short reference

interval on the time series of spatial standard deviations

using a simple example dataset. Section 3 presents the

ANOVA model for calculating anomalies and details

a Bayesian approach to fitting this model in the presence

of missing data. Section 4 uses the ANOVA model to re-

express the annual mean CRU temperature product as

anomalies from the 1850–2009 interval and investigates

the effects of the change in reference interval on the time

series of means and standard deviations. Section 5 pro-

vides the discussion and concluding remarks.

2. Biases produced by a short reference interval

This section will demonstrate that calculating anom-

alies from a short reference interval introduces spurious

structures in the time series of the standard deviations

across the series. In the climate context, using a short

reference interval introduces temporal structure in esti-

mates of the spatial standard deviation. Consider a length-N

univariate first-order autoregressive [AR(1)] time series

X, with AR(1) parameter jaj, 1 and independent and

identically distributed (IID) normal innovations with

mean zero and variance s2. The series X is multivariate

normal,

X ; N (0, V), Vij 5
s2

1 2 a2
aji2jj, (1)

and the diagonal elements of V are all equal, implying

that the variance of X is constant as a function of time

(Fig. 2). Now consider a length N* reference interval

that runs from time points s1 to s2, where 1 # s1 # s2 # N.

The vector of anomalies from this reference interval, Y,

can be written as a linear transformation of X,

FIG. 2. (top) The 459 independent AR(1) time series (a 5 0.34, s2 5 0.47), box plots at every

fourth time step, and the sample mean at each time step. (bottom) The sample standard de-

viation at each time step (black line) and the population standard deviation (gray line) cal-

culated from Eq. (1). The number of time series, the relative length of the reference interval,

and the values of a and s2 are chosen to correspond to estimates from the CRU dataset ana-

lyzed in section 4.
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Y 5 (I 1 A)X, (2)

where I is the N by N identity matrix and A is an N by N

matrix composed of columns of zeros outside of the ref-

erence interval and columns of 21/N* inside the refer-

ence interval. The distribution of Y is then

Y ;N (0, V*), V* 5 (I 1 A)V(I 1 A)T. (3)

While no structure has been added to the mean vector, the

diagonal elements of V*, which represent the variance

at each time point, now vary as a function of time (Fig. 3).

The diagonal entries of V* can be expressed as

Vii* 5 Var Xi 2
1

N*
�
s

2

k5s
1

Xk

0
@

1
A

Vii* 5 1 1
1

N*

� �
Var(Xi) 1

2

(N*)2
�
s

2

k5s
1
, p.k

Cov(Xk, Xp) 2
2

N*
�
s

2

k5s
1

Cov(Xi, Xk)

Vii* 5 1 1
1

N*

� �
s2

1 2 a2
1

2s2

1 2 a2

1

N*2
�
s

2

k5s
1
, p.k

ajk2pj 2
1

N*
�
s

2

k5s
1

aji2kj

0
@

1
A. (4)

In the second line, the first term is the sum of the vari-

ances, the second is the sum of the covariances within

the reference interval, and the third term is the sum of

the covariances between the ith time point and each

time point within the reference interval. For points lo-

cated far from the reference interval (i.e., i� s1 or i�
s2), the second sum essentially drops out, all terms are

positive, and Vii* . Vii. For points within the reference

interval, the second sum (proportional to 1/N*) dominates

the first, which is proportional to 1/N*2 so that Vii* , Vii

(Fig. 3). As the two sums are partial geometric series, a

closed-form expression can be derived for the diagonal

elements V*. The resulting expression, however, is no

more informative than Eq. (4).

To explore the discrepancy between Vii* and Vii as a

function of the AR(1) coefficient and the relative length

of the reference interval, define the scaled standard de-

viation range as

FIG. 3. As in Fig. 2, but after removing from each time series the sample mean calculated

over the 30 time step shaded interval. (bottom) The gray line is the population standard

deviation of the original series, and the blue line is the population standard deviation of the

anomalies calculated from Eq. (4).
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D(a, N, N*) 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max(Vii*)

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min(Vii*)

p
ffiffiffiffiffiffiffiffi
V11

p . (5)

Scaling by
ffiffiffiffiffiffiffiffi
V

11

p
eliminates the dependence on s2, so

that D(a, N, N*) is the range of standard deviation

values induced in the anomalies as a proportion of the

standard deviation of the original stationary time series.

The value of D(a, N, N*) for fixed N is a decreasing

function of N* and an increasing function of a (Fig. 4).

As a specific example, D(0.34, 252, 30) 5 0.068 (see Figs.

2 and 3 and section 4c), implying that the anomalies with

respect to a 30 time step reference interval feature

a structure in the time series of standard deviations with

an amplitude that is 6.8% of the original stationary

standard deviation.

3. An ANOVA model for calculating climate
anomalies

Let X represent a matrix of observations of a climate

variable, with the M rows corresponding to locations and

the N columns to equally spaced time points. For exam-

ple, in section 4, X will correspond to annual mean tem-

perature anomalies at a number of spatial locations. In

general, X will feature missing values, as different loca-

tions have instrumental observations that cover different

time periods. We express the elements of X via a two-way

ANOVA decomposition (e.g., Scheffé 1999; Zar 1999),

where the factors are location and year:

Xij 5 g 1 di 1 mj 1 �ij. (6)

Following standard ANOVA terminology, g represents

the grand mean, while the elements of d and m correspond,

respectively, to the M location effects and N year effects.

Intuitively, each element of d corresponds to the temporal

mean (relative to g) at a particular location, while each

element of m corresponds to the mean (relative to g)

across available observations at a particular time point.

To ensure identifiability of the parameters, the vectors

of location and year effects are subject to sum-to-zero

constraints:

�
M

i51
di 5 0 and �

N

j51
mj 5 0. (7)

As a result, the number of free parameters in d and m

is one less than the length of that vector. The simplest

choice for modeling the error terms �ij is to assume that

they are IID normal, �ij ;N (0, s2), and this choice is

made below. While the assumption of IID errors is likely

not correct, it simplifies calculations and is sufficient to

demonstrate the effects of a short reference interval;

alternatives are discussed in section 5.

If the main goal of the analysis is to arrive at a better

estimate of the anomalies, then interest lies primarily in

inference on the location effects, d. Estimates of the

anomalies Yij follow from removing the grand mean and

location effect from each observation:

Yij 5 Xij 2 g 2 di 5 mj 1 �ij. (8)

Standard techniques for fitting ANOVA models (e.g.,

Scheffé 1999; Zar 1999) generally assume a balanced

design, meaning that there are the same number of ob-

servations at each combination of factor levels. In par-

ticular, package ANOVA solutions are not designed to

account for factor combinations for which there are no

observations, as is the case if there are missing obser-

vations in the matrix X.

Bayesian ANOVA with missing data

Fitting the proposed ANOVA model [Eq. (6)] involves

parameter estimation in the presence of missing data—a

situation amenable to Bayesian analysis. Within the

Bayesian framework, the missing values are treated as

additional parameters that must be estimated, while the

posterior distributions of d, m, and g include the un-

certainty introduced by the missing data. Let Xm and Xo

FIG. 4. The scaled standard deviation range, D(a, N, N*), as

a function of both the AR(1) coefficient and the length of the

reference interval, for AR(1) time series of length N 5 252 with

reference interval centered on N/2. Note that the color scale is

logarithmic. The black plus sign designates N* 5 30 and a 5 0.34,

which correspond to the example in Figs. 2 and 3 and the parameter

values obtained from the analysis of the CRU data in section 4. The

black contour corresponds to the actual value of D estimated from

the CRU dataset in section 4.
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represent the elements of X that are missing and observed,

respectively, where we require that no row or column be

entirely missing. Similarly, let the vectors Xm
j and Xo

j

represent the observed and missing elements for the jth

time step. We seek posterior inference on Xm, d, m, g, and

s2, conditional on Xo. Application of Bayes’ rule yields

P(Xm, d, m, g, s2jXo) } P(XojXm, d, m, g, s2)

3 P(Xm, d, m, g, s2) (9)

5 P(XojXm, d, m, g, s2, )P(Xmjd, m, g, s2)P(d, m, g, s2)

(10)

5 P
N

j51
P(Xo

j jXm
j , d, mj, s2, g, )P

N

j51
P(Xm

j jd, mj, s2, g, )

3 P(d, m, s2, g), (11)

where the second line follows from the identity P(A, B) 5

P(AjB)P(B), and the third from the assumption that the

error vectors for each time step are independent.

The first term on the right-hand side of Eq. (11) is the

likelihood of the data (Xo) given the unknowns. Under

the assumption that the error elements �ij are IID nor-

mal, the off-diagonal elements of the covariance matrix

of Xj are zero. The likelihood thus does not depend on

the missing values, and can be re-expressed as a double

product of univariate normals:

P
N

j51
P(Xo

j jXm
j , d, mj, s2, g, ) 5 P

obs
P(Xo

ij jdi, mj, s2, g, ),

(12)

where the product is over all observed elements of X.

The second product of multivariate normals in Eq.

(11) can likewise be expressed as a double product of

univariate normals:

P
N

j51
P(Xm

j jd, mj, s2, g, ) 5 P
miss

P(Xm
ij jdi, mj, s2, g, ), (13)

where the product is over all missing elements.

The second term on the right-hand side of Eq. (9) gives

the joint prior for the unknowns, which is re-expressed

in Eq. (11) as the conditional distribution of Xm given

the model parameters multiplied by the joint prior for d,

m, g, and s2. We specify independent priors for these

parameters,

P(d, m, s2, g) 5 P(d)P(m)P(s2)P(g). (14)

Details of the prior specifications, which must enforce

the sum-to-zero constraints [Eq. (7)], and the sampling

strategy are provided in the appendix. The end result of

the analysis is an ensemble of posterior draws of Xm, d,

m, g, and s2, conditional on the data, priors, and mod-

eling assumptions. The posterior ensemble can be used

to specify both point estimates and uncertainties for the

anomalies, and for any other function of the unknowns.

(A Matlab code package and relevant data files are avail-

able online at http://www.ncdc.noaa.gov/paleo/softlib/.)

An alternative inference strategy could make use of a

variant of the expectation-maximization algorithm of

Dempster et al. (1977). While such a frequentist approach

can produce point estimates of the missing values Xm

and the vectors d and m, as well as estimates of the as-

sociated uncertainty for these quantities, Bayesian in-

ference is useful in what follows for two reasons. First,

draws from the posterior allow for uncertainty estima-

tion in quantities such as the time series of the change in

standard deviations after expressing the data as anom-

alies from the longer interval (Fig. 9). Second, obvious

extensions to models with spatially correlated location

effects or temporally correlated year effects will be

more tractable within a Bayesian framework (see sec-

tion 5).

4. CRU annual mean temperatures: Anomalies
from 1961 to 1990 and from 1850 to 2009

a. Data and basic results

We apply the Bayesian ANOVA model to an annually

averaged version of the CRU temperature product ver-

sion 3 (CRUTEM3) dataset (Brohan et al. 2006; data

available at www.cru.uea.ac.uk/cru/data/temperature/)

of land surface temperatures; results are qualitatively un-

changed when using the variance-adjusted CRUTEM3v.

The CRUTEM3 dataset provides monthly mean anom-

alies with respect to a 1961–90 reference, and we cal-

culate annual anomalies by averaging all available

monthly observations for years and locations for which

there are at least nine monthly observations. The spatial

distribution of data availability indicates that the longer

instrumental records are predominantly located in Eu-

rope and North America (Fig. 5). Forming the matrix X

from time series at each of the 839 locations for which

there is at least one annual mean observation, 45% of the

values are missing, with 79% of the missing values oc-

curring in the first half (1850–1929) of the 1850–2009

interval spanned by the dataset. The year 1850 is 111

time steps from the beginning of the 30-yr reference in-

terval, which motivates the symmetric example in Figs. 2

and 3, where each of the 459 (45% of 839) time series
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consists of 111 observations on either side of a 30–time

step reference interval.

Results are based on 5000 samples from the posterior

distributions of g, d, m, and s2, after discarding 600

samples to allow the chain to reach convergence (e.g.,

Gelman et al. 2004). Details of the hyperparameters used

in the prior distributions for the unknown parameters can

be found in the appendix.

The elements of the location effects vector d are the

temporal means of the time series relative to the grand

mean g (Fig. 6a). Point estimates and 90% credible in-

tervals are formed from the median and the 5th and 95th

percentiles of the posterior draws, respectively. Nine of

the 839 location effects are greater (in magnitude) than

0.58C, while 108 are greater than 0.258C. The mean width

of the 90% credible intervals is 0.258C, and 318 of the

90% pointwise credible intervals do not cover zero. The

considerable spatial structure in the location effects (Fig.

6) is somewhat surprising, given that the original CRU

dataset is already expressed as anomalies from the 1961–

90 mean, and that no spatial structure is assumed a priori

for the vector d (see section 5). The correlation between

the medians of the location effects (Fig. 6a) and the num-

ber of observations at those locations (Fig. 5) is 20.06,

indicating that on a global scale, there is essentially no

correlation between data availability and location effect.

The posterior distribution of the year effects (Fig. 6b)

is not important in the context of calculating anomalies.

Note that the estimated year effects should not be in-

terpreted as an estimate of the temporal evolution of the

spatial mean of the temperature field; the year effects m

are simply the time series that is most common to the

dataset, without regard to the spatial distribution of the

observations or the pattern of missing data. Estimates of

the spatial mean, which make use of simple assumptions

about the space–time covariance of the temperature

field and account for the temporally changing pattern of

data availability, are discussed below (section 4c).

The posterior histograms of the scalar parameters are

in all cases sharply peaked relative to the priors, indi-

cating that the posterior is dominated by the information

from the data (Fig. 7). Posterior estimates of g are neg-

ative, as the original CRU reference interval of 1961–90

is warm relative to the longer 1850–2009 interval. The

parameters s2
d and s2

m are related to the variance of the

location and mean effects, under priors that enforce the

sum-to-zero constraints of Eq. (7); details can be found

in appendix A.

b. Time series of simple means and standard
deviations

For each posterior draw of g and d, we calculate the

matrix of anomalies Y via Eq. (8). Although the Bayesian

algorithm imputes the missing values Xm (and thus allows

Ym to be calculated), for the sake of investigating the

effects of changing the reference interval we compare

FIG. 5. The number of years in the 1850–2009 interval for which there is an annual mean

temperature anomaly observation, as a function of spatial location, calculated from the

CRUTEM3 monthly dataset (Brohan et al. 2006).
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means and standard deviations calculated using Xo

(original CRU data; anomalies from 1961 to 1990) and

Yo (adjusted dataset; anomalies from 1850 to 2009). The

time series formed by taking, at each year j, the mean or

standard deviation of Xo
j or Yo

j will be referred to simply

as the mean or standard deviation time series for that

dataset.

Section 2 demonstrated that, for independent AR(1)

time series with no missing values, the choice of refer-

ence interval does not add temporal structure to the mean

time series. Were the CRU data complete, the difference

between the mean time series of Xo and Yo would be

constant as a function of time and given by the negative

of the grand mean, g (Fig. 8). However, if the spatial

distribution of data availability is correlated with the

location effects, then the mean time series of Yo and Xo

could be very different. For example, if long records

have generally positive location effects, then estimates

of the mean time series during the early part of the re-

cord would be colder, in relation to the later part, after

removing the location effects and grand mean from each

series. For the CRU dataset, the correlation between the

number of observations and the location effects is 20.06,

which explains why there is little temporal structure in

the difference between the mean time series of Xo and

Yo (Fig. 8).

Extending the reference interval from 1961–90 to

1850–2009 increases the standard deviation within the

original 1961–90 reference interval, and decreases the

standard deviation elsewhere (Fig. 9). Such a result is to

be expected given the results from section 2, which in-

dicate that the standard deviation is reduced within

a short reference interval and inflated elsewhere. Within

(outside of) the original 1961–90 reference interval, the

mean of the standard deviation time series of Xo is

0.678C (0.818C), while that of Yo is 0.698C (0.768C). Re-

expressing the dataset as anomalies with respect to the

full 1850–1990 interval thus increases the mean stan-

dard deviation within the original 1961–90 reference by

about 0.028C and decreases the mean standard deviation

elsewhere by about 0.058C. The total range (difference

between highest and lowest value) of the standard de-

viation time series for Xo is 0.768C, while that for Yo

is 0.668C. Changing the reference interval thus reduces

the total range of standard deviation values by about

13%.

An estimate of the scaled standard deviation range, D

[see Eq. (5).], for the CRU dataset requires estimates of

FIG. 6. (a) Posterior medians of the location effects d. The mean width of the 90% pointwise

credible intervals is 0.258C, and hatching indicates locations where the corresponding 90%

credible interval contains zero. (b) Posterior estimates of the year effects, m. The posterior

median is shown in black and 90% pointwise credible intervals in light gray.
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the maximum and minimum of the standard deviation

time series of Xo, and the common standard deviation of

Yo. As each time series of standard deviations is noisy,

we estimate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max(Vii*)

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min(Vii*)

p
as the mean

value of the standard deviation time series of Xo outside

and inside of the 1961–90 reference interval, respec-

tively, and
ffiffiffiffiffiffiffiffi
V

11

p
as the mean value of the standard de-

viation time series of Yo, giving an estimate of D 5 0.19

(Fig. 4). Results are unchanged when forming these es-

timates as the square root of the mean value of the

corresponding variance time series. For the CRU data, the

anomalies with respect to the 1961–90 reference interval

feature a second-moment structure with an amplitude

that is 19% of the baseline standard deviation of the

anomalies with respect to a reference interval that spans

the entire length of the dataset.

c. Time series of spatial means

The posterior distribution of m (Fig. 5) gives an esti-

mate of the distribution of the year effects, but should

not be interpreted as an estimate of the temporal evo-

lution of the spatial mean of the temperature field. It is,

rather, an estimate of the annual effects that are most

common to the particular time series under study. Like-

wise, the mean time series of Xo and Yo (Fig. 8) do not

take into account the spatial distribution of the obser-

vations, or the spatial and temporal covariance structure

of the temperature field.

We estimate the spatial mean time series of the global

(ex-Antarctica) land surface temperature anomalies us-

ing first the original Xo—the anomalies from 1961 to

1990—and then the pointwise median of Yo—the anom-

alies from 1850 to 2009. To account for the changing

pattern of data availability and the spatial and temporal

covariance of the surface temperature anomaly process,

we adopt a hierarchical approach (e.g., Gelman et al.

2004) and infer in each case the spatially and temporally

complete field. The process level specifies the tempera-

ture anomaly field as first-order autoregressive in time,

with a spatially constant AR(1) parameter and innovations

with covariance that decays exponentially as a function

of spatial separation. The resulting space–time covariance

form is separable, stationary in both space and time, and

isotropic in space (e.g., Banerjee et al. 2004). At the data

level, the observations are modeled as the true field plus

IID normal observational errors. These process- and data-

level specifications result in a model that is a special case

(no proxy observations) of the Bayesian Algorithm for

Reconstructing Climate Anomalies in Space and Time

(BARCAST) described in Tingley and Huybers (2010),

FIG. 7. (top to bottom) Black lines show posterior histograms of the grand mean (g), error

variance (s2), and the variances of the year and location effects (s2
m and s2

d). Dashed gray lines

show the prior distributions for these parameters.

15 JANUARY 2012 T I N G L E Y 785



which is used to infer both model parameters and the

spatially complete temperature anomaly field.

To increase the speed of computations, temperatures

are inferred at only those 58 by 58grid boxes that contain

a nonzero fraction of land according to a 0.58 by 0.58 land

mask (Rodell et al. 2004; data available online at http://

ldas.gsfc.nasa.gov/gldas/GLDASvegetation.php). In ef-

fect, this decision eliminates a number of the CRU grid

FIG. 8. (top) The mean time series of Xo, the original CRU temperature anomalies using

a 1961–90 reference interval (black line) and the mean time series of Yo, the adjusted anomalies

using an 1850–2009 reference interval (red line). Results for the 1850–2009 reference interval

are formed by first calculating the anomalies Yo via Eq. (8), and then the average across these

anomalies, for each posterior draw of g and d. Both the medians and the corresponding 90%

pointwise credible intervals (light red shading; not readily discernible from the red medians) of

the resulting distribution are plotted. (bottom) Median (black line) and 90% credible interval

(gray shading) for the difference in the mean time series of each draw of Yo and the mean time

series of the original Xo.

FIG. 9. As in Fig. 8, but for the standard deviation time series of Xo and Yo.
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boxes that are primarily oceanic but contain small re-

mote islands. These grid boxes have a negligible effect

on estimates of the spatial mean over land, as they con-

tain very small areas of land and are generally isolated

from other landmasses.

To explore the impacts of changing the reference in-

terval on the spatial mean time series, the analysis is

conducted in two stages to isolate this effect. First, the

403 annual mean CRU series that are complete from

1950 to 2000 are used to estimate all parameters of the

BARCAST model, for both the anomalies from 1961 to

1990 (Xo) and the pointwise median of the anomalies

from 1850 to 2009 (Yo). In each case, we find the pos-

terior sample of the vector of scalar parameters (see

Table 1 of Tingley and Huybers 2010) that is closest,

according to the Mahalanobis distance, to the median of

the ensemble of draws of these parameters. The poste-

rior medians of the AR(1) and variance parameters for

the anomalies from the longer 1850–2009 interval, are,

respectively, 0.348 and 0.478C2, and these values are

used in the examples in section 2.

BARCAST is then applied to each anomaly dataset

(Xo and the pointwise median of Yo), fixing all scalar

parameters save the long-term mean according to the

first application of BARCAST, to infer temperature

anomalies at all nodes of the 58 by 58 grid that contain

some fraction of land. The long-term mean parameter is

allowed to vary in these second applications, as for both

the original and adjusted CRU data, the mean calculated

over 1950–2000 is different from that over 1850–2009.

The two-stage application of BARCAST allows for much

faster computation, as in the first application there is only

one pattern of missing data, and in the second only one

parameter estimate is updated (see Tingley and Huybers

2010 for details). In effect this is an empirical Bayes’

solution, as the uncertainty in the parameter estimates is

not taken into account.

Results for each application of BARCAST are based

on 2000 draws from the posterior distribution of the

temperature process, after discarding 600 samples to al-

low the chain to reach convergence (e.g., Gelman et al.

2004). The spatial mean time series is calculated for each

FIG. 10. (a) Time series of spatially averaged global (ex-Antarctica) land surface temperature

anomalies based on the annual mean CRU temperature anomalies from the original 1961–90

reference interval (black dashed line) and from the longer 1850–2009 interval (red line). The

90% pointwise credible intervals are shown for the spatial average calculated using the

anomalies from the longer 1850–2009 interval (light red shading), and the corresponding un-

certainty intervals when using the shorter 1961–90 interval are similar. In both cases, a reduced

form of BARCAST (Tingley and Huybers 2010) was used to infer the missing temperature

values in space and time, and the temporal mean has been removed from each draw of the

spatial mean time series prior to calculating percentiles. (b) As in (a), but each draw of the

spatial mean time series from BARCAST is smoothed using a nine-point Hanning window

prior to calculating percentiles. (c) The median difference between smoothed draws of the

global mean temperature series using the two reference intervals (black line), and the 90%

pointwise uncertainty (gray shading).
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posterior draw by weighting each grid box by the area of

land it contains. To compare the structure and amplitude

of globally (ex-Antarctica) averaged land surface temper-

ature changes inferred using Xo and the pointwise median

of Yo, we remove from each draw of the spatial mean time

series the corresponding draw of the BARCAST mean

parameter. A point estimate of each spatial mean time

series is then formed by taking the median of the pos-

terior draws for each year, while 90% pointwise credible

intervals are formed from the 5th and 95th percentiles

(Fig. 10a). We also smooth each of the spatial average

time series (after removing the corresponding draw of

the BARCAST mean parameter) by a nine-point Han-

ning window, and calculate the median and 90% point-

wise credible intervals (Fig. 10b).

To explore the influence of the reference interval on

the rate of long-term temperature change, we take the

difference between draws of the temporally smoothed

spatial mean time series based on the respective analyses

of Xo and Yo, and calculate the median and 90% point-

wise credible intervals for the time series of differences

(Fig. 10c). The smoothed spatial mean time series cal-

culated using Xo (anomalies from 1961 to 1990) is cooler

in the earlier part of the record and warmer in the later

part, relative to the spatial mean time series calculated

using the pointwise median of Yo (anomalies from 1850

to 2009).

The range of the time series of differences in the

temporally smoothed spatial means (Fig. 10c) indicates

the change in the amplitude of spatial mean tempera-

tures that can be attributed to the choice of reference in-

terval. The range in the pointwise posterior median is

0.18C, with the maximum at 1866 and the minimum at

2005; the associated 90% credible interval is (20.03,

0.23). In other words, changing the reference interval

from 1961–90 to 1850–2009 reduces the amplitude of the

(smoothed) spatial mean time series by about 0.18C, but

as the associated 90% uncertainty interval covers zero,

this result is not significant at the 90% level. Indeed, the

very weak correlation between the location effects and

number of observations at each location suggested that

the change in reference interval would not have a large

effect on the spatial mean time series.

5. Discussion and conclusions

There are both technical and scientific reasons for anal-

yzing climate datasets after removing from each time

series a mean value calculated over a common reference

interval. As interest in the temporal evolution of climate

variables extends beyond changes in mean values, it

is crucial to ensure that the method used to calculate

anomalies does not add spurious structures to either

the first-moment or higher-moment properties of the

dataset. The Bayesian two-factor ANOVA approach to

calculating climate anomalies proposed here makes use

of all available data, and calculates the location effects

over a reference interval that is as long as possible, which

avoids the introduction of nonclimatic second-moment

structures into the anomalies. Bayesian inference treats

the missing values as additional model parameters, and

uncertainty estimates for the anomalies include the un-

certainty that arises from the missing data.

Several generalizations about the basic analysis model

(section 3) are possible. The assumption that the only

structure in the location effects is that introduced by

the sum-to-zero constraint [Eq. (7)] is plausible for the

analysis presented here, as the original CRU data are

already expressed as anomalies from a common interval.

However, there is clear spatial coherence to the estimated

location effects (Fig. 6a), which could be accounted

for in future work by modeling the location effects as a

spatial process with a standard spatial covariance form

(e.g., Banerjee et al. 2004), modified to account for the

sum-to-zero constraint. When calculating anomalies

from actual values (rather than adjusting the reference

interval, as is done here), the model for the location ef-

fects should also take into account expected spatial

structures by including latitude, elevation, and perhaps

other variables as covariates in the expression for the

mean of the location effects. The treatment of the year

effects could likewise be generalized to include tem-

poral trends in the mean structure and a covariance

matrix that accounts for temporal autocorrelation.

Finally, the assumption that the error terms are IID

normal could be modified to account for any observed

spatial or temporal patterns in the residuals, though

care must be taken to ensure identifiability when adding

structure to the errors as well as the location and year

effects.

Using the basic Bayesian ANOVA scheme introduced

here to re-express an annually averaged version of the

CRU’s gridded temperature product as anomalies with

respect to means calculated over the entire 1850–2009

interval demonstrates the influence that the choice of

reference interval can have on the statistical properties

of the anomaly dataset. Relative to the original anom-

alies with respect to 1961–90, the anomalies with respect

to the longer interval display larger spatial variance

within the original 1961–90 reference interval, and smaller

spatial variance elsewhere. Any analysis of the original

CRU data that depends on second-moment properties,

such as estimates of spatial patterns of variability or the

spatial distribution of extreme values, will thus be affected

by second-moment features that are directly attributable

to the choice of reference interval. Measured by an
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estimate of the scaled standard deviation range [D from

Eq. (5)], the anomalies with respect to the original 1961–

90 interval feature a second-moment structure with an

amplitude of about 19% of the magnitude of the mean

standard deviation of the anomalies with respect to the

longer 1850–2009 interval. Calculations for AR(1) time

series with the AR(1) parameter estimated from the

CRU anomalies with respect to the longer 1850–2009

interval predicted a qualitatively similar result, but a

smaller-scaled standard deviation range of about 6.8%.

The larger value found in practice could result from the

spatial covariance of the CRU data, which was not ac-

counted for in the ANOVA model or the experiments

with AR(1) data in section 2.

For the CRU data, the location effects from the

ANOVA analysis are essentially uncorrelated with the

number of observations at each location, and as a result,

the choice of reference interval has little effect on either

the time series of simple means or estimates of the time

series of spatial means. In terms of the spatial means, re-

expressing the CRU data as anomalies with respect to the

longer 1850–2009 reference interval reduces the amplitude

of temperature change over the past 160 yr by about

0.18C, but as the 90% uncertainty interval, (20.03, 0.23),

covers zero, this result is not statistically significant. It is

important to emphasize that for other climate datasets,

where the location effects may be more strongly corre-

lated with data availability, the choice of reference in-

terval used to calculate the anomalies will influence both

the first- and second-moment structures of the resulting

anomalies.
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APPENDIX

Prior Specification and Posterior Sampling

A Gibbs Sampler (e.g., Gelman et al. 2004) is used to

sample from the posterior distribution of the missing

values, year and location effects, and scalar parameters

of the ANOVA model. We specify conjugate priors for

all scalar parameters; given the structure of Eq. (10), it

is not necessary to specify priors for the values of the

missing observations, Xm. We first specify the functional

forms of the priors and full conditional posteriors, and

then discuss the hyperparameters used in the analysis of

the CRU data. The notation Aj� will denote the distri-

bution of the variable A conditional on all other vari-

ables.

a. The missing values, Xm
ij

No prior is necessary for the missing values; the full

conditional posterior for each is normal:

Xm
ij j�; N (g 1 di 1 mj, s2). (A1)

b. Grand mean, g

The normal distribution is the conjugate prior:

g ; N (m
g
, s2

g). (A2)

The conditional posterior is likewise normal:

gj�; N (C
g
V

g
, C

g
), (A3)

where

V
g

5
1

s2
�
all

Xij 1
m

g

s2
g

(A4)

and

C
g

5
NM

s2
1

1

s2
g

 !
21

. (A5)

c. Error variance, s2

The inverse-gamma distribution is the conjugate prior:

s2 ; Inverse-Gamma(l, n)

P(s2) } (s2)2(l11) exp(2n/s2). (A6)

Note that the inverse-gamma prior can be interpreted

as 2l prior observations with an average squared de-

viation of n/l (e.g., Gelman et al. 2004). The conditional

posterior is likewise inverse-gamma:

s2j�; Inverse-Gamma
NM

2
1 l,

1

2
�
all

(Xij 2 g 2 di 2 mj)
2

1 n

� �
. (A7)
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d. The location and year effects, d and m

The priors for d and m must take into account the sum-

to-zero constraints of Eq. (7). We follow Kaufman and

Sain (2010), setting d ;N (0, Sd) and m ;N (0, Sm).

Using I
M

to represent the M by M identity and J
M

to

represent the M by M matrix of ones, we specify the

prior covariances as

Sd
5 s2

d IM 2
1

M
JM

� �
and Sm

5 s2
m IN 2

1

N
JN

� �
.

(A8)

In other words,

Sd
ij 5

1 2
1

M

� �
s2

d, if i 5 j

2
1

M
s2

d, if i 6¼ j

8>><
>>: (A9)

and similarly for Sm. The sum of the elements of d is then

distributed as N (190, 19Sd1) [ N (0, 0), which ensures

that the sum-to-zero condition is enforced. Posterior

sampling is complicated by the singularity of the prior

covariance matrices Sd and Sm. Our strategy for sam-

pling the vectors of location and year effects, d and m,

which we detail for d, is based on the presentation in

Kaufman and Sain (2010).

The sum-to-zero constraint implies that there are only

M 2 1 free parameters in the length M vector d. We

therefore seek to express d as a linear transform of an

M 2 1 dimensional vector of IID normal variables. Letting

d*js2
d ;N (0

M21
, s2

dI
M21

), we must find an M by M 2 1

matrix Q
M

such that d 5 Q
M

d* has the required co-

variance form [Eq. (A9)].

Following Kaufman and Sain (2010), we define the M

by M 2 1 matrix QM* as columns of Helmert contrasts,

which compare the effect of one level of a factor to the

mean of the preceding factors (e.g., Ruberg 1989). As an

example, for M 5 4,

Q4* 5

0 0 23

0 22 1

21 1 1

1 1 1

0
BBB@

1
CCCA. (A10)

Now solve for an M 2 1 by M 2 1 diagonal matrix R
M

,

where QM 5 QM* RM, such that d 5 QMd* has the correct

covariance form. That is, solve for RM that satisfies

QM* RMRMQM*
T 5 Sd

5 IM 2
1

M
JM. (A11)

Solving for RM yields

RM 5

�
QM*

TQM*
� �21

QM*
T IM 2

1

M
JM

� �
QM* QM*

TQM*
� �21

�1/2

5
h

QM*
TQM*

� �21
QM*

TQM* QM*
TQM*

� �21
i1/2

5 QM*
TQM*

� �
21/2.

The first line follows from left-multiplying Eq. (A11) by

(QM*
TQM

* )21QM
*T, right-multiplying by QM* (QM*

TQM
* )21,

and then taking the matrix square root. The second

line follows from the fact that each column of QM* sums

to zero, so that Q
M
* J

M
5 0

M
. Inserting this form for R

M

into the definition of Q
M

gives

QM 5 QM* (QM*
TQM* )21/2. (A13)

Kaufman and Sain (2010) indicate that each column of

a matrix of Helmert contrasts needs to be scaled by some

factor, and demonstrate this for the M 5 3 case, but do

not provide the general formulas derived here.

To produce samples from the conditional posterior of

d, we first draw from the conditional posterior of d*, and

then transform it using the expression for QM. The prior

for d* given s2
d is normal:

d*js2
d ; N (0M21, s2

dIM21). (A14)

The full conditional posterior for d* is likewise normal:

d*j� ;N (C
d*V

d*, C
d*IM21), (A15)

where

V
d* 5

1

s2
�QT

M ��
N

j51
(X�j 2 g1M) (A16)

and

C
d* 5

N

s2
1

1

s2
d

 !
21

. (A17)

The calculation proceeds by substituting QM for d in

Eq. (11), and factoring the joint distribution of the ele-

ments of X as a product of N multivariate normals, one

for each time interval.

The treatment of m is equivalent to that for d. The

prior for m*, given s2
m, is normal:

m*js2
m ; N (0N21, s2

mIN21). (A18)
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The full conditional posterior is likewise normal:

m*j � ; N (C
m*V

m*, C
m*IN21), (A19)

where

V
m* 5

1

s2
�QT

N �
M

i51
(Xi�2 g1N) (A20)

and

C
m* 5

M

s2
1

1

s2
m

 !
21

. (A21)

e. Variances of the location and year effects,
sd and sm

The conjugate priors are inverse-gamma:

s2
d ; Inverse-Gamma(l

d
, n

d
)

s2
m ; Inverse-Gamma(l

m
, n

m
). (A22)

The full conditional posteriors are likewise inverse-gamma:

s2
dj�5 Inverse-Gamma

M 2 1

2
1 l

d
,
d*Td*

2
1 n

d

� �

s2
mj�5 Inverse-Gamma

N 2 1

2
1 l

m
,
m*Tm*

2
1 n

m

� �
.

(A23)

f. Hyperparameters for the analysis of the CRU data

Preliminary analysis of the observed values is used to

set the parameters of the prior distributions for g, s2, s2
d,

and s2
m. An initial estimate of the grand mean (g) is

formed as the mean of Xo, while the location effects are

estimated as the temporal means of Xo minus the esti-

mated grand mean, and likewise for the year effects. An

estimate of the error variance can be formed by first es-

timating each element of Xo as the sum of the grand mean

and corresponding location and year effects, taking the

difference between these estimates and the observed

values, and then taking the variance of the resulting re-

siduals. The hyperparameters are then set as follows:

d Grand mean, g: set the prior mean, mg, to the mean of

all available observations, and the prior variance s2
g to

16 times the estimated variance.
d Prior for the error variances, s2: set l to 1/2, and n to

half the estimated residual variance. These parameters

correspond to one prior observation with an aver-

age squared deviation given by the estimated re-

sidual variance.
d Factor variances, s2

d and s2
m: set ld,m to 1/4 and set md,m

to one-fourth the variance of the estimated effect

vectors. In each case, these parameters correspond to

half a prior observation with an average squared

deviation given by the sample variance.
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